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2Collège de France, Paris F-75005, France
3University of California, Berkeley, CA, USA

Accepted 2015 August 21. Received 2015 June 28; in original form 2015 February 24

S U M M A R Y
We present a method to construct non-stationary and anisotropic second-order random model
realizations that can be used for numerical wave propagation simulations in various geome-
tries. Models are generated directly from a given covariance matrix using its eigenvector
decomposition (principal component or Karhunen-Loève method). Because this decomposi-
tion is very expensive computationally in 3-D, we use model symmetries to reduce the size of
the covariance matrix to its non-stationary components. Stationary components can then be
described through their power spectrum, such that models with axisymmetric or spherically
symmetric statistics can be generated from a 1-D covariance matrix. We focus in particular on
models with spherically symmetric statistics that are important to study wave propagation in
the Earth. We use this method to show the influence of hypothetical small-scale structure in
the Earth’s mantle on the elastic wavefield. To this end, we extend tomographic models beyond
their spatial resolution limit with different distributions of small-scale scatterers that generate
a coda and attenuate direct waves (scattering attenuation). We observe that scattering attenu-
ation of fundamental mode Rayleigh waves is small (0.5–2 per cent of the total attenuation),
if the elastic mantle structure does not become significantly stronger at smaller scales. At the
examined heterogeneity strengths, scattering attenuation scales linearly with the model vari-
ance. The long-period fundamental mode Rayleigh wave coda is difficult to measure because
it is weak and overlaps with other signals. However, it can be shown that its intensity also
scales linearly with model power, and that it depends strongly on the spherical geometry of the
Earth. It can therefore be used to distinguish between models with different small-scale power.
We show qualitatively that the coda generated by the type of random models we consider can
explain observed scattered energy at long periods (100 s).

Key words: Fourier analysis; Surface waves and free oscillations; Coda waves; Seismic
attenuation; Statistical seismology; Wave scattering and diffraction.

1 I N T RO D U C T I O N

The seismic wavefield is strongly sensitive to structures with sizes
down to at least half its wavelength. Heterogeneities of such sizes
are often not resolved in global tomographic models of Earth’s
elastic structure. They affect the wavefield, but cannot be localized
due to the sparse source–receiver distribution on the Earth. Never-
theless, they can be modelled in a statistical way, constraining for
example their size and strength but not their exact location. Most
notably, incoherently scattered waves (the coda), and attenuation
of coherent direct waves (scattering attenuation) can be modelled
using statistically distributed scatterers.

Based on analytical, semi-analytical or numerical models, statis-
tical properties of small-scale heterogeneities in the Earth have
been inferred from observations of inner core phases (Cormier

2002, 2007; Calvet & Margerin 2008), phases sensitive to core–
mantle boundary and D′′ structure (Cormier 1999; Margerin &
Nolet 2003; Shearer & Earle 2008; Garcia et al. 2009; Mancinelli
& Shearer 2013), and to upper mantle and crustal structure (Frankel
& Clayton 1986; Sato 2002; Maeda et al. 2003; Calvet & Margerin
2013).

Scattering can be very strong in other planetary bodies, and can-
not be neglected in seismic modelling. In the moon, for example, a
strong scattering layer close to the surface is the primary cause of
a very long seismic coda (Nakamura et al. 1975; Dainty & Toksöz
1981; Blanchette-Guertin et al. 2012).

Expressions that describe macroscopic statistical effects on the
wavefield due to small-scale structure, like the coda or scattering
attenuation, have been found for media with stationary (transla-
tion invariant) and normally distributed (second-order) statistics
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(e.g. Weaver 1990; Ryzhik et al. 1996; Margerin 2006; Calvet &
Margerin 2012; Sato et al. 2012). Such media can be characterized
equivalently by a distance dependent covariance (autocorrelation)
function or the Fourier power spectrum of its elastic properties
(Wiener-Khinchine theorem).

Importantly, the spectral representation of a stationary covariance
function can be used to generate random model realizations with
well-defined strength and scale lengths by filtering white noise to
the desired power (Frankel & Clayton 1986; Klimeš 2002). Due
to its simplicity, this is the most commonly used method to anal-
yse scattering effects numerically (e.g. Frankel 1989; Jahnke et al.
2008). Other approaches to construct random model realizations in
complex geometries and with complex statistics have been studied
primarily in the Geostatistics community (e.g. Stein 1999; Lindgren
et al. 2011).

Although a stationary and isotropic (rotation invariant) medium
can be a good approximation for a small region, it is not a good
representation of the Earth as a whole, because its elastic prop-
erties vary strongly with depth (Dziewoński & Anderson 1981).
Perturbations from the reference structure are often elongated in
the horizontal direction (layered structures) or in the radial direc-
tion (e.g. plumes/slabs). The required, depth dependent, and radially
anisotropic structures cannot be represented by the Fourier power
spectrum because it is tied to stationary Cartesian models.

In the first part of this paper, we present a simple and fast method
that overcomes these limitations. It can be used to generate realiza-
tions of 3-D random media in the full sphere, accounting for non-
stationary and radially anisotropic media. As a special case, station-
ary and isotropic model realizations can be generated in spherical
coordinates.

We start by introducing second-order random models and their
covariance matrix that defines heterogeneity size and strength. Fol-
lowing that, we present three methods that can be used to construct
such random models: (1) the fast and common spectral Fourier
method that is suited for stationary Cartesian models (2) the slow,
not so common Karhunen-Loève method that can be used to con-
struct non-stationary random models. (3) A combination of both
methods that uses the slow Karhunen-Loève approach only for
non-stationary model components. Only the combination of both
methods allows us to construct non-stationary models on 3-D grids
of a useful size.

To use method (3) in a spherical geometry, we need to intro-
duce an appropriate spectral description. To this end, we use a
Fourier–Bessel expansion, and show how non-stationary or sta-
tionary spherical models can be generated in a similar manner as
Cartesian models.

In the second part of the paper, we combine recent tomographic
models with random model realizations that represent hypothetical
unresolved structure to examine its effect on the propagation of
seismic waves. In particular, we study scattering attenuation and
the generation of a coda in fundamental mode Rayleigh waves that
are commonly used to constrain attenuation models of the Earth.
We focus on long-period waves, because they are only sensitive to
structure that is at the resolution limit of recent tomographic models
and not as much to structure that is significantly smaller.

Although anelastic mechanisms are generally accepted as the
explanation for the time decay of seismic signals, the portion
of scattering in attenuation models of the Earth is unclear. Esti-
mates range from a few per cent (Sato 2002; Dalton et al. 2013)
up to a dominant fraction (Yang et al. 2007; Ricard et al. 2014)
of total attenuation. To further constrain scattering attenuation,
we measure fundamental mode decay rates in statistical models

that span a large range of possible heterogeneity strengths and
shapes.

Additionally, we measure the strength of the long-period coda
and examine how it depends on the small-scale structure. Due
to the long periods, we need to consider long lapse times where
the spherical geometry of the Earth becomes important. Despite
overlapping signals, a complex large-scale structure and a complex
crustal model, we show that the long-period coda intensity can be
used to distinguish between synthetic models with different small-
scale structures.

We finally demonstrate that the extended model can generate scat-
tered energy, which is not modelled in current tomographic models,
but qualitatively similar to that seen in long-period seismograms. A
rigorous comparison with data is beyond the scope of this paper.

2 S E C O N D - O R D E R R A N D O M M E D I A

2.1 Covariance matrix

The model values, f (r), of a second-order (called ‘Gaussian’) ran-
dom medium realization at different locations are by definition
drawn from a multivariate normal distribution (for a review see e.g.
Abrahamsen 1997). Such media can be characterized completely by
their mean μ(r) = 〈 f (r)〉 and their symmetric and positive definite
covariance function:

C(r, r′) = 〈
f (r) f (r′)

〉
(1)

Note that 〈〉 signifies averaging over multiple model realizations.
However, in terms of wave propagation, we are typically interested
in spatially averaged properties of a single realization. Fortunately,
averages over different realizations of a Gaussian random model
can often be interpreted as spatial average (ergodicity): If the co-
variance function decays rapidly but does not change strongly with
location, a local spatial average samples independent model regions
with similar statistics. The averaged covariance function of these
independent regions then correspond to the average over different
realizations.

The mean can then be understood as invariant background struc-
ture, and the covariance function describes spatially varying fluc-
tuations around it. The variance, or power, of these fluctuations at
a specific location is specified by the diagonal entries C(r, r). The
off-diagonal covariance of two different points, C(r, r′), describes
their shape. We focus in the following on zero mean media, and add
independent background structure later.

Alternatively, C can be written in terms of mid-point r̄ = 1
2 (r +

r′) and distance d = r − r′ coordinates:

C(r, r′) = C

(
r̄ + d

2
, r̄ − d

2

)
, (2)

where C(r, r′) is called ‘stationary’ if it is invariant under transla-
tion, and it is called ‘isotropic’ if it is invariant under rotation. In
the stationary case, it can be written as C(d), and in the isotropic
case as C(|d|).

Both stationarity and isotropy are bound to a coordinate sys-
tem and an associated measure of distance, that define rotation and
translation: Instead of translation along the Cartesian coordinate
axes, we could for example understand translation as a shift along
the angular and radial axes of a spherical coordinate system. Also
angular (arc-distance) and radial distances (difference of radial co-
ordinates) could be considered instead of the usual (Euclidean) dis-
tance between two points. A model that is stationary with respect
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to such spherical translations is naturally non-stationary with re-
spect to the corresponding Cartesian operation, because the relation
between Cartesian and angular distances depends on (radial) loca-
tion. Therefore, the notion of translation, rotation and distance con-
trols in which coordinate system a model is stationary or isotropic.
To avoid confusion, we write for instance ‘radially anisotropic’
or ‘radially stationary’. ‘Isotropic’ and ‘stationary’ refer to a model
that is invariant under rotation and translation in the Cartesian sense.

Usually, we construct random model realizations on discrete grids
in a finite spatial domain. To this end, we sample the continuous
coordinates r at points ri , assuming that the medium is smooth
enough to do so. The covariance function (see eq. 1) becomes the
covariance matrix:

C = 〈
ffT

〉
. (3)

Its elements Cij = 〈fifj〉 are computed from the outer product of the
model values fi = f (ri ) (T indicates the matrix or vector transpose).
Even though we always generate models from a discrete covariance
matrix, we use the continuous viewpoint to simplify calculations,
and discretize in the end. Furthermore, we do not consider the finite
domain size in the continuous equations (integrating over

∫
R

instead
of the finite domain). This discretization imposes small-scale limits
on the models that we describe, and we need to be aware of aliasing
and boundary effects.

2.2 Limitations and applicability

Gaussian random models can only describe the second-order cor-
relations of model features. Higher order terms are neglected (e.g.
〈 f (r) f (r′) f (r′′)〉). This is not a fundamental requirement and, for
example, more general statistical descriptions take into account the
correlation of whole neighbourhoods (e.g. Meerschman et al. 2013).
However, the simplicity and mathematical accessibility of Gaussian
models make them the backbone of many studies. They allow us
to focus on the most basic information of heterogeneity shape and
strength.

A stronger argument for the important role of these models comes
from their ability to predict the covariance of the incoherently scat-
tered wavefield signals: In a medium with weak perturbations, the
amplitude of individual scattered waves is linearly related to struc-
tural perturbations. The scattered wavefield can be seen as the su-
perposition of many independently scattered waves. In this case,
the covariance of the scattered wavefield depends only, and linearly,
on the covariance of the medium (e.g. Weaver 1990; Ryzhik et al.
1996). Additionally, independently scattered signals become multi-
variate normally distributed when they overlap and mix, as described
by the central limit theorem. Higher order correlations become dif-
ficult to observe and are eventually lost. Gaussian models therefore
capture the most significant statistical information about a medium
with weak perturbations that can be obtained from overlapping,
incoherently scattered waves.

We expect the following relations between structure and wave-
field in the linear regime that we are going to assess in the later parts
of the paper: (1) The (co)variances—not amplitudes—of structure
and scattered wavefield are linearly related. (2) Sparse or dense dis-
tributions of scatterers have a similar averaged effect on the wave-
field, as long as their averaged (co)variance is similar. (3) Extrinsic
attenuation, as a measure of dissipated energy, is proportional to
the (co)variance (energy) of the scattered wavefield and therefore
of the medium. These three linear relations are well known from
the analysis of stationary media (e.g. Sato et al. 2012).

3 R A N D O M M O D E L S I N C A RT E S I A N
C O O R D I NAT E S

In this section, we present two different methods to generate ran-
dom models and a third one which combines the previous two:
first we show how to generate random media from a stationary
covariance matrix using a spectral description (Fourier method).
Second, we present the Karhunen-Loève method that can be used
to generate random models from a general, non-stationary covari-
ance matrix. We then combine both methods such that we can use
the fast spectral description for stationary components and the slow
Karhunen-Loève method only for non-stationary components.

3.1 The Fourier method

In Cartesian coordinates, and in particular on a discrete evenly
sampled Cartesian grid, a model f (r) can easily be decomposed
into its Fourier spectrum using the transform pair:

F(k) =
∫

R3
f (r)e−ik·r dr (4)

f (r) = 1

(2π )3

∫
R3

F(k)eik·r dk. (5)

Here, F(k) is the Fourier spectrum of f (r) and k is a wavenumber
vector in Fourier space. The covariance of the spectrum is related to
the covariance of the model (∗ signifies the complex conjugate):

〈
F∗(k)F(k′)

〉 =
∫

R3

∫
R3

〈
f (r) f (r′)

〉
eikr−ik′r′

dr dr′ (6)

=
∫

R3

∫
R3

C(r, r′)eikr−ik′r′
dr dr′. (7)

By changing from r, r′ to midpoint and distance coordinates r̄, d
(see eq. 2), eq. (7) can be interpreted as a spatial averaging opera-
tion:〈
F∗(k)F(k′)

〉 =
∫

R3
ei((k−k′)r̄ dr̄

∫
R3

C(r̄, d)ei(k+k′) d
2 dd (8)

Eq. (8) shows that the model’s power spectrum (i.e.
〈|F(k)|2〉) is

the Fourier transform of the spatially averaged covariance function
(
∫

dr̄). If the covariance function decays sufficiently fast, the spec-
trum F(k) is an average of C in independent model regions which
is equivalent to averaging over multiple realizations. In this sense,
we can use random models to construct a single realization with the
desired spatial statistics.

If C is stationary and does not depend on r̄, eq. (8) simplifies
further to:〈
F∗(k)F(k′)

〉 = δ(k − k′)(2π )3

∫
R3

C(d)eikd dd. (9)

Eq. (9) implies that the Fourier coefficients of a stationary model
are uncorrelated. A stationary model realization can therefore be
generated from independent Fourier coefficients (white noise) that
are filtered to the required power spectrum. Due to its simplicity and
numerical efficiency, this procedure is ubiquitous in Geophysics.

Representative covariance functions, such as Scale-Free, Expo-
nential, Gaussian, von-Karman or the more general Matern, with
their respective power spectral representations are often chosen
to categorize different types of media. An overview of these
can be found in Klimeš (2002) or Stein (1999). Fig. 1 shows an
example of a 3-D random model realization with an exponential
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Figure 1. Second-order random model in Cartesian coordinates with a sta-
tionary exponential covariance function (tick marks indicate the correlation
length a). This model was computed by filtering independent normally dis-
tributed Fourier coefficients (i.e. white noise) to the power spectrum that is
given by the Fourier transform of the covariance function.

covariance function that was generated using this technique
(C(|d|) = σ 2 exp (−|d|/a),

〈|F(k)|2〉 = 8πσ 2a3/(1 + (|k|2a2)2

with variance σ 2 = 1, correlation length a = 1/20, cube edge
length 1).

Apart from its focus on second-order correlations that we have
mentioned before, two principal limitations of this method are:

(1) It relies on the Fourier transform which is bound to Carte-
sian coordinates. In particular, only anisotropy with respect to the
Cartesian axes can be described. This limitation can be overcome by
introducing spectral transforms that are adapted to the required coor-
dinate system, like Fourier–Bessel transforms in polar and spherical
coordinates.

(2) It is limited to stationary media. We overcome this limitation
and construct non-stationary models by directly generating corre-
lated normally distributed random variables from a given covariance
matrix.

3.2 The Cholesky and Karhunen-Loève methods

To generate a model f = { f (ri )} with covariance matrix C(ri , r j ),
we first generate a set of independent, normally distributed variables
y with unit variance using a pseudo-random generator, and multiply
them with a matrix M to correlate them. The model f can then be
written as:

f = My. (10)

The associated model covariance matrix C is the ‘square’ of matrix
M:

C = 〈
MyyTMT

〉 = MMT. (11)

For a given covariance function, we can therefore find the matrix
M by decomposing C into a matrix multiplied by its transpose.
Different possibilities exist for such a decomposition:

(1) The symmetric and positive definite covariance matrix can be
written as C = LL∗ using the ‘Cholesky’ decomposition L and its

conjugate transpose L∗. f can then be generated from the indepen-
dent random variables y using:

f = L · y. (12)

This decomposition exists for symmetric, positive definite matrices.
(2) Alternatively, C can be decomposed into the diagonal eigen-

value matrix � = {λiδi j } and its eigenbasis E = {Ei j }:
C = ET �E. (13)

Because C is positive definite and symmetric, the eigenvalues λi

are positive and real and the eigenbasis is orthogonal. With this
decomposition, a random model can be generated from:

f = ET
√

�y (14)

with the diagonal matrix
√

�i j = √
λiδi j . The orthogonal eigen-

basis E is often called a ‘Karhunen-Loève’ basis that transforms
uncorrelated, independent variables into correlated ones. To our
knowledge, this method is not widely used in seismology to con-
struct random model realizations but it has at least been proposed
and tested (e.g. Thorne et al. 2006).

As the sum of independent normally distributed variables, the
random variables f are also normally distributed. Of the two decom-
positions (1) and (2), the Cholesky decomposition is often simpler
to compute than the eigendecomposition of the covariance matrix.
On the other hand, knowledge of the eigenvalues and eigenvectors
of the covariance matrix provides additional flexibility: For exam-
ple, we can truncate the eigenbasis and consider only its strongest
components. Moreover, the eigendecomposition can be applied if
the matrix C is not positive definite. Although a covariance matrix
should always be positive definite, eigenvalues that are close to zero
can become negative due to numerical errors. Such negative small
eigenvalues can then be removed, together with their associated
eigenvectors, without changing the covariance matrix C much.

An example of this procedure is shown in Fig. 2. In this 1-D
example, we provide a non-stationary covariance matrix that relates
model values at points r, r′ (Fig. 2a), and decompose it into its
eigenbasis (Fig. 2b). With help of this eigenbasis, we can correlate
independent random variables and generate a model realization that
reflects the heterogeneity scales of the covariance matrix (Fig. 2c).

In 3-D, a particularly simple case arises when the covariance
function is separable. In Cartesian coordinates, this means that it
can be factorized:

C(x, x ′, y, y′, z, z′) = C(x, x ′)C(y, y′)C(z, z′). (15)

In discrete language, the covariance matrix can then be written as
an outer product of smaller submatrices:

C = Cx ⊗ Cy ⊗ Cy . (16)

The complete eigenbasis of C is then also simply the outer product
of the eigenbases of all submatrices.

In case of a 1-D stationary medium that is discretized with
equidistant points, the covariance matrix is of Toeplitz structure
(constant along descending diagonals). Multiplication with such
a matrix corresponds to a convolution, and it is well known that
the Fourier basis diagonalizes such a matrix. Therefore the Fourier
method that we described in Section 3.1 can be seen as a particularly
efficient way of diagonalizing the covariance matrix.

3.3 A combined approach

The principal advantage of the Fourier method is its efficiency. Diag-
onalization of the full covariance matrix becomes quickly intractable
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Figure 2. (a) Non-stationary covariance matrix. The scale length of the
model becomes smaller with increasing r. (b) Eigenbasis (incomplete) of
the covariance matrix from (a). The orthogonal eigenbasis reflects the scale
lengths of the covariance matrix. (c) Random model realization that was
generated by multiplying independent random variables with the eigen-
basis (b). Scale length of the model realization becomes smaller with
increasing r.

in realistic model scenarios. In 3-D, for example, the number of
model grid points scales with the three dimensions, its covariance
matrix with six. A tiny double precision grid of size 32 × 32 × 32
already requires 326 ∗ 8 bytes ≈ 8 Gb of memory just to store the
covariance matrix.

Fortunately, in many situations, a non-stationary covariance ma-
trix has stationary components. These can be treated using the spec-
tral Fourier method to reduce the dimensionality of the diagonal-
ization of the covariance matrix to its non-stationary components.
The ‘reduced’ covariance matrix no longer describes the covariance
of point pairs but of spectral coefficients that represent stationary

surfaces or lines. In this section, we outline how the two previously
presented methods can be combined.

In Cartesian coordinates, for example, the forward and inverse
Fourier transforms can be used only for the subset of all spatial
dimensions that are considered stationary. For example, with rxy =
(x, y) and kxy = (kx , ky), a model f (r) can be written as:

f (kxy, z) =
∫

R2
f (r)e−ikxy ·rxy drxy (17)

f (r) = 1

(2π )2

∫
R2

f (kxy, z)eikxy ·rxy dkxy, (18)

where f (kxy, z) is the Fourier spectrum of the xy-plane as a function
of the z coordinate. It can also be computed from the 3-D Fourier
transform F(k) of the model:

f (kxy, z) = 1

2π

∫
R

F(k)eikz zdkz . (19)

If f (r) is a random model with a covariance matrix that is station-
ary in the xy-plane, its kxy Fourier coefficients are independent (see
eq. 8). On the other hand, Fourier coefficients that correspond to
the same horizontal basis kxy on different planes can be correlated.
Their covariance can be computed from the 3-D covariance matrix
(equivalent to eq. 8):

C(kxy, z, z′) =
∫

R2
dr̄xy

∫
R2

ddxyC(dxy, z, z′)eikxy ·dxy (20)

or from a given 3-D Fourier spectrum:

C(kxy, z, z′) = 〈
f (kxy, z) f (kxy, z′)

〉
(21)

= 1

(2π )2

∫
R

dkz

〈|F(k)|2〉 eikz (z−z′). (22)

This allows us to define the expected 2-D horizontal power spectra
for classical choices such as Gaussian, exponential or von-Karman:
The covariance function of coefficient kxy is the Fourier transform
of the 3-D power spectrum along the z-axis. An isotropic power
spectrum at position kx, ky is, for example, transformed along a

hyperbola: |F(
√

k2
x + k2

y + k2
z )|2. Therefore, the covariance func-

tion of the horizontal Fourier basis function kxy is a distorted ver-
sion of the original covariance function that reflects scales with
|k|2 ≥ k2

x + k2
y .

The partial covariance matrix (eq. 21) breaks the full covariance
matrix into independent sub-matrices for each horizontal basis func-
tion eikxy ·rxy . Each C(kxy, z, z′) provides an independent eigenbasis
for each horizontal Fourier coefficient. With this eigenbasis and the
corresponding eigenvalues, correlated coefficients can be generated
(eq. 14) for all kxy . These coefficients are finally transformed into
a model realization (eq. 18). The size of the 1-D sub-matrices is
much smaller than that of the original 3-D covariance matrix. The
complexity of the original problem is therefore drastically reduced
by this procedure.

If we additionally constrain the model to be isotropic in the

xy-plane, the xy spectrum depends only on ρxy =
√

k2
x + k2

y and

the size of the problem reduces further. Under these assumptions,
ρxy is the only remaining dimension and a polar variant of the
Fourier transform (Hankel transform) can be used for random model
generation (e.g. Baddour 2009).

Finally, after all simplifications, we only need to diagonalize less
than 32 matrices of size 32 × 32 to construct a model on a regular
grid with dimensions 32 × 32 × 32. This is a small problem com-
pared to what we had at the beginning of this section. Much larger
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Figure 3. Second-order random model in Cartesian coordinates. This model
has an exponential covariance function that is stationary in the xy-plane and
non-stationary and anisotropic with respect to the z component. The statistics
of the xy components are described by their 2-D Fourier power spectrum
and the statistics of the z component by the covariance of the xy-Fourier
coefficients.

model sizes can be handled as well because the problem scales much
better. If we define the covariance matrix of horizontal planes ac-
cording to eq. (22), we can recreate well-known 3-D random media.
However, in contrast to the full 3-D Fourier method (Section 3.1)
we now have full control over the horizontal statistics and can easily
change the covariance function as a function of depth.

As an example, we have constructed the 3-D model realization,
shown in Fig. 3 from a non-stationary covariance matrix that is
locally exponential and anisotropic. Only a single component is
non-stationary and changes the model statistics.

4 R A N D O M M O D E L S I N S P H E R I C A L
C O O R D I NAT E S

4.1 Spherical covariance matrices

In a spherical coordinate system, the covariance matrix of a Gaus-
sian random medium can be written as C(r, r′, φ, φ′, θ , θ ′). This
is useful if statistical properties of the medium depend on the ra-
dial and angular locations and distances. Furthermore, in case of a
medium with spherically symmetric statistics, the angular compo-
nent of C is stationary and it can be written as C(r, r′, 	), where 	

is the arc distance between two points.
In the following, we discuss first the spherical harmonics basis

that breaks a 3-D covariance matrix with stationary angular compo-
nent into independent 1-D submatrices Cl(r, r′). This is completely
analogous to the previously discussed partial Fourier transform. We
then discuss how Cl(r, r′) looks like if it is stationary in the 3-D
Cartesian sense, and how it can be computed from a given Fourier
power spectrum. Two examples are shown that illustrate how sta-
tionary, and radially non-stationary models can be generated from
Cl(r, r′) in spherical coordinates.

In this section, we distinguish between the ‘sphere’, that is, the
set of all points with fixed distance from the origin, and the ‘ball’,
that is, the full volume that is enwrapped by the sphere. Using
Cl(r, r′), we aim to describe the 3-D ball as a set of correlated
spheres (think of the ‘onion’ analogy).

4.2 The angular covariance function

Similar to the Fourier basis in Cartesian coordinates, spherical har-
monic functions form a suitable spectral basis on the sphere. They
can be written as:

Ylm(θ, φ) =
√

(2l + 1)
(l − m)!

(l + m)!
Plm(cos(θ ))eimφ (23)

Here Plm is the associated Legendre polynomial of degree l and order
m. The Ylm(θ , φ) form an orthogonal basis and their normalization
is chosen such that their variance is one (4π normalization). At a
given radius, a function f (r) = f (r, θ, φ), can then be expanded
as:

f (r) =
∑
lm

flm(r )Ylm(θ, φ) (24)

with coefficients flm(r):

flm(r ) = 1

4π

∫



f (r, θ, φ)Y ∗
lm(θ, φ) d
 (25)

‘
∫



d
’ indicates integration over the spherical surface that is pa-

rameterized by θ and φ.
The covariance of two spherical layers of f (r) at radii ri and rj

can be computed from the depth dependent spherical harmonics
coefficients f i

lm = flm(r i ):

1

4π

∫



f (r i , θ, φ) f (r j , θ, φ) d
 =
∑
lm

f i∗
lm f j

lm =
∑

l

Ci j
l , (26)

where Ci j
l is the covariance matrix Cl(ri, rj) of the spherical har-

monics coefficients of two ‘onion’ layers. The diagonal Cii
l or

Cl(r, r) is the ordinary spherical harmonics power spectral density
(per degree l) of a horizontal model section.

Importantly, the spherical harmonics coefficients of an isotropic,
stationary Gaussian random field on the sphere are independent
and Gaussian distributed, just as the Fourier basis is in Cartesian
coordinates (e.g. Baldi & Marinucci 2007):

〈
f i
lm, f i

l ′m′
〉 = Cii

l

2l + 1
δll ′δmm′ . (27)

Stationary and isotropic means in this context that the angular co-
variance function of the model is invariant under rotation and trans-
lation on the spherical surface.

In this case, C(r, r′) at r = r, θ, φ and r′ = r, θ ′, φ′ with sim-
ilar distance from the centre and arc distance 	, can be directly
calculated from the spherical harmonics power spectrum, and the
Legendre polynomial Pl of degree l using the well-known spherical
harmonics addition theorem:〈

f (r) f (r′)
〉 =

∑
lml ′m′

< f ∗
lm(r ) fl ′m′ (r ) > Y ∗

lm(r)Yl ′m′ (r′) (28)

=
∑

l

Cl (r, r )Pl (cos(	)). (29)

The spherical harmonics power spectrum characterizes C(	) on the
spherical surface similar to an isotropic 2-D Fourier power spectrum
that characterizes C(|d|). In case of a non-stationary model, the
power spectrum is connected to the ‘angular average’ of the angular
covariance function.

In the small-scale and high-degree limit, the spherical surface can
be treated as a plane, and the Legendre polynomials Pl become sim-
ilar to the Bessel functions Jl (Watson 1966; Holschneider 1996):

Pl (cos(	)) → Jl (l	) (for 	/ l → 0). (30)
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Bessel functions are the radial basis of a polar Fourier transform
(Hankel transform) and can be associated with the planar covariance
function (e.g. Klimeš 2002). As a consequence, random media with
rapidly decaying covariance functions have the same power spectra
on the sphere and on the plane (if the normalizations are chosen
appropriately).

In this limit, classic choices of covariance function and power
spectra are therefore similar on the sphere and on the plane, and
the diagonal part of the covariance function Cii

l = Cl (r i , r i ) that
describes the horizontal part of the full covariance function, can
be easily understood. The non-diagonal entries that depend on the
radial covariance function are the focus of the next section.

4.3 Covariance functions in 3-D spherical coordinates

A model with stationary Cartesian covariance matrix C(r, r′) has
a radially non-stationary covariance function Cl(r, r′) because the
wavelengths that are associated to the spherical harmonics degrees l
depend on radius. In this section, we compute the non-stationary co-
variance function Cl(r, r′) from a given Cartesian Fourier spectrum
F(k).

To this end we transform Fourier space, that is the space of Fourier
basis functions designated by the wavenumber vector k = (ρ, θ k,
φk), into a spherical harmonics basis. This procedure leads to a new
set of ‘spherical wave’ basis functions that are superpositions of the
original ‘plane wave’ basis. Explicitly, the Fourier basis eik·r can be
expressed in a 4π -normalized spherical harmonics basis and spher-
ical Bessel function jl(ρ) basis as (’spherical wave expansion’):

eik·r =
∞∑

l=0

l∑
m=−l

(−i)−l jl (ρr )Ylm(θ, φ)Y ∗
lm(θk, φk). (31)

With this equation and spherical harmonics coefficients flm(r) and
Flm(ρ), we can rewrite the 3-D Fourier transform pair (eqs 4 and 5)
as the following Fourier–Bessel transform pair:

F(k) =
∑
lm

(−i)−l

[∫
dr4πr 2 jl (ρr ) flm(r )

]
Ylm(θk, φk) (32)

f (r) = 1

(2π )3

∑
lm

(−i)l

[∫
dρ4πρ2 jl (ρr )Flm(ρ)

]
Ylm(θ, φ). (33)

This transform pair relates Fourier space in spherical coordinates
with model space in spherical coordinates. From eq. (33), we can
also directly find the horizontal spherical harmonics coefficients
flm(r) that correspond to a model with a given Fourier spectrum:

flm(r ) = (−i)l 4π

(2π )3

∫ ∞

0
Flm(ρ) jl (ρr )ρ2 dρ. (34)

In spherical coordinates, the covariance of Cartesian Fourier co-
efficients of a stationary isotropic model can be written as:

〈F(k)F(k′)〉 = |F(ρ)|2δ(k − k′) (35)

=
〈|F(ρ)|2〉
ρ2 sin θk

δ(ρ − ρ ′)δ(θk − θ ′
k)δ(φk − φ′

k). (36)

From this expression, we can compute the covariance of the Fourier
coefficients F(k) expanded in spherical harmonics using eq. (25)
and get:

〈
F∗

lm(ρ)Fl ′m′ (ρ ′)
〉 =

〈|F(ρ)|2〉
4πρ2

δll ′δmm′δ(ρ − ρ ′). (37)

Therefore, an isotropic, stationary random model has uncorre-
lated Fourier–Bessel coefficients. Their variance corresponds to the
Cartesian power 〈|F(ρ)|2〉, but it is now distributed over the spheri-
cal surface 4πρ2. Eqs (33) and (37) can be used to generate isotropic
and stationary random models in spherical coordinates from a given
Cartesian Fourier power spectrum.

We can also compute the covariance function of the coefficients
flm(r) using eq. (34):

Clm(r, r ′) = 〈
f ∗
lm(r ) flm(r ′)

〉
(38)

= (4π )2

(2π )6

∫ ∞

0

〈|Flm(ρ)|2〉 jl (ρr ) jl (ρr ′)ρ4 dρ. (39)

This equation can be expressed in terms of the Cartesian power
spectrum (eq. 37) as:

Cl (r, r ′) = 4π

(2π )3

∫ ∞

0

〈|F(ρ)|2〉 jl (ρr ) jl (ρr ′)ρ2 dρ. (40)

This matrix depends only on the coefficient degree l and is indepen-
dent of the coefficient order m, which is a direct consequence of the
horizontal isotropy of the model. Due to the shape of the spherical
Bessel functions jl, it becomes non-zero only above a certain radius
which reduces the effective size of the covariance matrix and the
complexity of the eigendecomposition.

Knowledge of Cl(r, r′) allows us to construct spherical random
models that are stationary and isotropic in the Cartesian sense using
its eigendecomposition. In addition, we can modify this matrix, for
example, to introduce radial anisotropy or change the spectrum in
different regions.

In 2-D polar coordinates (cylindrical symmetry), this procedure
is essentially the same (see the Appendix)

4.4 Examples

As a first example, we construct a stationary and isotropic random
medium in spherical coordinates. To this end, we choose the power
spectrum of a 3-D exponential medium and compute the covari-
ance matrix Cl(ri, rj) of a discrete grid by numerical integration of
eq. (40). We then decompose Cl into its eigenvectors El and eigen-
values λj (eq. 13). From the eigenbasis, we remove eigenvectors with
very small and possibly negative eigenvalues. The total power of the
removed eigenvalues should be small compared to the remaining
eigenvalues to ensure that we are really reproducing a model with
the desired covariance matrix. With the truncated El , we generate
correlated coefficients f i

lm from independent coefficients that are
normally distributed with unit variance y j

lm .

f i
lm =

∑
j

√
λ j Ei j

l y j
lm . (41)

The model values at radius ri are obtained from a spherical harmon-
ics transform of the coefficients f i

lm .
The corresponding model realization is shown in Fig. 4, next to

a model that was constructed in Cartesian coordinates. The feature
sizes and strengths in both models are visually indistinguishable
and no sign of the underlying polar grid remains in the spherical
model.

More interesting is an example with a non-stationary covariance
function, shown in Figs 5 and 6. Here, we construct a spherical ran-
dom medium that has three radial regions: The first region, around
the origin, has an isotropic and stationary Gaussian covariance func-
tion. For the second region, at intermediate radii, we choose another
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1612 M. Meschede and B. Romanowicz

Figure 4. Isotropic second-order random model with exponential autocor-
relation function in spherical (left) and in Cartesian (right) coordinates. In
contrast to the Cartesian model, the spherical description provides control
over the angular and radial statistics of the model.

Figure 5. (a) Non-stationary, anisotropic covariance matrix that correlates
spherical harmonics with degree 9. Three regions can be identified in the
covariance function. In particular, it can be seen that the radial scale length
becomes large at intermediate radii. The regions can also be seen in the
horizontal power spectra (b). The angular scale lengths become shorter with
increasing radius within a stationary region. Furthermore, we can see that
horizontal scale lengths are smallest at the centre and largest at the surface.
At the centre itself, all model power is in degree 0. The model realization
reflects these trends (Fig. 6).

Gaussian covariance function with different scale length and radi-
ally elongated (anisotropic) features. In the third region close to the
surface, the medium has an exponential covariance function and its
features are elongated horizontally.

For each region we generate a covariance matrix Ci
l from eq. (40).

Radial anisotropy is introduced by stretching or squeezing the off-
diagonal entries away or towards the diagonal. This can be written
as a transform Caniso(r, r′) = Ciso(r1, r2) with:

r1 = (1 + k)
r

2
+ (1 − k)

r ′

2
(42)

r2 = (1 + k)
r ′

2
+ (1 − k)

r

2
. (43)

This leaves the horizontal covariance function (diagonal entries)
unchanged and increases or decreases the radial scale length. We
call k the ‘squeeze factor’. The correlation lengths in a model with
squeeze factor k are k times shorter in radial than in horizontal
direction. Therefore k > 1 corresponds to layered, k < 1 to vertical
structures in the model.

Figure 6. Second-order random model with non-stationary a priori covari-
ance function (shown in Fig. 5). It is divided in three distinct regions with
isotropic Gaussian covariance in the centre, a larger scale vertically elon-
gated Gaussian covariance at intermediate radii, and an exponential hori-
zontally elongated covariance function close to the surface of the sphere.
The different regions are correlated and transfer smoothly into each other.

The approximate full covariance matrix can be obtained from
a weighted sum of the submatrices. The weights are chosen such
that each covariance matrix dominates a different radii and transfers
smoothly into the neighbours. Also the correlation between different
radial regions can be estimated by averaging the covariance matrices
of the different regions. This can for example be written as:

Cl (r, r ′) =
∑

i j

wi (r )w j (r ′)(Ci
l (r, r ′) + C j

l (r, r ′))/2. (44)

Here, wi(r) is a window function that windows out region i. The
product wi(r)wi(r′) provides the weights of the different regions.
The correlation between different regions is windowed out by the
crossterms wi(r)wj(r′), and is chosen as the simple average of the
corresponding covariance functions. Such a weighted sum is only
a rough interpolation of the covariance matrices: the combined
matrix might, for example, lose its positive definiteness. However,
depending on the original matrices, negative eigenvalues are often
very small. We have found that this method is sufficient for our
purpose and provides reasonably interpolated covariance functions.
More elaborate methods and cleaner definitions of non-stationary
covariance functions are beyond the scope of this paper (see e.g.
Stein 1999; Lindgren et al. 2011).

The combined covariance matrix C5 is shown in Fig. 5(a) in
which the different regions are easy to identify. Note that this ma-
trix becomes zero towards the centre of the sphere, because the
wavelengths that are associated with degree 5 spherical harmonics
becomes much smaller than the scale length of the model. Also, the
interpolation method described in eq. (44) provides a covariance
function with a smooth transition between different regions. The
horizontal power spectra of the sphere are shown in Fig. 5(b) and
again the three regions are easy to identify. As expected, horizon-
tal power shifts to lower degrees towards the centre, keeping the
Cartesian scale lengths of the model constant.

In the model realization shown in Fig. 6, the three regions can
easily be recognized. They are correlated and transfer smoothly into
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Non-stationary spherical random models 1613

Figure 7. Combined tomographic and statistical models. (a)–(d) show cross-sections of the original tomographic model (a) extended to shorter wavelengths
with heterogeneities that are weaker (b), similar (c) or stronger (d) than the original model (colour scale saturates at ±5 per cent). (e)–(h) show the associated
horizontal band power spectra of the models that represent heterogeneity strength at different scales. The low-degree spectrum is fixed to the tomographic
model SEMUCB-WM1, high-degree power increases from model (e/a) to (h/d).

each other. This model is a toy example that illustrates the type of
models that can be generated with this method.

5 A P P L I C AT I O N T O S E I S M I C WAV E
P RO PA G AT I O N I N E A RT H ’ S M A N T L E

5.1 Model design

In this section, we generate statistical models that represent un-
known hypothetical elastic structure in Earth’s mantle. We focus in
particular on structure with sizes that are smaller than the approx-
imate resolution limit of current generation global tomographic
models (1000–500 km, l ≈ 20–40) (e.g. Meschede & Romanowicz
2015). As minimum horizontal size, we choose approximately half
the wavelength of long-period seismic signals such as a 100 s period
Rayleigh wave (100 km, l ≈ 200).

We use the tomographic model SEMUCB-WM1 (French &
Romanowicz 2014) to represent the elastic long wavelength struc-
ture (cross-section shown in Fig. 7a). The statistical models add
similar perturbations to isotropic Vs, Vp wave velocities as well as
density with scaling factors dvp

vp = 1
2

dvs
vs and dρ

ρ
= 1

3
dvs
vs . We do not

consider different scaling factors in this study, although they can
influence the strength of the coda.

We add statistical heterogeneities to SEMUCB-WM1 that are
either weaker (Fig. 7b), similar (Fig. 7c) or stronger (Fig. 7d) than the
large-scale structure of the tomographic model. Horizontal power
spectra of these models are shown in Figs 7(e)–(h). The spectra
show the horizontal logarithmic band power that can be associated
with the total variance of localized heterogeneities (e.g. Meschede
& Romanowicz 2015). We distribute the statistical heterogeneities
evenly over the examined spectral range, using an isotropic scale-
free covariance function that has even band power (see Klimeš
2002):〈|F(k)|2〉 = log (2)2π 2σ 2a3/(1 + (|k|2a2)3/2 (45)

with variance σ 2 per spherical harmonic octave band, and scale
length a which is set below the resolution limit of the tomographic
model. We have chosen a minimal resolution of degree l = 180 at the
surface, which corresponds to a wavelength of about 220 km. This

power spectrum is proportional to
〈|F(k)|2〉 ∼ 1

|k|3 for |k|2a2 � 1.
In 3-D, the total power per |k| is then proportional to the char-
acteristic 1/|k| decay of a scale-free medium and the power per
log(|k|) is constant. Different spectra, e.g. with a dominant scale
(e.g. exponential or Gaussian), are not examined.

Each model increases the band power, and therefore the vari-
ance of the statistical heterogeneities by a factor of two without
changing the horizontal and radial correlation functions (and the
associated power spectra). Their relative (co)variances are there-
fore 1

2 , 1, 2. Additionally we are going to use an even stronger
model with relative (co)variance 4 (not shown). As can be seen
from the horizontal spectra, the variance of the statistical hetero-
geneities is depth dependent and follows roughly the strength of
larger scale heterogeneities in the original model. The medium
strength model c) adds, over three to four octaves, perturbations
with a total standard deviation of about 2−3 per cent in the hetero-
sphere (upper 200 km), 0.8 per cent above the 660 km discontinu-
ity, 0.6 per cent below 660 km down to 1500 km, and 0.3 per cent
down to D′′ where they increase again to about 1 per cent.
The relative standard deviations of the model perturbations are

1√
2
, 1,

√
2, 2 (including the very strong model whose spectrum is not

shown).
All models have a heterogeneous crust based on model Crust2.0

(Bassin et al. 2000), or when specified Crust1.0 (Laske et al. 2013).
Moho and surface topography are explicitly meshed but smoothed.
We therefore do not expect to model the full effect of Crustal struc-
ture or topography. Oceans are included in an approximate way as
well (see Komatitsch & Tromp 2002b).

It is important not to misinterpret the global variance and stan-
dard deviations as the strength of individual scatterers. The given
numbers are global averages at a certain depth where heterogeneities
could be dense or more sparsely distribute. Sparse heterogeneities
are stronger than dense ones, if they have the same global standard
deviation, because they concentrate the same variance in fewer het-
erogeneities. Nevertheless, such strong sparse scatterers can still
have the same average effect on the wavefield. Therefore standard
deviations should be considered as a lower limit on the typical
heterogeneity strength. We show an example of sparse and dense
scatterers in Section 5.7.
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1614 M. Meschede and B. Romanowicz

Figure 8. Snapshots of the absolute vertical displacement wavefield at the surface in logarithmic colour scale at lapse time 3134 s. In Chile, the static
displacement of the source can be seen. Seismic waves are focusing at the antipode and strong Rayleigh waves are at around 90◦ arc distance from the source.
Already in the original model (a), heterogeneities lead to focusing and defocusing effects that lead to a quite complex wavefield (especially visible at the
antipode). In the extended models the wavefield changes only little, even when the additional heterogeneities are strong. Most of the complex interference
patterns stay similar to the original models, as they are caused by the larger scale heterogeneities. However, from (b) to (d), a coda develops that is most visible
behind the surface wave, where they are largely isolated from other arriving signals.

5.2 Effect on the seismic wavefield

We compute wavefields numerically using the full Earth elas-
tic wave equation solver SPECFEM3D_GLOBE (Komatitsch &
Tromp 2002a,b), using a mesh that is accurate to about 35 s period.
Note that the statistical models are well sampled by this mesh and
smooth compared to its node spacing. Fig. 8 shows snapshots at the
surface of the logarithmic absolute vertical displacement at around
50 min lapse time, after a moment-tensor source of a 30 km deep
earthquake located in Chile. Figs 8(a)–(d) correspond to the original
model (a), and the three extended models (b) to (d), with relative
powers 1

2 , 1 and 2, respectively.
A logarithmic colour scale has been used that allows us to identify

seismic signals in a large amplitude range. The static displacement
and radiation characteristics of the source can be seen in the snap-
shots. At snapshot time, seismic waves have already reached the
antipode (in South-East Asia) where they focus. Strong fundamen-
tal mode Rayleigh waves are at about 90◦ distance from the source.

Already in the unmodified tomographic model (Fig. 8a) the wave-
field shows complex focusing and defocusing effects. Especially at
the antipode, strong irregular interference can be seen. The ad-
ditional smaller-scale structure (Figs 8b–d) changes the wavefield
only slightly, even when the small-scale structure dominates the
total model variance (Fig. 8d).

One reason for the limited influence of the small-scale structure
on the direct waves is that travel-times and focusing effects are most
sensitive to the integrated effect of the structure along the propa-
gated path. Small perturbations ‘average’ out and therefore do not
influence direct waves much. Only if they are sufficiently strong,
large-scale effects can become noticeable, even when the perturba-
tions are much smaller than the wavelength of the wave (Capdeville
et al. 2013). In our examples, perturbations are relatively weak and
therefore we do not expect to observe such effects.

Although the direct wavefield is not strongly affected, a coda
develops with increasing small-scale heterogeneity strength from
Figs 8(a)–(d). It can most easily be seen behind the fundamental
mode surface waves where it is strongest, and largely isolated from
other signals. This coda is sensitive to the model power as can be
seen by comparing the wavefields in Figs 8(a)–(d). It is weak com-
pared to the direct wave amplitudes (1–10 per cent of the maximum
Rayleigh wave amplitude), even in model (d) where the small-scale
structure dominates the total model power. Therefore the wave-
fields in all models are, at least at first glance, qualitatively similar
to recorded seismograms that have a relatively weak coda.

The scattered wavefield can be better seen in the difference wave-
field between Figs 8(c) and (a), shown in Fig. 9(a). The largest ab-
solute (not necessarily relative) differences are observed around the
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Figure 9. Absolute difference between the vertical displacement of the orig-
inal tomographic model, and the strong extended model (relative variance
2) at (a) time 3134 s that corresponds to Fig. 8. At this time, waves have
not reached the antipode yet. The coda is strongest during and after the fun-
damental mode Rayleigh wave arrivals. At snapshot time 6554 s (b), these
Rayleigh waves have passed the antipode. Due to the spherical geometry,
the coda can be stronger before the arriving direct waves.

strong fundamental mode signals. The difference wavefield seems
to be distributed incoherently and no clear wave fronts can be identi-
fied. It therefore presumably consists of many scattered signals that
have interfered. The radiation characteristics of the source are only
visible in the direct waves but no longer in the later coda. Due to
the dominant amplitude of the reference wavefield, we expect that
the coda can be described quite well using a single scattering model
at these lapse times. At a later snapshot time, shown in Fig. 9(b),
these effects become even clearer. At this time waves have passed
the antipode and due to the spherical geometry, the coda can be
strong even before the fundamental mode arrival.

5.3 Spectrograms

Spectrograms allow for a more quantitative analysis of the scat-
tered wavefield. We use energy-normalized Morlet wavelets �(t) =
(πa2/ω2)−1/4e(iωt)e(−ω2t2/(2a2)) to decompose the signal into a time-
frequency representation. We choose the scale factor a, that controls
the time resolution of the spectrogram, as a = 8 if not indicated oth-
erwise, which smooths the seismograms over a few periods. The
spectrogram power provides an estimate of the wavefield’s variance
(‘energy’) at a fixed location as a function of time and frequency.

We use again a 30 km deep, artificial explosive source and do not
take anelastic attenuation into account to simplify the examination
of the coda at longer lapse times. Fig. 10, row 1 shows spectrograms

of the vertical displacement field in the four models at a station with
67.5◦ distance from the source. The periodically arriving minor and
major arc fundamental mode Rayleigh waves dominate the overall
spectrogram amplitudes. After the first fundamental mode Rayleigh
wave arrival (R1), minor and major arc arrivals (R2 and R3) arrive
quickly after each other because the station is closer to the source
than to the antipode. The overall difference of the spectrograms
is small. However, as the amount of small-scale heterogeneities
increases, scattered energy appears between the main arrivals.

This scattered energy becomes much clearer in the difference of
the extended model’s spectrograms with respect to the tomographic
model’s spectrogram (Fig. 10, row 2). Blue colour indicates reduced
energy in the extended model and can be seen mostly at the location
of the main arrivals. This shows that energy is scattered out of the
direct waves (fundamental modes), generating scattering attenua-
tion. Red colour indicates additional energy in the extended model
and, away from the main fundamental mode arrivals, the difference
spectrograms are almost exclusively red due to the coda. Coda and
scattering attenuation increase with heterogeneity strength and lapse
time, as expected.

Fig. 11 shows the average spectrogram power (computed with
a = 16) in period bands between 400–200 s (a), 200–100 s (b),
100–50 s (c). Clearly a developing coda can be observed, especially
at the short periods that have propagated more wavelengths during
the same time.

Interestingly, the scattered energy is not evenly distributed: the
coda is stronger between the minor and major arc (R2 and R3)
arrivals and weaker after the major arc arrival (R3). At first glance,
this is surprising because we usually expect the coda to become
stronger after a direct wave. An explanation for this is the peculiar
spherical geometry: on the sphere, the minor arc is the shortest
possible path between two points. Scattered surface wave energy
therefore tends to arrive later. On the other hand, the major arc
is not the shortest path and scattered waves can take a shortcut
to arrive earlier. Therefore, at stations close to the antipode, the
scattered energy of the major and minor arcs adds and concentrates
in between the arrivals.

This peculiar behaviour of the coda that is caused by the spher-
ical geometry of the Earth provides a method to distinguish the
fundamental mode coda from other energy. It has been modelled
using isotropic single and multiple scattering models using effective
scattering parameters on the 2-D spherical surface (Sato & Nohechi
2001; Sato 2002).

5.4 Scattering attenuation

From the spectrograms, we can measure scattering attenuation due
to the elastic statistical heterogeneities in the respective models.
Fig. 12 shows measurements of fundamental mode Rayleigh wave
attenuation as a function of frequency, relative to the tomographic
model without additional scatterers.

To obtain the attenuation rate, we first measured the relative
amplitudes of the first six periodically arriving fundamental mode
Rayleigh waves at each frequency with respect to the original to-
mographic model. We then fit a line to the logarithm of the relative
amplitudes at each frequency and measure its decay rate. Note that
in this measurement procedure, focusing and defocusing effects
tend to cancel (e.g. Romanowicz 1990). Because the small-scale
heterogeneities do not perturb the direct waves much through trav-
eltime and focusing, this procedure works well and we do not need
more elaborate methods (e.g. as in Laske & Masters 1996; Ekström
et al. 1997) that better isolate the fundamental mode.
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Figure 10. Row 1: spectrograms of the vertical displacement field computed in the original (a) and the extended models with relative variances 1
2 (b), 1 (c), 2

(d), without attenuation at a station with 67.5◦ distance from the source. Heterogeneity strength increases from left to right. Most energy is in the strong Rayleigh
waves that arrive periodically as they orbit around the Earth. The wavefield amplitude between the direct surface wave arrivals increases with heterogeneity
strength as a coda of scattered waves develops. Over longer lapse times, the coda becomes stronger and also the direct wavefield becomes distorted. Row 2:
spectrogram differences shows the expected behaviour: energy gets scattered out of direct arrivals (blue colour) into the coda after and in between the direct
waves (red colour).

Figure 11. Average spectrogram power of the vertical displacement field in frequency bands (a) 400–200 s, (b) 200–100 s, (c) 100–50 s period, and for the
original tomographic model (red) with weak (green), medium (blue), and strong (magenta) additional heterogeneities, corresponding to the spectrogram shown
in Fig. 10.

Figs 12(a)–(d) shows the measurements of the attenuation factor
q = 1/Q (blue line) and the observed attenuation as predicted by the
attenuation model QL6 (Durek & Ekström 1996) (green line) in the
models with relative variances 1

2 , 1, 2, 4. At the longest examined
periods, 250–400 s, scattering attenuation is undetectable in our
measurements. Around 200–250 s, it becomes clearly detectable
and increases strongly to about 100 s period. For shorter periods,
it remains approximately constant, even with a slight decreasing
trend. Compared to the observed attenuation, scattering attenuation
is very weak. At 100 s period, it ranges from around q < 1 × 10−4

(a) to q = 1 × 10−4 (b) q = 2 × 10−4 (c) to q = 4 × 10−4 (d). This
corresponds to about 0.5 per cent (a) to 1 per cent (b) 2 per cent (c)
4 per cent (d) of the total QL6 attenuation. These values compare
well with the scattering coefficient g = 1 − 4 × 10−6 km−1 that
has been estimated in the period range between 200 and 100 s

by matching long-period seismogram envelopes with single and
multiple scattering models (Sato 2002): With a group velocity of
v = 3.8 km s−1 this scattering coefficient corresponds to a range of
q = gv/ω = 0.6–4 × 10−4.

Interestingly, even in such a complex non-stationary model, the
attenuation factor is proportional to the total model variance. This
relation allows us to make predictions for scattering attenuation in a
large range of models based on a single computation. For example, a
similar statistical model with a relative variance of 10 could explain
about 10 per cent of the total observed attenuation at 100 s period. Of
course, this is only valid if we stay in the linear regime of relatively
weak and small heterogeneities but it provides an estimate of the
required structure.

The frequency dependence of scattering attenuation depends on
the depth dependence of the fundamental mode sensitivity and on
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Figure 12. Attenuation measurement of the fundamental mode Rayleigh
wave in models with weak (a), medium (b), strong (c) and very strong (d)
small-scale heterogeneities. Attenuation is measured in a period range from
400 to 50 s period. From (a) to (d), the power spectra and therefore the model
variance is increased three times by a factor of 2. The blue line shows the
measured attenuation factor 1/Q (=q). The green line shows the observed
attenuation as modelled by QL6. Scattering attenuation is in general very
weak. At longer periods, scattering attenuation is too weak to be observed
from our limited number of measurements.

the non-stationary distribution of the scatterers in the model. It is
therefore difficult to explain without a detailed analysis. However,
longer periods are sensitive to larger (in horizontal and radial ex-
tent) and also deeper heterogeneities, whereas shorter periods are
sensitive to smaller and shallower heterogeneities. In our non-
stationary models, relative velocity perturbations become much
weaker with depth (variance drops to almost 1/10 from 150 to
250 km depth). We therefore expect longer periods to be less at-
tenuated as soon as their dominant sensitivity is in the deeper re-
gions, which can also be observed in Fig. 12. As periods become
shorter, dominant fundamental mode sensitivity is in the hetero-
sphere, the scale-free heterogeneities similarly affect a larger fre-
quency band. This is a possible explanation for the approximately
constant scattering attenuation at periods <100 s. The small-scale
limit of the statistical models beyond l = 180, as well as the unper-
turbed crust that does not contribute any additional scattering, could
explain a slightly decreasing trend. Therefore, a more complete ex-
amination of scattering attenuation towards 50 s period, should
take into account smaller scale heterogeneities and especially the
crust.

5.5 Coda analysis

The decay of a direct wave can be explained similarly by anelastic
or elastic effects. Therefore the portion of the latter cannot be dis-
tinguished from observations of direct wave amplitudes, although
it is important for the construction of intrinsic attenuation models
of the Earth (e.g. Gung & Romanowicz 2004; Dalton et al. 2008).
On the other hand, the strength of the coda can be observed and
has been used to study the amount of scattering and to gain in-
sights about elastic structure. Similarly, the absence of a coda can
constrain the strength of small-scale features and limit the amount
of scattering attenuation. The relation between coda intensity and
model power connects observations with the elastic structure and is
therefore important.

Again, as for scattering attenuation, we focus on the coda of
long-period fundamental mode Rayleigh waves. We examine spec-
trograms, such as those in Fig. 10, that provide local estimates of
the seismogram variance as a function of frequency. The difference
in spectrogram power with respect to the unperturbed tomographic
model then provides an estimate of the change in wavefield vari-

ance due to the statistical scatterers at a certain position, time and
frequency. We measure the ‘coda intensity’ as the mean of the dif-
ference spectrogram power between two Rayleigh wave arrivals, as
a function of frequency in the different models (10 periods after
and before the arrival times as predicted by PREM). Naturally, this
definition of the coda intensity mixes scattered waves and perturba-
tions of all direct seismic phases except for the fundamental mode,
such that we cannot directly associate this coda with a particular
phase. However, for a shallow event most wavefield energy is in
the fundamental mode surface waves that furthermore sample the
heterogeneous shallow depth regions, such that we expect that they
can be associated with much of the scattered variance. Note that
with this procedure, we examine a relative coda with respect to a
3-D reference model, in contrast, for example, to Sato (2002).

We measure the coda intensity at stations that are distributed
along four great circles that connect source and antipode, in two
model realizations, using the same explosive source at 30 km depth
without anelastic attenuation as in the previous section. We then av-
erage the measurements at stations that are located within a similar
distance bin to obtain better results. Fig. 13 shows the measured
coda intensity in the four extended models with relative powers
1
2 , 1, 2, 4 from (a) to (d) in nine distance bins as a function of
frequency. Our very rough characterization of coda intensity only
provides good measurements in the distance bins between 45◦ and
135◦. At these distances, a clear increase in wavefield variance (i.e.
coda intensity) can be observed between the Rayleigh wave arrivals
due to the additional heterogeneities in the extended models.

In addition, the previously mentioned pattern becomes very clear
now: the fundamental mode coda concentrates between close ar-
rivals: for stations that are closer than 90◦ to the source it is strongest
after R2, R4; for stations that are further away than 90◦ it is strongest
after R1, R3, R5. In the 90◦ distance bin, coda energy is distributed
isotropically between the arrivals. Furthermore, the coda intensity
depends on the model power and frequency, and increases with lapse
time.

Coda intensity is largest for frequencies between 60 and 140 s.
As for scattering attenuation, this depends on several factors: (1)
the source characteristics. (2) the propagated wavelengths (more for
shorter periods). (3) the non-stationary distribution and strength of
heterogeneities. A detailed theory or direct comparison with data
traces is necessary to analyse it, which is beyond the scope of this
article. We can, however, examine the ‘relative’ coda intensity of
the different extended models. Because source and non-stationary
heterogeneity distribution are similar in all of these measurements,
we expect that they generate codas with the same frequency depen-
dence, differing only by a factor, as long as we are in the linear
regime.

We measure this frequency dependence by computing the fre-
quency independent scaling factor (inner product) between the coda
intensity ‘images’ of Fig. 13. Fig. 14 shows the proportionality fac-
tors of the coda between the different models at different distances.
A clear trend can be observed at all distances, and in particular in
the distance bins 67◦–112◦, it is almost linear.

Note that, in this synthetic example, we can distinguish between
models with different amounts of small-scale structure from a few
seismograms only. This works even though the models have com-
plex larger scale 3-D structures, and a complex 1-D background
model that also generate scattered waves. However, in this exam-
ple, the background structure is known perfectly and provides us
with a reliable reference trace. In more realistic examples, an incor-
rect background structure will certainly also affect the relative coda
intensity.
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Figure 13. Differential seismogram variance (Spectrogram Power) with respect to the original tomographic model after each successive Rayleigh wave arrival
in the four different models (rows a–d). Measurements show the mean spectrogram difference 10 periods after one Rayleigh wave arrival up to 10 periods
before the next, averaged over all stations in a specific distance bin (columns). White colour indicates that successive Rayleigh waves arrive within a short time
and overlap such that no measurement is possible. The distinct pattern due to the spherical geometry is clearly visible. At 90◦ distance, the coda is distributed
homogeneously. At intermediate distance, we can see a clear dependence of the coda strength on model power.

5.6 Anisotropic structures

We have demonstrated that the relative coda intensity and scattering
attenuation can be estimated for models whose covariance matrices
differ by a factor. In this case, heterogeneities differ in amplitude but
not in shape. On the other hand, heterogeneities in the Earth can have
various shapes. In particular, layered structures are often observed,
but also vertically extended heterogeneities such as plumes or slabs
can be found in Earth’s mantle.

In this section, we change the heterogeneity shape using the
‘squeeze factor’ k according to eqs (42) and (43). Values of k > 1
correspond to radially squeezed and k < 1 to radially elongated het-
erogeneities with the same horizontal covariance function. Fig. 15
shows two cross-sections of models with heterogeneities that are
either radially squeezed by a factor 2 (k = 2, Fig. 15a) or radially
stretched by a factor 2 (k = 0.5, Fig. 15b). Both models have the
same large-scale structure and the same horizontal power spectra.
Only their vertical correlation length is different.

Structures, which are elongated perpendicular to the direction
of wave propagation, have been associated with increased back-
scattering (e.g. Hong & Wu 2005; Cormier 2007). We therefore
expect that radially elongated structures increase observed scatter-
ing attenuation and the coda intensity. Furthermore, surface waves
are effectively sensitive to vertically smoothed perturbations. Such
perturbations are largest if the radial correlation length is large,
which leads to a similar conclusion. However, wave propagation in
anisotropic (also called anisomeric) media can be more complex,
and a detailed analysis is beyond the scope of this study (see e.g.
Margerin 2006).

Fig. 16 shows the relative coda intensity for four models with
k = 0.5, 1, 2, 4, measured as in the previous section, in the distance
bins that are not too close to source or antipode. Indeed the strength
of the coda becomes weaker relative to the isotropic model (b)
for radially squeezed structures (k > 1) and therefore reflects the
expected trend. On the other hand, radially elongated structures
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Figure 14. Relative coda intensity, averaged over all frequencies, as a func-
tion of relative model variance for stations at different distances. At distances
around 90◦, the linear trend is clearly visible. Close to the source or to the
antipode, we do not get good measurements.

Figure 15. Cross-sections of relative perturbations in Vs (colour scale satu-
rates at ±5 per cent) in a model with (a) radially squeezed structures (factor
k = 2) and (b) radially elongated structures (factor k = 1

2 ). The horizontal
model spectra and the heterogeneity variance are the same in both models.

(k < 1) do not increase the strength of the coda much. Scattering
attenuation, shown in Fig. 17, seems almost independent of weak
vertical squeezing (k = 0.5–2) but clearly decreases for strongly
squeezed structures (k = 4). This shows that the interaction between
structure and waves is complex and depends, for example, on their
depth sensitivity and the non-stationary heterogeneity distribution
of the medium. Important for our purpose, it seems difficult to
strongly increase scattering attenuation and coda intensity through
radially elongated or squeezed structures.

Figure 16. Relative coda intensity (normalized) as a function of radial
anisotropy, defined by the squeeze factor k. At these long periods, we expect
that stretching heterogeneities in vertical direction strengthens the coda,
whereas squeezing in vertical direction weakens the amount of scattering.
The exact relationship depends on many factors, most notably the sensitivity
of the wavefield at these times and periods, as well as the non-stationary
behaviour of the covariance matrix.

Figure 17. Scattering attenuation of the fundamental mode Rayleigh wave
as a function of frequency for squeeze factors k = 0.5 (a), 1 (b), 2 (c) and
4 (d). The blue line shows the measured attenuation factor 1/Q (=q). The
green line shows the observed attenuation as modelled by QL6.

5.7 Sparse heterogeneities

So far we have considered heterogeneities to be densely distributed
around the globe (this is a consequence of the normally distributed
perturbations in second-order random models). In the Earth, how-
ever, we often see situations where heterogeneities are sparsely
distributed which means that they concentrate in few locations. In
Section 2.1, we have already argued that we do not expect aver-
aged quantities such as the coda or scattering attenuation to depend
strongly on the exact distribution of heterogeneities as long as their
total variance remains similar. To verify this claim, we examine a
model realization with a very different and sparse heterogeneity dis-
tribution that has the same spatially averaged covariance function
as a model realization with dense heterogeneities.

To this end, we try to concentrate the scatterers at the edges of
the large scale structure that is given from the tomographic model.
To achieve this, we compute the horizontal gradient in the original
model, normalize its variance to one, and multiply the statistical
model with this gradient mask at each depth. This concentrates het-
erogeneities in regions with a strong (horizontal) gradient in the
tomographic model. Because the gradient function has larger scale
lengths than the statistical heterogeneities, this procedure changes
the globally averaged (co)variance of the scatterers only little, and
does not influence the horizontal and vertical spectrum much. Het-
erogeneities in this model are not only concentrated in a few regions,
but also correlated to the larger scale structure.

The original tomographic model, and model realizations of the
stationary model with densely distributed heterogeneities and the
‘gradient’ model with sparsely distributed heterogeneities are shown
in Fig. 18. Although the dense and the sparse model have about
the same horizontally averaged covariance functions, they have a
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Figure 18. Horizontal maps of relative Vs perturbations (saturated at
±10 per cent) of the original model (a), a model with densely distributed
scatterers (b) and (c) a model with scatterers that are concentrated in regions
with a strong gradient in (a). All models have similar horizontal and vertical
power spectra, corresponding to the one shown in Fig. 7(g).

very different distribution of heterogeneities. The sparse model has
stronger perturbations than the dense, because the same total vari-
ance is concentrated in a smaller volume.

Fig. 19 shows the strength of the coda in these models. Even
though they are quite different, coda intensity is very similar, con-
firming that it is really sensitive to a spatially averaged covariance
function of the structure, which is similar in the sparse and dense
model. However, we have noticed that individual measurements
(in particular of fundamental mode amplitudes) can deviate more
strongly from these average properties, as we would expect, if a
wave samples an isolated strong heterogeneity. Such strong ‘out-
liers’ can make it more challenging to measure a reliable average.
Also scattering attenuation, shown in Fig. 20, in both models is at a

Figure 19. Relative coda intensity (normalized to the sparse model) at
different distances in a model with a dense and a sparse distribution of
scatterers. The variance of the scattered wavefield almost does not change.
This means that this averaged quantity is insensitive to the exact distribution
of the scatterers.

Figure 20. Scattering attenuation in (a) the extended model with medium
strength heterogeneities and a uniform distribution of heterogeneities (cor-
responding to Fig. 12b) and (b) a model with similar spatially averaged
covariance function, but sparse distribution of heterogeneities. Although
low frequencies seem to be affected a little stronger by the sparse hetero-
geneities, the overall level of scattering attenuation is comparable.

similar level, although the sparse model seems to affect long periods
(>200) more.

5.8 Data example

We only provide one qualitative comparison with an observed spec-
trogram. Because we are looking at average properties of the wave-
field, a single station recording can only be an illustration of the
concept. Also we have not examined the influence of the crust so
far which can definitely play an important role for scattering. A
detailed and robust comparison is beyond the scope of this paper.

Fig. 21 shows vertical displacement spectrogram power of the
recorded (a) and computed (b–c) spectrograms after a 70 km deep,
M7.2 earthquake near Tonga (event: 200605031527A). This event
occurred largely isolated from other strong events. The selected
station ‘BBSR’ is closer to the antipode than to the source, and
we therefore expect more coda energy to arrive after the minor arc
fundamental mode Rayleigh wave (R1) than after the major arc
arrival (R2).

The recorded spectrogram (a) is compared with computations
in the original tomographic model (b) and in the extended model
with medium strength heterogeneities (c) in row 1. In contrast to
our previous computations, the observed Rayleigh waves are now
strongly attenuated and the source mechanism is more complicated
than a simple explosion source. Fortunately, the more complicated
source mechanism provides the advantage of nodal paths, at which
direct surface wave arrivals are strongly damped. In this case, we
expect scattered waves to arrive in these nodal regions because they
do not follow a straight great circle path.
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Figure 21. Comparison of a data spectrogram (a) with synthetic spectrograms computed in the original tomographic model (b) and the extended model with
medium strength heterogeneities (c).

Figure 22. Average spectrogram power of the vertical displacement field in frequency bands (a) 400–200 s, (b) 200–100 s and (c) 100–50 s period, showing
data (red), the original tomographic model (green) and the model with medium strength statistical heterogeneities (blue). The corresponding spectrogram is
shown in Fig. 21. Note that a higher envelope away from the fundamental mode R1 and R2 can also be due to a different source mechanism and not to waves
that are scattered from lateral heterogeneities. Scattered waves can also ‘decrease’ the envelope at a single station, for example, through destructive interference
with other direct phases, in contrast to the average envelope of many stations that always increases.

In row 2, we compute difference spectrograms that indicate ad-
ditional (red) or reduced (blue) energy in the data. Indeed, in this
example, we see additional energy in the data between the arrivals
R1 and R2 compared to a computation based on model (b). The
direct fundamental mode surface waves themselves are weaker than
in the computation. The extended model is able to model this effect
and produce scattered energy between R1 and R2, as can be seen in
the difference spectrogram of model (c) that becomes equally blue
and red. Of course, a random model will not be able to generate
the scattered energy at exactly the same location, but the average
variances of the seismograms become similar.

The average seismogram power (square envelope) in three differ-
ent period bands from 400–200 s (a), 200–100 s (b) and 100–50 s (c)
is shown in Fig. 22 for the data (red), tomographic model (green) and
the extended model with medium strength heterogeneities (blue).
Here, we have normalized the maximum amplitudes of the seismo-
grams to 1, to ensure a better comparison between energy in and
energy out of the direct fundamental mode Rayleigh wave arrivals.

Again, more energy between the fundamental mode arrivals can be
seen in the data trace, compared to the synthetic trace based on the
original tomographic model, and the extended model is partially
able to model this.

As we have mentioned before, this is only a proof of concept. For
a meaningful measurement of the variance of the scattered wave-
field, we need to examine many events and recordings at many
stations. At a single station and recording, additional scatterers can
even decrease the coda intensity compared to the direct arrivals, for
example due to focusing or defocusing effects. The influence of a
more complex or mislocated source will be important: For exam-
ple, stronger overtone radiation can increase energy between the
fundamental mode surface waves and should not be misinterpreted
as waves that are scattered due to lateral heterogeneity. In our ex-
ample, in Fig. 22, it can be seen that even before R1, coda energy
is higher in the data than in our simulation. This can indicate that
overtones are enhanced in this direction, which could also explain
some of the additional energy that appears later.
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Also a crustal structure that is more complex than the model
Crust2.0 needs to be examined. In a simple test (not shown), we
found that exchanging the crustal model Crust2.0 for the newer
model Crust1.0 has only a very small effect on coda or scattering
attenuation at these periods. We expect that stronger but proba-
bly reasonable variations of the elastic structure in the crust could
produce a similar coda and similar scattering attenuation as un-
resolved mantle structure but with somewhat different frequency
dependence. Variations definitely have to be stronger in the crust
than in the mantle to have an effect on the long-period coda, because
it is very thin in large regions, but again this depends on frequency
and the exact wavefield sensitivity. Additionally, unmodelled, sharp
transitions in moho and surface topography can play an important
role.

Due to all of these possible influences, a detailed study be-
yond this article is necessary to (1) better isolate scattered energy
that is due to lateral heterogeneities, (2) associate observed scat-
tered energy with particular phases and (3) examine topography or
anisotropy, or other possible perturbations, for example, in the crust
that can also generate a coda.

6 C O N C LU S I O N S

We have presented a method that can be used to construct non-
stationary and anisotropic Gaussian random models. In particular,
we have proposed to combine a spectral description for compo-
nents with stationary statistics with the computationally intense
Karhunen-Loève description for the non-stationary components.

We then developed spectral representations for stationary second-
order random models in 2-D (see the Appendix) and 3-D polar
coordinates. These can be used to generate model realizations in the
solid sphere with radially non-stationary and anisotropic covariance
functions. Such models can, for example, represent the interior
structure of spherical bodies such as the Earth or other planets.

We have applied this method to examine the effect of unresolved
small-scale mantle structure on long-period seismic waveforms. A
coda and scattering attenuation develops in models with hetero-
geneities that are similar in power as the tomographic larger scale
structures.

Extrinsic attenuation of the long-period waves due to this struc-
ture is weak and can explain only around 0.5–2 per cent of the total
attenuation if perturbations of the elastic mantle structure do not be-
come significantly stronger at smaller scales. Extrinsic attenuation
furthermore scales linearly with model power, even in a complex
model, as is expected in the linear scattering regime.

Like scattering attenuation, coda intensity is weak and depends
on the variance of the small-scale structure. From measurements
of the change in seismogram variance, away from direct surface
waves arrivals, we are able to distinguish models with different
small-scale power. It is difficult to associate this coda with indi-
vidual phases because it overlaps with many direct waves at these
long periods. However, depending on the station location, the coda
becomes stronger after minor and before major arc arrivals and
can therefore mostly be associated with fundamental mode surface
waves. In our particular measurement method, a linear trend be-
tween coda intensity and model variance is visible at stations that
are not too close to the source or to the antipode.

At long periods, layered, horizontally elongated heterogeneities
have less influence on the coda, as we would expect from the depth
sensitivity of the fundamental mode Rayleigh waves. A sparse dis-
tribution of scatterers that is correlated to the large-scale structure

generates a similar coda as a dense distribution of uncorrelated
heterogeneities as long as they have the same spatially averaged
covariance function.

Comparison with data demonstrates that random models are ca-
pable of producing observed scattered energy that is unmodelled
in current tomographic models but is qualitatively similar to that
observed in real data.

A detailed quantitative comparison with data has not been done
and is beyond the scope of this paper. Furthermore, models are so far
limited to mantle perturbations. The crust is only taken into account
through the a priori models Crust1.0 and Crust2.0 that have only a
minor effect on the results.
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A P P E N D I X : R A N D O M M O D E L S I N
P O L A R C O O R D I NAT E S

A1 The polar covariance matrix

In 2-D polar coordinates, the covariance matrix of a Gaussian ran-
dom medium can be written as C(r, r′, φ, φ′). It is useful if statistical
properties of the medium depend on the radial and angular location
and distances. In case of a medium with point (cylindrical) symmet-
ric statistics, the angular component of the polar covariance function
is stationary, and can therefore be represented by its discrete 1-D
Fourier power spectrum (discrete because it is 2π periodic). As
a consequence, its angular Fourier coefficients ck are independent
with covariance function Ck(r, r′) = 〈c∗(r)kc(r′)k〉, or, on a discrete
radial grid ri, with covariance matrix Ci j

k = 〈ci∗
k c j

k 〉. Here we used
the upper index for the radial non-stationary component and the
lower index for the stationary one.

A polar random model can be constructed from a given covariance
matrix Ci j

k as described in the main article: with the eigenbasis of C
we generate correlated normally distributed coefficients ci

k whose
Fourier transform corresponds to the model values at radius ri.
C itself can, for example, be constructed from the angular and
radial statistics of the model: The diagonal Ck

ii = |ci
k |2 is defined by

the horizontal Fourier power at each radius ri of the medium that
we wish to realize. It fixes the angular covariance function of the
medium. The off-diagonal elements of Ci j

k are defined by the vertical
correlation between the Fourier basis functions at different radii.
Usually, this correlation depends on k if the covariance matrix is not
separable in the radial and angular direction. Once the covariance
matrix is defined, the model can be constructed.
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Figure A1. Illustration of a non-stationary polar model covariance matrix
and corresponding model realization. The stationary angular model statistics
are described by their Fourier power spectrum and the radial statistics by a
covariance matrix. (a) Imposed covariance matrices of the first five angular
Fourier coefficients. These matrices are non-stationary, because coefficient
power (covariance) decreases with increasing radius. (b) Horizontal power
spectra as a function of radius. With increasing radius, power shifts to higher
degree coefficients. (c) Model realization in polar coordinates. The non-
stationary polar covariance matrices generate model which seems roughly
stationary in Cartesian space. This is a consequence of increasing angular
scales with radius that the particular covariance matrix in this example tries
to account for.

An example of a priori covariance matrices with kφ < 5 is shown
in Fig. A1(a) where we have imposed an angular and radial covari-
ance of our choice: at each radius, we have selected the horizontal
power spectrum of a 2-D exponential medium with an angular scale
length that is proportional to the radius. We thus keep the Carte-
sian scale length roughly constant. As vertical covariance function
we have also chosen an exponential medium. All matrices are non-
stationary as their entries depend on radius. The horizontal power
spectrum as a function of radius can be seen in Fig. A1(b): away
from the centre, power shifts towards higher degrees and therefore
smaller angular scales, as is necessary to keep the Cartesian model
proportions approximately constant. Fig. A1(c) shows a model re-
alization with these statistical properties. It looks approximately
stationary and isotropic and we have full control over the radial and
angular covariance function of this model.

This approach is useful if a model has well-defined and separable
angular and radial statistics, but in many situations this is not the
case. In particular, it is essential how the covariance matrix looks like
for a model with given stationary Cartesian statistics. In the previous
example, we used an improper ‘trick’ and rescaled the angular model
scales with radius to achieve model statistics that are stationary and
isotropic in the Cartesian sense. On purpose, we have not shown a
model that contains the centre point, in Fig. A1(c), where spherical
distortions become very strong where this approximation does not
work anymore.

A2 The relation of the Cartesian and polar covariance

A model with stationary Cartesian C(r, r′) or power spectrum
|F(k)|2 has naturally a non-stationary covariance function C(r, r′,

kφ) because the relation between angular and Cartesian distances
depends on radius. The connection between both matrices can be
found by expanding the model f(r, φ) in terms of its angular Fourier
coefficients:

f (r, φ) =
∑

n

fn(r )einφ (A1)

fn(r ) = 1

2π

∫
R

dφ f (r, φ)einφ. (A2)

These coefficients can be synthesized from the Cartesian Fourier
spectrum F(k) using a ‘cylindrical wave expansion’:

eik·r =
∑

n

Jn(ρr )i neinφe−inθ . (A3)

Here, (ρ, θ ) are the radial and angular components of the wavenum-
ber vector k. With this expansion, the forward and inverse Fourier
transforms (eqs 4 and 5) can be written in terms of polar coordi-
nates:

F(ρ, θ ) = 2π
∑

n

i neinθ

∫
R

fn(r )Jn(ρr ) r dr (A4)

f (r, φ) = 1

2π

∑
n

i neinφ

∫
R

Fn(ρ)Jn(ρr ) ρ dρ. (A5)

Fn(ρ) are the angular Fourier coefficients of the Cartesian Fourier
spectrum F(k). This transform pair (eqs A4 and A5) (‘Hankel’
transform) relates polar Fourier space with polar model space
and can therefore be seen as an equivalent of the Fourier trans-
form in polar coordinates. The angular model coefficients fn(r)
that are required to generate a realization can be computed from
eqs (A5)–(A2),

fn(r ) = i−n

2π

∫
R

F(ρ, θ )Jn(ρr )einθ ρ dρ dθ (A6)

fn(r ) = i−n

∫
R

Fn(ρ)Jn(ρr ) ρ dρ. (A7)

To compute the angular model coefficients fn, we first need to cal-
culate the angular coefficients Fn of the Fourier spectrum.

If we consider a stationary Gaussian random model with Carte-
sian spectrum 〈F∗(k)F(k′)〉 = |F(k)|2δ(k − k′), we obtain for the
covariance of the coefficients Fn:

〈
F∗

n (ρ)Fn′ (ρ ′)
〉 = 1

(2π )2

∫
R

〈
F∗(ρ, θ )F(ρ ′, θ ′)

〉
einθ−in′θ ′

dθ dθ ′

(A8)

= |F(ρ)|2
2πρ

δnn′δ(ρ − ρ ′). (A9)

The polar Fourier coefficients Fn are therefore also independent.
Their power 〈|Fn(ρ)|2〉 is similar to the Cartesian power |F(ρ)|2 that
is evenly distributed over the angular space 2πρ.

With the coefficients Fn, a stationary Gaussian model can be
directly synthesized in polar coordinates using eq. (A5). Fur-
thermore, from eq. (A7) we can compute the polar covariance
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matrix Cnn′ (r, r ′):

Cnn′ (r, r ′) = 〈
f ∗
n (r ) fn′ (r ′)

〉
(A10)

= δnn′

∫
R

〈|F(ρ)|2〉
2πρ

Jn(ρr )Jn(ρr ′)ρ2 dρ. (A11)

From this covariance matrix we can also generate isotropic station-
ary models in polar coordinates but importantly, we can use it as
a basis to construct non-stationary models as well. Different, or
smoothly varying Cartesian spectra could for example be chose in
different regions.

Fig. A2 shows a comparison between two models with similar
Fourier spectrum, generated in Cartesian and polar coordinates,
respectively. Both models are similar but in the polar model we
have control over the model’s radial and angular statistics.

Figure A2. Isotropic Gaussian random field with exponential autocorrela-
tion function in Cartesian (left) and in polar (right) coordinates. The Fourier–
Bessel basis allows to generate models that are stationary and isotropic in
the Cartesian sense in polar coordinates.
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