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 10 

Abstract 11 

 Water fluxes in catchments are controlled by physical processes and material properties that are 12 
complex, heterogeneous on all scales, and poorly characterized by direct measurement.  As a result, 13 
parsimonious theories of catchment hydrology remain elusive.  Here I show that one class of catchments -14 
- those in which discharge depends primarily on the volume of water stored in the subsurface -- can be 15 
usefully characterized as simple first-order nonlinear dynamical systems, and I show that one can infer 16 
their governing equations directly from field data.  The key constitutive equation is the storage-discharge 17 
relationship Q=f(S).  This is most useful in its implicit differential form, dQ/dS=g(Q), which describes the 18 
sensitivity of discharge to changes in storage.  This approach makes no a priori assumption about these 19 
functions, instead determining both their mathematical form and their parameters directly from 20 
streamflow fluctuations.  I illustrate this approach using data from two ~10 km2 catchments at Plynlimon 21 
in mid-Wales.  The sensitivity function g(Q) explains the two catchments' responses to storm events, and 22 
can also be used to quantitatively estimate catchment dynamic storage, recession timescales, and 23 
sensitivity to antecedent moisture, suggesting that it is useful for catchment characterization.  Combining 24 
the sensitivity function g(Q) with the conservation of mass equation yields a single first-order nonlinear 25 
differential equation relating precipitation, evapotranspiration, and discharge.  Integrating this equation 26 
allows one to simulate the streamflow hydrograph from precipitation and evapotranspiration time series.  27 
This single-equation rainfall-runoff model performs as well as other models that are much more highly 28 
parameterized.  It also performs well under cross-validation, in which the data used to test the predictions 29 
are independent from the data used to estimate the constitutive relationships.  This single-equation 30 
hydrologic model can also be inverted.  Thus it can be used to "do hydrology backwards", that is, to infer 31 
whole-catchment precipitation time series, directly from fluctuations in streamflow.  These inferred 32 
precipitation rates are not calibrated to precipitation measurements in any way, making them a strong test 33 
of the underlying theory.  At the Plynlimon catchments, precipitation rates inferred from streamflow 34 
fluctuations agree with rain gauge measurements as closely as two rain gauges in each catchment agree 35 
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with each other.  The same approach provides estimates of whole-catchment evapotranspiration rates 36 
during rainless periods.  Evapotranspiration rates inferred from streamflow fluctuations at Plynlimon 37 
exhibit seasonal and diurnal cycles that agree semi-quantitatively with Penman-Monteith estimates 38 
derived from weather stations in the two catchments.  This approach may provide a basis for using widely 39 
available streamflow records to infer long-term proxy records for whole-landscape precipitation and 40 
evapotranspiration rates, which are otherwise difficult to measure directly. 41 

1.  Introduction 42 

 The spatial heterogeneity and process complexity of subsurface flow imply that any feasible 43 
hydrological model will necessarily involve substantial simplifications and generalizations.  The essential 44 
question for hydrologists is which simplifications and generalizations are the right ones.  Physically-based 45 
models attempt to link catchment behavior with measurable properties of the landscape.  However, the 46 
properties of interest are usually directly measurable only at scales many orders of magnitude smaller 47 
than the catchment itself.  Thus although it seems obvious that catchment models should be 'physically 48 
based,' it seems less obvious how those models should be based on physics.  Physically based hydrologic 49 
models are usually based on an implicit up-scaling premise, which assumes that the microphysics in the 50 
subsurface will "scale up" such that the behavior at larger scales will be described by the same governing 51 
equations (e.g., Darcy's Law, Richards' equation), with state variables (e.g., water flux, volumetric water 52 
content, hydraulic potential) that are averaged, and with "effective" parameters that somehow subsume 53 
the heterogeneity of the subsurface.  It is currently unclear whether this up-scaling premise is correct, or 54 
whether the effective large-scale governing equations for these heterogeneous systems are different in 55 
form, not just different in the parameters, from the equations that describe the small-scale physics 56 
[Kirchner, 2006].   57 

 This observation raises the question of how we can identify the right constitutive equations to 58 
describe the macroscopic behavior of these complex heterogeneous systems.  For decades, hydrologists 59 
have used characteristic curves to describe the macroscopic behavior of blocks of soil, recognizing that 60 
these empirical curves integrate across the complex and heterogeneous processes that govern water 61 
movement at the pore scale.  Likewise one can pose the question of whether there are 'characteristic 62 
curves' at the scale of small catchments, that can usefully integrate over the complexity and heterogeneity 63 
of the landscape at all scales below, say, a few square kilometers.  And if such 'characteristic curves' are 64 
meaningful and useful at the scale of small catchments, how can they be measured at that scale?   65 

 One approach to this question is to apply the physical equations that describe smaller-scale 66 
processes (e.g., Richards' equation) across various lattices of spatially heterogeneous material properties, 67 
and see what the effective large-scale behavior looks like.  Such calculations are difficult to apply to real-68 
world settings, however, without accurate maps or statistical models of the heterogeneity of the 69 
subsurface, which are generally not available.   70 

 Another approach is to ask whether one can infer the appropriate constitutive equations directly 71 
from field data, at catchment scale.  Here I present an exploratory analysis that shows that this is possible, 72 
at least for one relatively simple class of catchments, those for which discharge primarily depends on the 73 



 Manuscript in review at Water Resources Research 3 

volume of water stored in the catchment.  I make no a priori assumption about the functional form of the 74 
relationship between storage and discharge, but instead show how it can be estimated directly from 75 
streamflow fluctuations.  From the storage-discharge relationship, I show that one can construct a single 76 
first-order nonlinear differential equation linking precipitation, evapotranspiration, and discharge, with no 77 
need to account explicitly for changes in storage; these are instead inferred from the resulting changes in 78 
discharge.  This single equation allows one to predict streamflow hydrographs from precipitation and 79 
evapotranspiration time series, and also to "do hydrology backwards", using streamflow fluctuations to 80 
infer precipitation and evapotranspiration rates at whole-catchment scale.  Thus streamflow hydrographs 81 
may be useful for reconstructing precipitation and evapotranspiration records where direct measurements 82 
are unavailable, unreliable, or unrepresentative at the scale of the landscape. 83 

2.  Field site and data 84 

 The analysis presented here grew out of an exploration of rainfall-runoff behavior at the 85 
Plynlimon catchments in mid-Wales.  Plynlimon has been a focal point of hydrological research for at 86 
least four decades, resulting in several hundred scientific publications [e.g., Calder, 1977; Kirby et al., 87 
1991; Beven and Binley, 1992; Sklash et al., 1996; Neal et al., 1997b; Kirchner et al., 2000; Robinson and 88 
Dupeyrat, 2005; Marc and Robinson, 2007; Kirby et al., 1997, and references therein].  The Plynlimon 89 
catchments comprise the headwaters of the River Wye and River Severn (Figure 1); the Wye catchment is 90 
grassland, whereas the Severn catchment was dominated by conifer plantations during 1992-1996, the 91 
time period analyzed here.  The Wye and Severn Rivers flow from adjacent catchments on the same 92 
upland massif, predominantly composed of Ordovician and Silurian mudstones, sandstones, shales, and 93 
slates [Kirby et al., 1991], and generally considered to be impervious at depth.  Although borehole 94 
observations have shown clear evidence for extensive groundwater circulation through fractures down to 95 
depths of tens of meters [Neal et al., 1997a; Shand et al., 2005], no evidence of substantial long-distance 96 
(i.e. inter-catchment) groundwater flow has been reported.  The soil mantles at both catchments are 97 
dominated by blanket peats >40 cm thick at higher altitudes, podzols at lower altitudes, and valley bottom 98 
alluvium, peat, and stagnohumic gleys along the stream channels [Kirby et al., 1991]. 99 

 The climate of Plynlimon is cool and humid; monthly mean temperatures are typically 2-3 C in 100 
winter and 11-13 C in summer, and annual precipitation is roughly 2500-2600 mm/yr, of which 101 
approximately 500 mm/yr is lost to evapotranspiration and the balance of 2000-2100 mm/yr runs off as 102 
stream discharge (Table 1).  Precipitation varies seasonally, averaging 280-300 mm/month during the 103 
winter (December/January/February) but only 135-155 mm/month during the summer 104 
(June/July/August).  Rainfall is frequent; more than 1 mm/day of rainfall occurs on about 45 percent of 105 
summer days, and over 60 percent of winter days.  Frost can occur in any month of the year, but snow 106 
accounts for only about five percent of total annual precipitation, and persistent snow cover is rare [Kirby 107 
et al., 1991]. 108 

 Precipitation and streamflow have been measured continuously at Plynlimon since the 1970's by 109 
the Centre for Ecology and Hydrology (formerly the Institute of Hydrology).  In addition to a network of 110 
ground-level storage raingauges that are read monthly, the Severn and Wye catchments are each outfitted 111 
with a pair of automatic weather stations, one near the bottom of each catchment and one near the top 112 
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(circles, Figure 1).  These weather stations provide hourly records of precipitation, as well as incoming 113 
solar and net radiation, wet and dry bulb temperature, and wind speed and direction, allowing estimation 114 
of potential evapotranspiration via the Penman-Monteith method.  Streamflow is measured at 15-minute 115 
intervals by a trapezoidal critical depth flume on the Severn and a Crump weir on the Wye, as well as by 116 
flumes on eight tributary streams (triangles, Figure 1).   117 

 This paper uses data from the four automatic weather stations, the Severn triangular flume, and 118 
the Wye weir.  Data from 1992 through 1996 were selected for analysis, because during this interval none 119 
of these instruments suffered extended outages, with the result that a continuous, consistent data set is 120 
available for the entire five-year period.  Nevertheless, as with any long-term environmental data set, 121 
anomalies occur in a small number of records (here, less than 1 percent of the total).  Each discharge and 122 
weather station record was examined by eye for the entire five-year period, and clearly anomalous 123 
measurements were replaced with interpolated values from adjacent reliable measurements, or when 124 
necessary by appropriately scaled averages from other stations.  The 15-minute discharge data were 125 
aggregated to hourly sums, synchronized with the hourly weather station data. 126 

 Two brief extracts from the full five-year record are shown in Figure 2.  As one can see, the 127 
Severn and Wye rivers both respond promptly to rainfall inputs, but the Wye is visibly more 'flashy' than 128 
the Severn.  In both catchments, there is a clear correspondence between the intensity and duration of 129 
rainfall events, and the timing and intensity of storm runoff.  This raises the question of whether one can 130 
characterize the hydrologic behavior of catchments like these in a way that is predictively useful.  131 
Motivated by the rainfall-runoff behavior observed at Plynlimon, the analysis below presents a simple, 132 
analytically tractable, empirically testable framework for understanding the hydrologic behavior of small 133 
catchments.  I now describe the development of this analytical framework, and will return to its 134 
application to the Plynlimon catchments in section 5. 135 

3.  Catchment hydrology as a first-order dynamical system 136 

 My analysis begins, as most catchment-scale hydrological models do, with the conservation-of-137 
mass equation, 138 

 QEP
dt
dS

−−=     , (1) 139 

where S is the volume of water stored in the catchment, measured in units of depth (e.g., mm of water), 140 
and P, E, and Q are the rates of precipitation, evapotranspiration, and discharge, respectively, in units of 141 
depth per time (e.g., mm of water per hour).  P, Q, E, and S are all understood to be functions of time, and 142 
are understood to be averaged over the whole catchment.   143 

 It is worthwhile to consider how the terms in equation (1) are measured, and the spatial scales 144 
over which such measurements are applicable.  Precipitation measurements are intrinsically local, because 145 
rain gauges are typically many orders of magnitude smaller than the catchments that they are used to 146 
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represent.  Because precipitation rates vary in space and time, measurements at one rain gauge, or even 147 
several, may not accurately represent precipitation inputs to the catchment as a whole.  (New technologies 148 
such as precipitation radar can provide spatially distributed estimates of precipitation rates, but still must 149 
be benchmarked to rain gauge data.)  Estimates of evapotranspiration, whether derived from Penman-150 
Monteith methods, eddy-correlation instruments, or evaporation pans, likewise have an effective footprint 151 
that is orders of magnitude smaller than the catchments that they are typically used to represent.  152 
Estimates of changes in storage, as measured by piezometer wells and soil moisture probes, are likewise 153 
highly localized, and are also strongly dependent on spatially variable material properties of the 154 
subsurface.  Of all the terms in equation (1), only discharge is an aggregated measurement for the entire 155 
catchment.  Therefore my analysis explores how much one can learn about catchment processes from 156 
fluctuations in streamflow, without assuming that measurements of precipitation or evapotranspiration are 157 
spatially representative, because they often are not.  The analysis also makes no use of direct 158 
measurements of changes in storage, because they are often unavailable.   159 

 My analysis makes the fundamental assumption that the discharge in the stream, Q, depends 160 
solely on the amount of water stored in the catchment, S.  That is, the analysis assumes that there is some 161 
storage-discharge function f(S) such that 162 

 )(SfQ =     . (2) 163 

This premise is not strictly valid in every catchment, but in many cases it can be a useful approximation, 164 
and it is an essential assumption in the analysis that follows.  In catchments where this premise is 165 
substantially incorrect -- that is, where a substantial fraction of discharge depends on factors other than 166 
the total catchment storage S -- the analysis presented below should not be expected to work well.  Of 167 
course, in every catchment some fraction of stream discharge may be controlled by processes other than 168 
the release of water from storage.  Two obvious examples are direct precipitation onto the stream surface 169 
itself, and precipitation onto areas that are impermeable or saturated and are directly connected to the 170 
stream.  These processes will route precipitation directly to discharge as bypassing flow, rather than 171 
adding it to catchment storage.  The analysis presented here does not require that bypassing flow is 172 
entirely absent, but assumes that it is not a dominant component of discharge.  If, instead, bypassing flow 173 
is quantitatively important compared to the storage-dependent component of discharge, the analysis 174 
presented here may not give reasonable results. 175 

 The premise that discharge depends on storage is broadly consistent with the smaller-scale 176 
governing equations that drive subsurface transport.  For example, the flow of water downward through 177 
the unsaturated zone is controlled by the matric potential and the hydraulic conductivity, which are both 178 
steep nonlinear functions of water content.  Flow in the saturated zone depends on the slope of the water 179 
table, which varies with storage in the saturated zone, and on the saturated hydraulic conductivity, which 180 
varies as a function of depth, with the result that transmissivity depends on the depth to the water table, 181 
and thus on total storage in the saturated zone.  As a result, stream discharge is often a steep nonlinear 182 
function of groundwater levels in the surrounding catchment [e.g., Figure 6 of Laudon et al., 2004].  183 
Many of the processes and rate coefficients that control water flow in the subsurface are strongly, and 184 
nonlinearly, dependent on storage.  Nonetheless it is not clear how these nonlinear relationships -- which 185 
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may differ from point to point across the landscape -- will combine to create a storage-discharge 186 
relationship for the catchment as a whole.   187 

 For this reason, my approach assumes no particular functional form for the storage-discharge 188 
relationship f(S), instead allowing both the form of f(S) and its coefficients to be estimated directly from 189 
runoff time-series data.  I assume only that Q is an increasing function of S, (that is, dQ/dS>0 for all Q 190 
and S), and thus that the storage-discharge function is invertible.  Thus the discharge in the stream 191 
provides an implicit measure of the volume of water stored in the catchment: 192 

 )(1 QfS −=     . (3) 193 

 Equations (1) and (2) form a first-order dynamical system, in which P, Q, E, and S are all 194 
understood to be functions of time.  This dynamical system would particularly simple if Q were a linear 195 
function of S.  The properties of such linear systems have been extensively studied in hydrology, but in 196 
general Q will be a nonlinear function of S, resulting in a richer spectrum of possible behaviors.  It is this 197 
more general nonlinear case that I aim to address. 198 

 Regardless of the form that f(S) takes, the structure of the dynamical system directly yields an 199 
important inference concerning catchment storm response.  Because Q is a function of S alone, storage 200 
(and thus discharge) will be rising whenever P-E>Q, and falling whenever Q>P-E.  The peak discharge 201 
(dQ/dt=0) will coincide with the peak storage (dS/dt=0), which will occur when Q=P-E.  During storm 202 
events, the time of peak rainfall will generally correspond to the rising limb of the hydrograph (when P-203 
E>Q and thus dS/dt>0 and dQ/dt>0).  Because the peak rainfall corresponds to rising flow, which by 204 
definition will occur before the peak discharge, the peak flow will lag the peak rainfall, even in the 205 
absence of any travel-time delays for pulses of stormflow to reach the weir.  Furthermore, the peak flow 206 
will occur as the rainfall rate falls below discharge, and thus the mass balance (equation 1) turns negative. 207 

 The Severn and Wye rivers exhibit this pattern of behavior, as Figure 2 shows.  The Wye is 208 
somewhat more responsive than the Severn to rainfall inputs, but both catchments behave as the 209 
dynamical system of equations (1) and (2) would predict; discharge increases when rainfall fluxes exceed 210 
streamflow fluxes (and thus the catchment mass balance is positive), and discharge decreases when 211 
streamflow exceeds rainfall (and thus the mass balance is negative).  As a direct consequence, peak flows 212 
occur as rainfall events are ending, when rainfall fluxes drop below streamflow fluxes and the mass 213 
balance shifts from positive to negative.   214 

 The lag between peak rainfall and peak streamflow is an intrinsic property of the structure of the 215 
dynamical system described by equations (1) and (2); it results directly from the fact that discharge 216 
depends on storage, and storage integrates precipitation and discharge through time.  The derivative in 217 
equation (1) creates an intrinsic phase lag of 90 degrees between fluctuations in precipitation and 218 
fluctuations in streamflow, such that periods of high precipitation will correspond to increasing discharge, 219 
with peak discharge necessarily following later.  Thus the lag-to-peak is a phase lag, rather than a time lag 220 
of fixed duration.  As a result, the duration of the lag-to-peak in any particular storm will be controlled by 221 
the duration of the storm and the way that rainfall rates fluctuate during the storm event.  In other words, 222 
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in such a dynamical system, the lag-to-peak is defined by the characteristics of the storm, and is not a 223 
fixed characteristic timescale of the catchment.  In addition to this dynamical phase lag, there may also be 224 
a travel-time lag for storm flows to move downstream through the channel network.  As I show later, in 225 
the Severn and Wye catchments these travel-time lags are roughly one hour, which is negligible at the 226 
scale of the time series shown in Figure 2. 227 

4.  Estimating storage-discharge relationships - theory 228 

 I now outline a strategy for estimating the storage-discharge function f(S) directly from 229 
observational data.  Differentiating equation (2) with respect to time and substituting equation (1) directly 230 
yields the following differential equation for the rate of change of discharge through time: 231 

 ( )QEP
dS
dQ

dt
dS

dS
dQ

dt
dQ

−−==     . (4) 232 

The term dQ/dS will be crucial in the analysis that follows; it is the derivative of the storage-discharge 233 
relationship f(S), and represents the sensitivity of discharge to changes in storage.  Normally, derivatives 234 
like dQ/dS would be expressed in terms of S, but S cannot be directly measured at the catchment scale for 235 
the reasons described in section 3.  However, because S is a single-valued function of Q, dQ/dS can also 236 
be expressed as a function of Q, here defined as g(Q): 237 

 )())((')(' 1 QgQffSf
dS
dQ

=== −     . (5) 238 

Because the function g(Q) expresses the sensitivity of discharge to changes in storage, I will call it the 239 
'sensitivity function'.  Mathematically, it is the implicit differential form of the storage-discharge 240 
relationship; it measures how changes in discharge are related to change in storage, but it does so as a 241 
function of Q (which is directly measurable) rather than S (which is not).  This makes it more useful than 242 
the conventional form f  '(S) for the analysis that follows.  Figure 3 illustrates the relationship between the 243 
sensitivity function g(Q) and the storage-discharge relationship f(S).  The function g(Q) can be estimated 244 
from observational data by combining equations (5) and (4) to yield, 245 

 
QEP

dt
dQ

dt
dS

dt
dQ

dS
dQQg

−−
===)(     , (6) 246 

which implies that the slope of the storage-discharge function f(S) can be determined from instantaneous 247 
measurements of precipitation (P), evapotranspiration (E), discharge (Q), and the rate of change of 248 
discharge (dQ/dt).  Of the three fluxes (P, E, and Q), discharge can be measured more reliably than 249 
precipitation or evapotranspiration at the whole-catchment scale.  Evapotranspiration fluxes are difficult 250 
to measure, and both precipitation and evapotranspiration are spatially heterogeneous, making their 251 
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whole-catchment averages difficult to estimate from point measurements.  Discharge measurements, by 252 
contrast, are point measurements that integrate the hydrologic behavior of the entire contributing area.   253 

 Therefore equation (6) can be most accurately estimated using measurements taken at times when 254 
precipitation and evapotranspiration fluxes are small compared to discharge (P<<Q and E<<Q).  Under 255 
these conditions, equation (6) is approximated by 256 

 

QEQP

Q
dt

dQ

dS
dQQg

<<<<

−
≈=

,

)(     . (7) 257 

Equation (7) implies that one can estimate the sensitivity function g(Q) from the time series of Q alone.  258 
To do this, one must identify intervals of time when precipitation and evapotranspiration are small 259 
compared to discharge, but it is not necessary to measure either P or E accurately as long as their rough 260 
magnitude compared to Q is known.  From the sensitivity function g(Q), one can derive the storage-261 
discharge relationship f(S) by first inverting equation (5),   262 

 ∫∫ =
)(Qg

dQdS     , (8) 263 

thus obtaining S as a function of Q, and then by inverting this function to obtain Q as a function of S.   264 

 Apart from the requirement that Q=f(S) must be an increasing function of S (and thus that g(Q) 265 
must always be positive), nothing in the approach outlined here requires f(S) or g(Q) to have any 266 
particular mathematical form.  In practice, g(Q) will be an empirical function that is estimated from 267 
streamflow time-series data, and it could potentially exhibit many different functional forms in different 268 
catchments.  A few simple functional forms of g(Q) can be integrated and inverted analytically to yield 269 
closed-form solutions for f(S).  For other functional forms, equation (8) can be solved by numerical 270 
integration in order to construct an empirical storage-discharge relationship.   271 

5.  Estimating storage-discharge relationships - practical details 272 

 Implementing this approach in practice requires identifying times when precipitation and 273 
evapotranspiration fluxes are small enough that equation (6) will be well approximated by equation (7).  I 274 
used two different methods to identify these low-precipitation, low-ET periods at Plynlimon, and both 275 
yielded similar results.  The first approach used the Penman-Monteith method to estimate potential 276 
evapotranspiration from the automatic weather station data.  The estimated potential evapotranspiration 277 
does not need to accurately reflect actual evapotranspiration, but only its general magnitude, because 278 
equation (7) does not require estimating a mass balance for the catchment, but only identifying times 279 
when the mass balance is dominated by discharge.  To implement this approach at Plynlimon, I selected 280 
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the hourly records for which discharge was at least 10 times larger than either potential evapotranspiration 281 
or precipitation (as measured by the weather station raingauges).   282 

 The second approach makes use of the fact that potential evapotranspiration fluxes in humid 283 
catchments are typically small at night, because relative humidity is typically near 100 percent (and thus 284 
the vapor pressure deficit is small), and there is no solar radiation to drive transpiration fluxes (see Figure 285 
4).  Thus, one can use night-time as a good indication of low-evapotranspiration conditions in humid 286 
catchments, even if quantitative estimates of evapotranspiration rates are unavailable.  To implement this 287 
approach at Plynlimon, I selected the hourly records for night-time (defined as times for which solar flux 288 
averaged less than 1 W/m2 averaged over the hour in question, the previous hour, and the following hour), 289 
and during which there was also no recorded rainfall within the previous six hours or the following two 290 
hours.  Selecting either these rainless night hours, or hours with negligible precipitation and potential 291 
evapotranspiration (as described above), yields roughly 1600 to 2000 hours per year at Plynlimon.  292 
Although these two methods for identifying low-precipitation, low-evapotranspiration conditions do not 293 
result in exactly the same records being analyzed (only about half of the records overlap between the two 294 
approaches), they both yield similar results in the analysis that follows.  The analysis shown below is 295 
based on the rainless night hours at the Severn and Wye catchments.  Figure 5 shows an example of these 296 
rainless night-time periods, for a short segment of the Severn River time series. 297 

 From hourly streamflow records during periods when P<<Q and E<<Q, we can estimate g(Q) in 298 
equation (7) by plotting the slope of the flow recession (-dQ/dt) as a function of discharge (Q), as shown 299 
in Figure 6.  Graphs like Figure 6, which I term "recession plots", were proposed by Brutsaert and Nieber 300 
[1977] as an alternative to conventional recession curves, in which discharge is plotted as a function of 301 
time.  Recession plots are particularly appropriate in the present case, because equation (7) requires low-302 
precipitation, low-evaporation conditions, which usually form a highly discontinuous time series (as in 303 
Figure 5).  Such a discontinuous time series would be ill-suited to conventional recession analysis 304 
(although others have attempted to splice short intervals together into pseudo-continuous recession 305 
curves; see Lamb and Beven  [1997] for one such analysis).  Recession plots such as Figure 6 provide a 306 
general way to display and analyze recession behavior, without pre-supposing that the underlying data are 307 
continuous in time.   308 

 Following Brutsaert and Nieber [1977], I estimate the rate of flow recession as the difference in 309 
discharge between two successive hours, -dQ/dt=(Qt-∆t-Qt)/∆t, and plot this as a function of the average 310 
discharge over the two hours, (Qt-∆t+Qt)/2.  Estimating the terms in this way avoids any artifactual 311 
correlation between Q and -dQ/dt.  Because Q and -dQ/dt will both typically span several orders of 312 
magnitude, their relationship to one another can be best viewed on log-log plots.  The top panels of Figure 313 
6 show the relationship between discharge and flow recession for hourly measurements from the Severn 314 
and Wye Rivers (gray dots, Figure 6).  In both streams, the rate of flow recession is roughly a power-law 315 
function of discharge.  Brutsaert and Nieber used plots like Figure 6 to define the lower envelope of  316 
-dQ/dt as a function of Q, but in practice, much of the spread in -dQ/dt at any particular value of Q may 317 
be due to stochastic variability and measurement noise over the short intervals between hourly 318 
measurements [Rupp and Selker, 2006].  The present approach instead seeks the best estimate g(Q) as an 319 
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average description of the behavior of the catchment.  This requires estimating the central tendency of 320 
-dQ/dt rather than its lower bound.   321 

 Accurately estimating g(Q) requires careful attention to several details.  The function g(Q) must 322 
correctly describe the relationship between Q and -dQ/dt when they both are small, and log-log plots like 323 
Figure 6 expand this domain.  The individual hourly data exhibit significant scatter on log axes, 324 
particularly at discharges below about 0.1 mm/hr.  This scatter could arise from at least four sources: (1) 325 
random measurement noise, (2) coarse-graining due to the finite discretization of discharge 326 
measurements, and thus of calculated flow recession rates (as is visually evident from the horizontal 327 
stripes in the Figures 6a and 6b), (3) effects of any precipitation or evapotranspiration that may occur but 328 
be too small to be directly measurable, and (4) differences between the structure of the real-world 329 
catchment and the idealized dynamical system in equations (1), (2), and (7).  Noise arising from any of 330 
these sources should introduce more scatter in the log of -dQ/dt at times when Q and -dQ/dt are small, as 331 
Figures 6a and 6b show.   332 

 On a log scale, this scatter can introduce a negative bias, since negative deviations are larger in 333 
log units than equivalent positive deviations.  Indeed, at low Q, there are many points for which discharge 334 
is constant or increasing, and thus -dQ/dt for these points cannot be plotted on a log axis.  It might seem 335 
superficially appealing to simply exclude such points from the analysis, under the assumption that any 336 
such points cannot correspond to flow recession.  However, many such points probably represent random 337 
fluctuations around an average recession trend.  Therefore they should not be excluded, because 338 
preferentially excluding random deviations in one direction but not the other would lead to biased 339 
estimates of the average recession rate -dQ/dt at any given Q.   340 

 Instead, the scatter at low Q must be properly taken into account in order to estimate the 341 
functional relationship between -dQ/dt and Q.  In Figure 6, I do this by binning the individual hourly data 342 
points into groups, and I then calculate the mean and standard error for -dQ/dt and Q within each group 343 
(including values of -dQ/dt≤0); these means are the black dots in Figure 6.  Working from the highest 344 
values of Q to the lowest, I delimit an interval of 1% of the logarithmic range in Q, and average all the 345 
points within that interval of Q.  If the standard error of the logarithm of the mean -dQ/dt is greater than 346 
0.5 natural log units, the sampled 'window' of Q is widened to include lower values of Q (such that more 347 
points are included, making the mean -dQ/dt more stable) until the mean of -dQ/dt meets the stability 348 
criterion 5.0)//()/(std.err.))/(ln(std.err. ≤−=− dtdQdtdQdtdQ .  The next 1% interval is then 349 
delimited, starting where the last one ended.  The binned averages reflect the average recession rate 350 
-dQ/dt at each flow rate Q, without being unduly influenced by the stochastic scatter in -dQ/dt when Q is 351 
small.  Almost all of these local binned means fall within one standard error of a smooth curve for each 352 
site, as the middle panels in Figure 6 show.  These curves are fitted to the binned means (black dots) using 353 
least-squares regression, weighted by inverse variance (that is, by the reciprocal of the square of the 354 
standard errors of each binned average).  This approach keeps highly uncertain points from exerting too 355 
much influence on the regression.  This approach also yields the maximum-likelihood estimator for the 356 
best-fit curve if the deviations of the black dots from the true relationship are approximately normal.  This 357 
is likely to be the case, because according to the Central Limit Theorem, the errors in the binned means 358 
(black dots) should be distributed almost normally even if the individual measurements (gray dots) are 359 
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not, since each black dot is typically calculated by averaging many individual points.  As the residual 360 
plots at the bottom of Figure 6 show, the best-fit curves fall within one standard error of nearly all of the 361 
binned means, implying that they capture nearly all of the systematic relationship between ln(-dQ/dt) and 362 
ln(Q). 363 

 In the absence of a strong theoretical expectation for the storage-discharge relationship to have a 364 
particular functional form, one must choose an empirical function to fit to the binned means in Figure 6.  365 
To fit the black dots in Figure 6, I chose a quadratic curve because it is both flexible enough to follow the 366 
major features of the data and smooth enough to permit modest extrapolation beyond the range of the 367 
black dots.  This quadratic function leads directly to an expression for g(Q) as a quadratic in logs,  368 
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with parameter values of a=-2.439±0.017, b=0.966±0.035, and c=-0.100±0.016 for the Severn River, and 370 
parameter values of a=-2.207±0.028, b=1.099±0.048, and c=-0.002±0.018 for the Wye River, obtained by 371 
polynomial least-squares regression.  The coefficient b is one less than the slope of the log-log plots in 372 
Figure 6, owing to the factor of Q in the denominator of equation (9). 373 

 The fitted curves for the Severn and Wye Rivers look similar in Figure 6, although when they are 374 
overlain on one another, small differences are visually apparent (Figures 7a and 7b).  Nonetheless, when 375 
these fitted curves are transformed to storage-discharge relationships, they are visually quite distinct 376 
(Figures 7c and 7d).  Notably, the Wye River's storage-discharge relationship is more sharply curved than 377 
the Severn's, which is broadly consistent with the Wye's more abrupt response to precipitation, as shown 378 
in Figure 2.  Integrating these storage-discharge relationships yields theoretical recession curves 379 
(discharge as a function of time); as Figures 7e and 7f show, the recession curves for the two catchments 380 
are visually similar, despite the obvious differences between their storage-discharge relationships.  This 381 
observation suggests that conventional analyses of recession curves may not detect important differences 382 
in storage-discharge relationships between catchments.  These differences are, however, apparent from 383 
the analysis outlined above. 384 

6.  Power-law relationships between Q and -dQ/dt: an idealized approximation 385 

 Visual inspection of Figure 6 shows that the log-log recession plots for the Severn and Wye 386 
Rivers are approximately linear, indicating that both sites exhibit roughly power-law relationships 387 
between discharge Q and the recession rate -dQ/dt,   388 

 αQk
dt
dQ

=−     , (10) 389 
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where α is the log-log slope of the best-fit line.  Because power-law relationships are analytically 390 
tractable in this simple dynamical system, it is useful to consider them as idealized approximations to the 391 
relationships shown in Figure 6, and to ask what they would imply for the storage-discharge relationships 392 
f(S) at the two study catchments.  I emphasize that these idealized power-law functions are not required 393 
for the analytical approach outlined in this paper, and I will return to the more general analysis in the 394 
following section.  However, the family of power-law relationships displays an interesting range of 395 
behaviors that are worth considering from a theoretical standpoint.  A power-law relationship between Q 396 
and -dQ/dt, as in (10), would imply that g(Q) is  397 
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Equation (8) thus becomes 399 
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which can be solved as 401 
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which in turn can be inverted to obtain f(S): 403 

 α α− −−== 2 )()2()( oSSkSfQ    . (14) 404 

In equation (14), the dimensions of the constant k will vary with α, as length(α-1)/(2-α)time1/(2-α), in order that 405 
the right-hand side will have the dimension of length per time.  Equation (14) can also be rewritten in a 406 
more dimensionally straightforward form as 407 

 ( ) )2/(1
2/)()( α−−== kSSQSfQ oref     , (15) 408 

where Qref is an arbitrary reference discharge, and the scaling constant k2 =(Qref
2-α)/[(2-α)k] has the same 409 

dimensions as storage.   410 

 Equations (14) and (15) have three classes of solutions, and in each case the constant of 411 
integration So means something different.  If α<2, equation (14) yields Q as a power function of S, with So 412 
representing the residual storage remaining in the catchment when discharge drops to zero.  In the special 413 
case where α=1, f(S) is linear and the conventional results for linear reservoirs (such as log-linear 414 
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recession curves) are obtained.  As α increases from 1 toward 2, f(S) becomes an increasingly steep power 415 
function, with the exponent 1/(2-α) in equation (15) approaching infinity as α approaches 2.   416 

 When α=2, the solution to equation (7) is an exponential function, 417 

 )()( oSSk
ref eQSfQ −==     , (16) 418 

where So now represents the value of storage when Q=Qref.  Note that in equation (16), there will be some 419 
finite discharge at all values of S, allowing storage to decline indefinitely, reaching negative values.  This 420 
behavior is nonphysical, although with sufficiently frequent rainfall this nonphysical limit may not be 421 
reached. 422 

 When α is greater than 2, equations (14) and (15) become hyperbolic, and the meaning of So 423 
changes significantly.  Values of α>2 imply that 2-α is negative, so equations (14) and (15) will yield 424 
imaginary values of Q unless S is less than So.  Thus when α>2, So is no longer the lower bound to storage 425 
(at which discharge would decrease to zero).  Instead, So becomes the upper limit to storage, representing 426 
the 'spillover level' at which discharge would become infinite. When α>2, the behavior of equation (15) 427 
can be seen more clearly if it is rewritten as,  428 
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where Qref is again an arbitrary reference discharge, and k3=-k2=(Qref
2-α)/[k(α-2)] again has the same 430 

dimensions as storage.  Equation (17) is equivalent to (15), but is easier to understand in this form 431 
because the scaling constant k3 and the exponent 1/(α-2) are both positive when α>2, whereas in equation 432 
(15) the scaling constant k2 and the exponent 1/(2-α) would both be negative. 433 

 The best-fit values of α, obtained from Figure 6 by linear regression, are α=2.168±0.017 for the 434 
Severn River and α=2.103±0.015 for the Wye River.  (These values differ somewhat from the linear 435 
terms in the polynomial regressions reported above, because of collinearity between the linear and 436 
quadratic terms in those polynomial expressions).  The best-fit values of α both exceed α=2 by more than 437 
six standard errors.  Thus, to the extent that the Severn and Wye catchments could both be approximated 438 
by power-law recession plots, they would both appear to exhibit the hyperbolic behavior described by 439 
equation (17).  Thus the hyperbolic solution represented by equation (17) may be more than just a 440 
mathematical oddity; rather, it may be useful for understanding the "fill-and-spill" behavior of flashy 441 
hydrologic systems [e.g., Tromp-van Meerveld and McDonnell, 2006].   442 

 Figure 8 shows log-log recession plots (similar to Figure 6) for a range of exponents α, along 443 
with the corresponding storage-discharge relationships, and the resulting recession curves as functions of 444 
time.  As Figure 8b illustrates, the storage-discharge relationship becomes dramatically more nonlinear as 445 
α increases.  When α is greater than 2, discharge increases more-than-exponentially as a function of 446 
storage; that is, the log of Q curves upward as a function of S (Figure 8c).  Figure 8d shows hypothetical 447 
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recession curves of log(Q) as a function of time, derived by integrating equations (1) and (2), or, 448 
alternatively, equations (4) and (11).  As Figure 8d shows, these logarithmic recession curves become 449 
increasingly nonlinear as α increases, and are very sharply curved when α is greater than 2.   450 

7.  Simulating hydrographs from storage-discharge relationships 451 

 From the forgoing discussion, one can intuit a straightforward strategy for rainfall-runoff 452 
modeling using the methods outlined above.  The discharge sensitivity function g(Q) could be 453 
numerically integrated (or analytically integrated if its functional form is simple enough), yielding the 454 
storage-discharge relationship f(S).  One could then iteratively simulate the simple dynamical system 455 
formed by Q=f(S) and dS/dt=P-E-Q, initializing this system at some beginning time step using S=f  -1(Q).  456 
From time series of P and E, one could then simulate the time series of Q.   457 

 However, because Q is a differentiable and invertible function of S, the dynamical system of 458 
equations (1) and (2) can be solved in a more elegant way that does not require explicitly accounting for 459 
storage at all.  Combining equations (4) and (5), one directly obtains  460 

 ( )QEPQg
dt
dS

dS
dQ

dt
dQ

−−== )(     , (18) 461 

which is a first-order nonlinear differential equation for Q that depends only on the values of P and E over 462 
time.  Therefore one can simulate the streamflow hydrograph directly from time series of P and E by 463 
integrating equation (18) through time, given only a single value of Q to initialize the integration.  This 464 
approach is more direct than explicitly solving equations (1) and (2), for two reasons.  First, it avoids the 465 
need to know the antecedent moisture conditions at the beginning of a simulation.  Second, and more 466 
significantly, it avoids the potentially difficult process of inferring the storage-discharge relationship f(S) 467 
from the sensitivity function g(Q).  Where, one might ask, has the storage variable gone?  Note that in the 468 
conservation of mass equation, storage appears only as its time derivative; that is, one never needs to 469 
know the value of storage, but only its rate of change through time.  Thus one can use a differential form 470 
of the storage-discharge equation.  This can most efficiently be done with the implicit differential form, 471 
g(Q), thus eliminating S as an explicit variable completely.  Putting it differently, because discharge is a 472 
function of storage, changes in storage are directly related to changes in discharge.  Either can be used as 473 
a measure of the other, as long as one accounts for the relationship between them, which is expressed by 474 
g(Q). 475 

 Implementing this approach requires attention to two practical details.  The first detail concerns 476 
time lags in the catchment system.  Owing to the time required for water to transit through the channel 477 
network, changes in discharge measured at the catchment outlet may lag behind changes in catchment 478 
storage.  Field measurements show a typical flow velocity of roughly 1 m/s for the Severn [Beven, 1979], 479 
implying travel times of roughly one hour between channel heads and the catchment outlet.  Furthermore, 480 
changes in catchment storage may lag behind precipitation inputs, due to the time required for 481 
precipitation to infiltrate sufficiently to affect the hydraulic potentials that control stream discharge.  Both 482 
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of these time lags imply that changes in discharge, as observed at the outlet, may lag behind precipitation 483 
inputs and thus behind the predictions of equation (18).  These travel-time lags are different from the 484 
phase lag that is inherent in this dynamical system (as described in section 3 above).  The phase lag is 485 
captured in equation (18) but the travel-time lags are not; thus they could potentially introduce timing 486 
errors in synthetic hydrographs.  Any such travel-time lags, however, will not affect the estimation of 487 
g(Q), because that is based on the relationship between Q and dQ/dt, which are measured simultaneously 488 
at the catchment outlet. 489 

 A straightforward strategy for estimating the travel-time lag can be inferred from the form of 490 
equation (18).  Equation (18) implies that the rate of change of discharge, dQ/dt, should be correlated with 491 
the balance between precipitation, evapotranspiration, and discharge.  Variations in P-E-Q will be 492 
dominated by variations in P, because precipitation is more variable than either evapotranspiration or 493 
discharge; for the Severn and Wye catchments, the variance of P is over five times the variance of Q, and 494 
over 50 times the variance of Penman-Monteith estimates of E.  Therefore variations in dQ/dt should be 495 
correlated with variations in P, and any travel-time lags should be apparent in the cross-correlation 496 
between precipitation and dQ/dt.  The cross-correlation between P and dQ/dt peaks at lags of 1-2 hours 497 
for both the Severn and Wye catchments, indicating a time lag of 1-2 hours between changes in 498 
precipitation and changes in discharge as measured at the outlet.  Lags this brief are of little consequence 499 
for simulating streamflow, since discharge is highly autocorrelated over such short time scales.  500 
Nonetheless, these lags can be taken into account straightforwardly by using appropriately lagged P and E 501 
time series in equation (18).  The results shown in Figures 9 and 10 incorporate a one-hour lag; this is less 502 
than the widths of the lines in the graphs. 503 

 The second detail that should be considered is the risk of numerical instabilities if equation (18) is 504 
integrated using Euler's method, because the term g(Q)·Q is generally nonlinear, and Q typically varies by 505 
many orders of magnitude.  Usually a better approach will be to integrate the log transform of equation 506 
(18), 507 
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Because ln(Q) will normally be locally much smoother than Q as a function of time, (19) will be easier 509 
than (18) to integrate.   510 

 As Figures 9 and 10 show, this approach produces synthetic hydrographs that closely resemble 511 
the streamflow time series at Plynlimon.  The hydrographs shown in Figures 9 and 10 were synthesized 512 
by iterating (19) on an hourly time step, using fourth-order Runge-Kutta integration.  The g(Q) functions 513 
for the two catchments were obtained directly from Figure 6, and were not calibrated to the time series.  514 
The only calibration consisted of re-scaling the Penman-Monteith evapotranspiration estimates Eo by an 515 
adjustable coefficient kE to obtain the evapotranspiration time series E = kE Eo; a single value of kE was 516 
fitted for the entire five-year period 1992-1996.  The analysis contains no other adjustable coefficients. 517 
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 As Figure 9 shows, the synthetic hydrographs correctly predict the general magnitude and timing 518 
of storm response at the two catchments, and generally reproduce the shape of the stormflow recessions.  519 
The synthetic hydrographs even reproduce the subtle differences in storm response between the two 520 
catchments; stormflow peaks in the Wye River are higher and narrower, with somewhat more rapid 521 
recessions.  Note in particular that no parameters were adjusted to fit the stormflow periods shown in 522 
Figure 9.  Indeed, the two periods shown in Figure 9 correspond to relatively wet conditions, when the 523 
synthetic hydrographs (dashed lines) are insensitive to kE and are therefore effectively free of any direct 524 
calibration.   525 

 Catchment hydrologic models often perform relatively well in wet conditions, but break down 526 
during drier conditions.  A model's low-flow characteristics are concealed when hydrographs are plotted 527 
on linear axes as in Figure 9, because flow variations spanning orders of magnitude (i.e., all except the 528 
highest flows) will appear as nearly horizontal lines close to the bottom of the plot.  For this reason it is 529 
diagnostic to compare synthetic and measured hydrographs on logarithmic scales, as in Figure 10.  As 530 
Figure 10 shows, the synthetic hydrographs reproduce the measured behavior in both catchments 531 
reasonably well during both wet periods and the drier intervals between them.  The quantitative 532 
agreement between the synthetic and observed hydrographs on logarithmic scales, as measured by the 533 
Nash-Sutcliffe efficiency, is 0.91 and 0.86 for the Severn and Wye Rivers, respectively, over the five 534 
years 1992-1996.  These results compare favorably with the Nash-Sutcliffe efficiencies of other 535 
hydrologic models that are much more highly parameterized [Perrin et al., 2001].   536 

8.  Cross-validation of streamflow predictions 537 

 Astute readers will recognize that the recession plots in Figure 6 are highly abstract reflections of 538 
the original time series, because they are derived from the measured hydrographs.  It is reasonable to ask 539 
whether the approach I have outlined is circular, given that it requires information from the hydrograph, 540 
which it then predicts.  (The same question can be raised for all hydrologic models that are calibrated 541 
against observed streamflow time series, which is to say virtually all hydrologic models.)  A clear test, 542 
which is not circular, can be obtained from a simple cross-validation exercise.  I estimated g(Q) and kE by 543 
the methods outlined above, but using streamflow data from just one year of the five-year time series.  I 544 
then used these estimates of g(Q) and kE to generate synthetic hydrographs for each of the other four years 545 
of record.  The five years encompass widely varying conditions, including the third wettest and third 546 
driest years in 33 years of precipitation records at the Severn [Marc and Robinson, 2007], with seasonal 547 
rainfall totals varying by more than a factor of two.  This cross-validation test examines how well the 548 
method can predict hydrographs that it has not used as input.  This exercise can also be viewed as a 549 
pragmatic test of whether g(Q) is stable over time, and whether it can be estimated efficiently on shorter 550 
time series than the multi-year record analyzed above.   551 

 The results of this cross-validation exercise are shown in Table 2.  The diagonal elements of the 552 
matrices indicate the Nash-Sutcliffe efficiencies for calibrations: that is, for cases where the function g(Q) 553 
and the coefficient kE have been estimated from the same time data that the predictions are subsequently 554 
tested against.  Off-diagonal elements show model performance for non-trivial validation; that is, for 555 
cases where none of the test data have been used to estimate g(Q) and kE.  These off-diagonal and on-556 
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diagonal elements have similar values, indicating that this approach can successfully simulate 557 
hydrographs that it has not already been estimated from.  Model performance for any given test data set 558 
(any row of Table 2) is similar, whichever year is used to estimate g(Q) and kE.  By contrast, conventional 559 
hydrological models often give significantly poorer performance under validation than under calibration, 560 
and their predictions often vary considerably depending on the calibration data set that is used. 561 

 Figure 11 shows the fitted curves derived from recession plots (as in Figure 6 or 7) for each of the 562 
five years, and the corresponding hydrological sensitivity functions g(Q) and the storage-discharge 563 
relationships that they imply.  The recession plots, sensitivity functions, and storage-discharge 564 
relationships are roughly consistent from year to year (Figure 11).  For example, the hydrological 565 
sensitivity functions for the Wye catchment are systematically greater than those of the Severn catchment 566 
across all of the years.  Likewise, the storage-discharge relationships for the Wye catchment are distinctly 567 
steeper than those for the Severn catchment, regardless of which year's data is used to estimate them.  The 568 
derived curves for the hydrologic sensitivity function and the storage-discharge relationship diverge 569 
somewhat at the highest and lowest flows, as would naturally be expected because these ranges involve 570 
extrapolations beyond the data in the recession plots.   571 

 However, even with these extremes taken into account, Figure 11 implies that the sensitivity 572 
functions g(Q) and the storage-discharge relationships f(S) for the two catchments are reasonably stable 573 
characteristics of the catchments themselves, and are relatively insensitive to the idiosyncrasies of the 574 
particular data observed in any specific time interval.  This is essential if we are to use g(Q) and f(S) for 575 
catchment characterization, or for operational forecasting of rainfall-runoff behavior.  As Table 2 shows, 576 
parameter values estimated from one time period yield reasonable predictions of streamflow behavior for 577 
other periods, suggesting that this simple dynamical system may be useful for operational forecasting. 578 

9.  Direct calibration to rainfall-runoff time series 579 

 The recession plots shown in Figure 6 and 7 are an important tool for inferring the shape of the 580 
storage discharge relationship f(S), or its implicit differential counterpart, the catchment sensitivity 581 
function g(Q).  Nonetheless, if one is willing to take the functional form of g(Q) as given, equations (19) 582 
and (9) can be considered as a simple four-parameter rainfall-runoff model that can be directly calibrated 583 
to time series of precipitation, evapotranspiration, and discharge.  To test the utility of this approach, I 584 
jointly calibrated the three coefficients a, b, and c in equation (9), along with the evapotranspiration 585 
scaling factor kE, by minimizing the sum of squared deviations between the predicted and observed stream 586 
discharge on logarithmic axes.  I calibrated a parameter set for each year individually, then used each 587 
parameter set to generate streamflow predictions for the other four years of record.  This is the same 588 
cross-validation exercise conducted in section 8, except that here all of the parameters were determined 589 
by direct calibration against the time series of catchment discharge. 590 

 The results of this cross-validation exercise (Table 3) show that this simple model performs 591 
almost equally well, whether it is tested against the same years that it was calibrated with (the on-diagonal 592 
elements of Table 3) or whether it is tested against different years (the off-diagonal elements of Table 3).  593 
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These results demonstrate that the model is reasonably robust, and performs reasonably well in the non-594 
trivial validation tests represented by the off-diagonal elements in Table 3. 595 

 A comparison of Tables 2 and 3 shows that, unsurprisingly, the model fits the observed 596 
streamflow somewhat better when all four parameters are calibrated (Table 3) than when just one 597 
parameter (kE) is fitted to the streamflow time series (Table 2).  What is perhaps surprising, however, is 598 
that the values of all four parameters in Table 3 are consistent across the different years of calibration.  In 599 
many hydrological models, the parameters introduce more degrees of freedom than the data can 600 
adequately constrain, with the result that different combinations of parameters often give equally good fits 601 
to the calibration data (the equifinality problem [Beven and Binley, 1992]), and thus that the parameter 602 
values are often sensitive to the idiosyncrasies of the calibration data.  The values shown in Table 3 603 
indicate that this is not the case, suggesting that the model is not over-parameterized. 604 

 The parameter values obtained by direct calibration (Table 3) are broadly consistent with those 605 
obtained from the recession plots (Table 2).  Both sets of parameters indicate that the Wye catchment has 606 
higher g(Q) values and thus is more sensitive to changes in storage than the Severn (Figure 11).  Both sets 607 
of parameters also indicate that g(Q) is more strongly curved in the Severn than the Wye, implying a 608 
somewhat shallower storage-discharge relationship f(S).  However, compared to the coefficients obtained 609 
from the recession plots, the parameter values obtained by time-series calibration imply greater downward 610 
curvature (consistently more negative values of c) in the sensitivity function g(Q) (compare Figures 11b 611 
and 11e).  This in turn implies that the lower range of the storage-discharge relationship f(S) is flatter 612 
(compare Figures 11c and 11f), with the result that long-term streamflow recession will be slower under 613 
these parameter values. 614 

10.  Catchment characterization: estimating catchment dynamic storage 615 

 Catchments can be usefully characterized by their dynamic storage, that is, their variation in 616 
storage between dry and wet periods.  The size of a catchment's dynamic storage provides important 617 
insight into both drought and flood behavior.  In principle, it should be straightforward to estimate 618 
dynamic storage by taking a running integral of the catchment mass balance.  In practice, however, this 619 
integral will normally be subject to large errors, as small measurement biases and uncertainties in P, Q, 620 
and E accumulate through time.   621 

 If the catchment is characterized by a robust storage-discharge relationship, one can 622 
straightforwardly estimate the dynamic storage as the difference between two storage levels Smax and Smin 623 
corresponding to any two discharge rates Qmax and Qmin.  The choice of Qmax and Qmin will depend on the 624 
time interval over which the dynamic storage is to be measured.  Here I measure the dynamic storage on 625 
an annual timescale by using the averages of annual maximum and minimum flows; these are 0.023 and 626 
5.81 mm/hr at the Severn, and 0.016 and 6.54 mm/hr at the Wye.  One can then find the dynamic storage 627 
between these discharge values, either by inverting the storage-discharge relationship f(S), or by 628 
integrating the reciprocal of the hydrologic sensitivity function g(Q),  629 
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As Figure 12 shows, this procedure yields an annual dynamic storage of approximately 98 mm at the 631 
Severn and 62 mm at the Wye, if the parameters of g(Q) are estimated from the recession plots (Figure 6) 632 
.  If the parameter values are estimated by direct calibration to the streamflow time series as in section 9 633 
above, the annual dynamic storage estimates are somewhat greater (124mm at the Severn and 107mm at 634 
the Wye), because the inferred storage-discharge relationship is somewhat flatter. 635 

 These estimates of dynamic storage roughly agree with estimates from field measurements made 636 
at Plynlimon during the 1970's and 1980's.  Annual ranges of soil moisture, as measured by neutron probe 637 
methods, averaged 58±30 mm (mean ± standard deviation) over the eight years from 1974 through 1981; 638 
over the same time period, annual changes in geological storage, estimated by a running mass balance, 639 
averaged 70±28 mm [data extracted from Figure 23, page 55 of Kirby et al., 1991].  These field 640 
measurements argue for the general plausibility of the dynamic storage estimates derived above, but close 641 
quantitative agreement should not be expected, because the neutron probe measurements may not be 642 
representative of the whole catchment [Kirby et al., 1991], and running mass balances are vulnerable to 643 
accumulation of errors, as described above.  644 

 Over longer spans of time, wider ranges of climatic conditions may be encountered, leading to 645 
correspondingly wider ranges of storage levels and streamflows than would be encountered for any given 646 
year.  For example, over the 27-year record from 1974 through 2000, flows at the Severn varied from 647 
0.008 to 11.3 mm/hr and flows at the Wye varied from 0.008 to 9.3 mm/hr.  Using these discharge ranges, 648 
equation (20) yields dynamic storage estimates of approximately 190 mm at the Severn and 95 mm at the 649 
Wye, roughly 1.5-2 times the range in storage that was calculated for an average year.   650 

 The dynamic storage, as estimated here, will be less than the total storage because catchments 651 
typically retain significant volumes of residual water, even under drought conditions.  Because this 652 
residual storage will normally not have a measurable effect on streamflow, it cannot be estimated from 653 
hydrometric methods like those outlined here, but can only be estimated from conservative chemical or 654 
isotopic tracers.  The strong damping of tracer fluctuations observed in streamflow relative to 655 
precipitation at Plynlimon imply either large volumes of residual storage or strong dispersive mixing in 656 
the subsurface [Neal and Rosier, 1990; Kirchner et al., 2000, 2001]. 657 

11.  Catchment characterization: estimating sensitivity to antecedent moisture 658 

 Hydrologists have long recognized that the antecedent moisture status of a catchment has a strong 659 
effect on its storm runoff response.  Antecedent moisture has been a major challenge for hydrological 660 
prediction, for two reasons: (a) it has been difficult to accurately estimate the moisture status of a 661 
catchment through time, by either measurement or modeling, and (b) it has been difficult to quantify the 662 
functional relationship between this antecedent moisture and storm runoff.   663 
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 In catchments where discharge is a function of storage, the approach outlined above directly 664 
solves both of these problems.  If discharge is a function of storage, then the catchment's antecedent 665 
moisture (i.e., storage) will be implicitly measured by stream discharge, and the catchment's response to a 666 
unit increase in storage will be directly quantified by g(Q).  The hydrologic sensitivity function 667 
g(Q)=dQ/dS directly expresses the effects of antecedent moisture, by quantifying the change in discharge 668 
(dQ) that accompanies a given change in storage (dS), at a given level of storage and its accompanying 669 
discharge (Q). 670 

 Because both discharge and g(Q) will change as a storm progresses, accurately estimating storm 671 
runoff will require integrating equation (18) or (19) through time.  Figure 13 shows simulated 672 
hydrographs for a hypothetical two-hour, 20 mm/hr storm, indicated by the gray shaded region in panels 673 
(a) and (c).  Each trace in the 'fan' of hydrographs corresponds to a different level of antecedent moisture, 674 
and thus a different streamflow at the onset of the storm.  The peak discharge varies systematically with 675 
the pre-event discharge, and with the duration and intensity of the storm, as shown in panels (b) and (d) of 676 
Figure 13.  The dotted and solid curves in panels (b) and (d) show results for storms with total volumes of 677 
20mm and 40mm, respectively; the gray and black curves indicate rainfall intensities of 10 mm/hr and 20 678 
mm/hr, respectively.  One can imagine lookup tables or nomograph plots like those shown in Figure 13 679 
being used as an operational guide to estimating peak storm discharge.  In this regard, one should 680 
recognize the recession plots used to estimate g(Q) extend only to discharges of roughly 1-1.5 mm/hr, and 681 
the higher peak flows in Figure 13 involve substantial extrapolation beyond this range.  However, the 682 
synthetic hydrographs shown in Figure 9 indicate that equation (19) can simulate storm flows reasonably 683 
accurately, well beyond the range of the recession plots.  Thus panels (b) and (d) of Figure 13 represent a 684 
proof-of-concept demonstration showing that peak storm discharge can be straightforwardly estimated 685 
from the sensitivity function g(Q), using pre-event discharge as an implicit measure of antecedent 686 
moisture. 687 

12.  Catchment characterization: estimating characteristic recession time 'constants' 688 

 Catchment recession behavior is often described by a characteristic time constant, the e-folding 689 
time of the exponential decay of discharge during recession.  Conventional recession theory shows that if 690 
discharge is a linear function of storage (Q=kS), under recession conditions (P≈0, E≈0) discharge will 691 
decline exponentially as a function of time: Q=Q0e-kt= Q0e-t/τ.  The rate of the exponential decay can be 692 
measured by the 'recession constant' k, which has dimensions of 1/time, or more intuitively by its 693 
reciprocal, the 'recession time constant' τ, which has dimensions of time.  Graphically, k is the slope of the 694 
recession hydrograph on log-linear axes, and τ is its reciprocal.  In the more general case where discharge 695 
is a nonlinear function of storage, a log-linear plot of the recession hydrograph will no longer be a straight 696 
line, and the recession constant k and the recession time constant τ will no longer be 'constant', but instead 697 
will vary as the catchment drains.  Nonetheless, even if τ is no longer constant, the concept of 698 
characteristic recession time remains useful for describing how rapidly streamflow declines during 699 
recession.   700 

 From equation (19), we can see directly that the log-linear slope of the recession hydrograph is 701 
simply, 702 
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and thus the recession constant k will be equal to g(Q) and the characteristic recession time constant τ will 704 
be equal to 1/g(Q).  Obviously neither of these 'constants' will be constant unless g(Q) is a constant (as it 705 
would be if the storage-discharge relationship were linear).  Instead, as Figure 14 shows, the characteristic 706 
recession time 'constant' varies by roughly three orders of magnitude within the annual range of flows at 707 
both the Severn and Wye, from hours at high flows, to thousands of hours at low flows.  Even at low 708 
flows, the recession time 'constant' τ gives no indication of actually becoming constant. 709 

 The sensitivity to antecedent moisture described in Figure 13 and the time-varying recession 710 
'constants' documented in Figure 14 are two interrelated consequences of the strong non-linearity in the 711 
storage-discharge relationships at Plynlimon.  This non-linearity is inconsistent with many time-series 712 
methods commonly used in hydrology, such as unit hydrographs and related transfer function methods.  713 
Such methods assume that streamflow is a lagged, linear additive function of precipitation inputs, or 714 
equivalently that streamflow responses to precipitation inputs are independent of antecedent moisture.  715 
These assumptions will not be met in catchments that are characterized by a non-linear relationship 716 
between discharge and storage, as indicated by a slope that differs from 1 in recession plots like Figure 6.  717 
Catchment recession behavior is typically inconsistent with a linear storage-discharge relationship, [e.g., 718 
Tallaksen, 1995; Wittenberg, 1999], calling into question the many time-series methods, and the many 719 
conceptual hydrological models, that are based on this premise. 720 

13.  Doing hydrology backwards: estimating catchment-averaged precipitation rates from 721 
streamflow fluctuations 722 

 The analysis that I have presented thus far has focused on the conventional problem of 723 
hydrological prediction, namely constructing a synthetic streamflow hydrograph from specified 724 
precipitation and evapotranspiration time series.  As shown above, reasonable results can be obtained by 725 
representing the catchment as a simple first-order nonlinear dynamical system; the key step is to correctly 726 
estimate the catchment's sensitivity to changes in storage, as represented by g(Q).  To my knowledge this 727 
is the simplest system that can capture the essential behavioral dynamics of small catchments.  Its 728 
simplicity makes it easy to understand, and straightforward to apply to new field settings. 729 

 The marked simplicity of the system also makes it potentially useful for an entirely different class 730 
of questions.  The system is simple enough that it is invertible; therefore, it can be used to "do hydrology 731 
backwards", that is, to infer temporal patterns of precipitation and evapotranspiration at small-catchment 732 
scale, using measured streamflow fluctuations as input.  Combining equations (4) and (5) and rearranging 733 
terms, one directly obtains: 734 
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The entire right-hand side of equation (22) can be calculated directly from the streamflow time series if 736 
the function g(Q) is known.  As I have outlined above, g(Q) can be estimated directly from the 737 
streamflow time series, without measurements of either P or E (one needs only to identify periods when P 738 
and E are both small compared to discharge, but their exact values are unimportant).  Therefore equation 739 
(22) can be used to calculate a time series of (P-E) directly from the streamflow time series, independent 740 
of measurements of P or E.   741 

 How is this possible?  Inferring rainfall patterns from streamflow fluctuations has typically been 742 
considered infeasible, because of the problem of accounting for changes in catchment storage.  However, 743 
if discharge is a function of storage, then changes in discharge reflect changes in storage; they are related 744 
to one another through the g(Q), local gradient of the storage-discharge relationship.  Equation (22) is just 745 
the conservation of mass equation, in which the rate of change of storage has been expressed as the rate of 746 
change of discharge, divided by the sensitivity of discharge to changes in storage, g(Q).  As long as one 747 
knows the sensitivity of discharge to changes in storage, one knows how much storage must change to 748 
produce a particular measured change in discharge.   749 

 Implementing equation (22) in practice will require attention to several details.  As described in 750 
section 7, there is a time lag between changes in discharge from the hillslope and changes in streamflow 751 
at the weir; at Plynlimon, these lags are approximately one hour on average.  Because dQ/dt and g(Q) 752 
must be estimated from streamflow at discrete points in time, one must choose those points carefully in 753 
order to give the right time shift between precipitation and streamflow.  Also, because discharge can 754 
change rapidly and g(Q) can be a steep function of Q, it is important to average g(Q) over the discharge 755 
measurements used to estimate dQ/dt.  Otherwise, if (for example) discharge rises substantially from a 756 
very small initial value, but only the initial value of Q is used in the denominator of equation (22), the 757 
value of g(Q) will be too small to adequately represent catchment sensitivity over the time interval, and 758 
thus the inferred change in storage and the inferred precipitation rate will be unrealistically large.  These 759 
considerations lead to the following formula for inferring (P-E) at Plynlimon, with a one-hour time lag: 760 
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 Unfortunately, the left hand side of equation (22) contains both P and E.  Ideally one would like 762 
to be able to isolate P alone.  This cannot be done exactly, but it can be approximated using the following 763 
argument.  Whenever it is raining at Plynlimon, as at most humid catchments, precipitation greatly 764 
exceeds evapotranspiration.  Thus to a first approximation, whenever P-E is greater than zero, P-E≈P.  765 
Thus we can estimate rainfall rates as: 766 
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 Why would one want to be able to infer precipitation rates from streamflow fluctuations?  768 
Precipitation rates vary in space and time, and conventional raingauges are much smaller than the 769 
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catchments they are used to represent.  For example, the Plynlimon catchments are of order 10 km2 in 770 
area, whereas each of the raingauges used to measure precipitation rates are only 0.00000003 km2 in area, 771 
more than eight orders of magnitude smaller.  Thus rainfall rates measured at any individual raingauge -- 772 
or over any sparse network of raingauges -- may not accurately represent precipitation inputs to the 773 
catchment as a whole.  By contrast, equations (22)-(24) allow one to estimate precipitation rates at the 774 
scale of the landscape rather than the scale of the raingauge.   775 

 Figure 15 illustrates the use of equation (24) to estimate precipitation patterns.  As Figure 15 776 
shows, equation (24) estimates the timing, magnitude, and duration of precipitation events at Plynlimon 777 
reasonably well.  This is not just a case of precipitation inputs equaling stream outputs when the 778 
catchment is thoroughly wet; instead, as Figure 15 shows, the inferred rainfall rates are realistic even 779 
when streamflow is a small fraction of precipitation.  Inferred rainfall rates can be many times higher than 780 
streamflow rates because when discharge is low, discharge is relatively insensitive to changes in storage 781 
(that is, g(Q) is small), and therefore a given increase in discharge implies relatively large changes in 782 
storage (and thus relatively high rainfall rates).  Note also that in general, peaks in both inferred and 783 
observed rainfall rates correspond to the times of the most rapid increase in streamflow, reflecting the 90 784 
degree phase lag between precipitation and streamflow that is intrinsic to the dynamical system formed by 785 
equations (1) and (2). 786 

 Figure 16 shows precipitation rates inferred from streamflow in the Wye River for an entire year 787 
(in this case 1994; other years are qualitatively similar), along with precipitation rates measured at the two 788 
automated weather stations in the Wye catchment, Cefn Brwyn and Eisteddfa Gurig (circles numbered 3 789 
and 4 in the location map in Figure 1).  As figure 16 shows, rainfall rates inferred from discharge are 790 
similar to rainfall rates measured in the two rain gauges.  The inferred rainfall rates generally reflect the 791 
observed timing, magnitude, and duration of rainfall events, even during relatively dry periods in the 792 
summer, when streamflow is low for weeks at a time.   793 

 The inferred rainfall rates do not exactly match either rain gauge, but neither do the two rain 794 
gauges exactly match each other.  This observation suggests that the agreement between the two rain 795 
gauges could be used as a benchmark for assessing the agreement between the measured and inferred 796 
rainfall rates.  Table 4 shows the correlation between the inferred and measured rainfall rates (i.e., the 797 
mean of the two rain gauge records) in each catchment, averaged over time periods ranging from one hour 798 
to one day.  As the averaging period becomes longer, the correlation between inferred and measured 799 
rainfall rates becomes stronger, because small discrepancies in timing become less consequential.  As a 800 
benchmark for comparison, Table 4 also shows the correlation between the precipitation rates measured at 801 
the two rain gauges in each catchment.  In general, the correlations between the measured and inferred 802 
rainfall rates are similar to the correlations between the two rain gauges.  In other words, the inferred 803 
rainfall rates agree with the rain gauges roughly as well as the two rain gauges agree with each other. 804 

 The comparison between inferred and measured precipitation rates is a strong test of the 805 
underlying theory.  Because the sensitivity function g(Q) is estimated from recession plots, which are 806 
constructed from the streamflow time series alone, equations (22)-(24) are not calibrated in any way to 807 
the precipitation data that they are tested against.  Thus Figures 15-16 and Table 4 are a completely 808 
independent test of the theory.  Furthermore, in an information-theoretic sense, precipitation is a more 809 
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information-rich time series than streamflow, which is smoother and thus more redundant with itself 810 
through time.  Therefore the precipitation time series provides a more richly detailed set of observations 811 
for the theory to be tested against.  The history of hydrology shows that many different rainfall-runoff 812 
models can successfully take an information-rich precipitation time series and smooth it out into a 813 
realistic-looking, information-poor streamflow time series.  It is less obvious that this process should be 814 
reversible, such that subtle fluctuations in the streamflow time series yield realistic estimates of 815 
precipitation rates through time.  It is even less obvious that this should be possible without any 816 
calibration to the precipitation time series, yet this is what equations (22)-(24) do.  It is hard to imagine 817 
how this could be possible if the underlying theory were substantially flawed. 818 

 Because precipitation at Plynlimon is relatively uniform in space (as indicated by the strong 819 
correlations between the pairs of rain gauges), the size of the effective 'footprint' of the inferred 820 
precipitation estimate is unclear; does it encompasses the entire catchment, or a more limited area 821 
adjacent to the stream network?  In either case, the effective footprint of the precipitation estimates is 822 
orders of magnitude larger than conventional rain gauges, and more widely distributed across the 823 
catchment landscape.  Such spatially integrated precipitation estimates are potentially useful for 'scaling 824 
up' individual rain gauge records to the scale of small catchments.  Likewise, precipitation time series 825 
inferred from streamflow may provide useful 'ground truth' for radar-based precipitation estimates, which 826 
have a typical pixel size on the same order as small catchments (but many orders of magnitude larger than 827 
conventional rain gauges).  Precipitation estimates from streamflow may also be useful in estimating 828 
catchment inputs that are difficult to measure directly, such as snowmelt, canopy interception, or fog drip.   829 

 Precipitation estimates derived from streamflow fluctuations may also be useful in reconstructing 830 
past precipitation, in cases where streamflow records are available but precipitation records are not.  To 831 
explore this possibility, I used hourly streamflow records from 1974 through 2000 to reconstruct hourly 832 
precipitation estimates for the two catchments over those years, using equation (24).  I then aggregated 833 
these precipitation estimates to annual totals, and compared them against annual precipitation totals 834 
measured in the two catchments using a dense network of monthly-read storage raingauges.  The 835 
sensitivity functions g(Q) for the two catchments were the same ones estimated earlier from the recession 836 
plots (Figure 6).  As Figure 17 shows, the inferred precipitation totals agree almost exactly with the 837 
raingauge measurements in the Wye catchment.  In the Severn catchment, the inferred precipitation totals 838 
are strongly correlated with the raingauge measurements, but are 150-200 mm/yr higher, on average.  One 839 
should again keep in mind that the precipitation estimates derived from streamflow fluctuations are not 840 
calibrated in any way to the raingauge measurements.  Thus the results shown in Figure 17 provide strong 841 
support for the underlying theory, and suggest the practical usefulness of these methods for inferring 842 
precipitation rates where direct measurements are unreliable, unavailable, or unrepresentative at whole-843 
catchment scale. 844 

14.  Doing hydrology backwards: inferring evapotranspiration patterns from streamflow 845 
fluctuations 846 

 Because streamflow fluctuations quantitatively reflect precipitation inputs to the catchment, as 847 
shown above, it is natural to ask whether streamflow fluctuations also reflect variations in 848 
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evapotranspiration losses from the catchment.  Hydrologists have developed several strategies over the 849 
past few decades for using discharge measurements during streamflow recession to infer catchment-scale 850 
evapotranspiration rates [e.g., Tschinkel, 1963; Daniel, 1976; Brutsaert, 1982; Boronina et al., 2005; 851 
Szilagyi et al., 2007].  In the dynamical system described by equations (1) and (2) -- or encompassed in 852 
compact form by equation (18) or equation (22) -- precipitation and evapotranspiration have comparable 853 
but opposite effects on catchment storage and thus on streamflow.  As equation (22) makes clear, 854 
fluctuations in streamflow should reflect the balance between precipitation and evapotranspiration.  This 855 
raises the possibility that streamflow fluctuations can be used to infer temporal patterns of landscape-scale 856 
evapotranspiration as well as precipitation.  It is therefore interesting to test how well streamflow reflects 857 
evapotranspiration rates, even at Plynlimon, where evapotranspiration is a relatively small fraction of the 858 
water balance (Table 1).  859 

 The catchment mass balance can be rewritten to express the rate of evapotranspiration as: 860 
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It would appear logical to use equation (25) to estimate evapotranspiration rates directly from measured 862 
rainfall rates and streamflow fluctuations.  That approach, however, would require rain gauge 863 
measurements that are quantitatively representative of precipitation in the catchment as a whole.  In 864 
practice, the uncertainty in P during rainfall events will be many times bigger than E, which is on the 865 
order of 0.1 mm/hr, making the direct application of equation (25) impractical. 866 

 Instead, the approach adopted here is to restrict the analysis to rainless periods (defined for 867 
Plynlimon as periods when no precipitation is recorded in any of the four rain gauges during the previous 868 
six hours or the following two hours, as in section 5 above).  Under those conditions, one can assume that 869 
P, and thus the uncertainty in P, must be small.  Then the same considerations used to derive equation 870 
(24) lead to the following expression for inferring evapotranspiration rates from streamflow fluctuations: 871 
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Figure 18 shows evapotranspiration rates inferred from streamflow using equation (26) during an 873 
extended rainless interval at Plynlimon, illustrating both the potential and the pitfalls of this approach.  874 
Superimposed on a gradual discharge recession, one can see fluctuations in which flow typically declines 875 
from morning through afternoon, and then remains constant or rises slightly during the evening and night 876 
(panels a and c).  These fluctuations are interpreted by equation (26) as reflecting diurnal variations in 877 
evapotranspiration rates (black lines, panels b and d): evapotranspiration is greatest during the middle of 878 
the day, leading to a decline in catchment storage and a corresponding reduction in streamflow.   879 



 Manuscript in review at Water Resources Research 26 

 However, the discharge measurements must be very precise or else the discharge fluctuations will 880 
be obscured by measurement noise, because discharge is small and the fluctuations in discharge are 881 
correspondingly tiny.  In fact, to make the discharge fluctuations visible in Figure 18, the discharge axes 882 
have been expanded by 50-fold relative to the evapotranspiration plots.  The discharge time series are 883 
shown to scale as the gray dotted lines in panels (b) and (d) of Figure 18; on that scale, the discharge 884 
fluctuations are invisible.  Because discharge is low, the catchment sensitivity function g(Q) is small as 885 
well, reflecting the fact that when the catchment is dry, discharge is relatively insensitive to changes in 886 
storage.  Thus small changes in discharge imply large changes in storage; in equation (26), this has the 887 
effect of amplifying the real fluctuations in discharge, but also amplifying the measurement noise.  As a 888 
result, the inferred diurnal cycles of evapotranspiration are noisy.  Nonetheless, they roughly agree with 889 
the magnitude and timing of the diurnal cycles in Penman-Monteith potential evaporation, shown as the 890 
gray lines in panels (b) and (d) of Figure 18.   891 

 Reducing the noise in the inferred evapotranspiration rates would require measuring subtle 892 
streamflow fluctuations very accurately, which the Plynlimon stream gauging stations were not designed 893 
to do.  Given the noisy data that are available, however, one can still clarify the diurnal patterns in 894 
evapotranspiration by averaging over many daily cycles.  Figure 19 shows the inferred evapotranspiration 895 
rates for each hour of the day in each season, averaged over all rainless hours from 1992 through 1996.  896 
The corresponding cycles in Penman-Monteith potential evaporation are shown in gray for comparison.  897 
As Figure 19 shows, the evapotranspiration cycles inferred from streamflow fluctuations are broadly 898 
consistent with the Penman-Monteith estimates, although both the timing and amplitude differ somewhat.  899 
It should be kept in mind that the Penman-Monteith estimates of potential evaporation are not themselves 900 
a 'gold standard', because it is not clear how they should be extrapolated to the scale of the landscape.  901 
Nonetheless, both the Penman-Monteith estimates and the inferred evapotranspiration rates reach their 902 
peak near the middle of the day and fall to near zero at night.  Predicted and observed diurnal cycles vary 903 
similarly from one season to the next, with the exception of the winter, when the inferred 904 
evapotranspiration cycle is weak but appears to be inverted from the Penman-Monteith estimates.  That is, 905 
on average there appears to be a small input of water to the catchment near noon-time; this could 906 
potentially reflect melting of frost or snow during the middle of the day. 907 

  The strongest conclusion one can draw from Figures 18 and 19 is that equation (26) provides at 908 
least semi-quantitative estimates of evapotranspiration rates.  Nonetheless, the fact that this works at all -- 909 
that one can infer evapotranspiration patterns from streamflow fluctuations, even at Plynlimon where 910 
evapotranspiration rates are relatively low -- represents a strong test of the dynamical systems approach 911 
developed here.  It is important to remember that the only parameters in equation (26) are those embedded 912 
in the sensitivity function g(Q), and that g(Q) is estimated from recession plots that contain no 913 
information about evapotranspiration rates.  Therefore evapotranspiration estimates like those shown in 914 
Figure 18 and 19 are not calibrated to observed evapotranspiration rates in any way, and thus represent a 915 
completely independent test of the theory.   916 

 Even in the most general qualitative sense, one sees the signature of the dynamical system in 917 
temporal patterns shown in Figure 18.  One can see that in general, there is a 90-degree phase lag between 918 
the variations in evapotranspiration rates and the fluctuations in streamflow.  That is, streamflow declines 919 
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through the middle of the day when evapotranspiration rates are highest, and reaches its minimum in the 920 
evening, as evapotranspiration rates are falling.  This is the intrinsic 90-degree phase lag in the dynamical 921 
system of equations (1) and (2).  Because evapotranspiration depletes catchment storage, which in turn 922 
regulates discharge to the stream, the mid-day peak in evapotranspiration rates corresponds to the fastest 923 
decline in stream flow (not the minimum streamflow, as it would if evapotranspiration were removing 924 
water directly from the stream).  This is the same dynamical phase lag that was noted in sections 3 and 13 925 
between precipitation and streamflow. 926 

 Estimated evapotranspiration rates are determined by the balance between the two terms of 927 
equation (26), which have opposite signs during streamflow recession.  If discharge is declining at a rate 928 
equal to g(Q) times Q -- which is, from equation (7), the normal rate of streamflow recession without 929 
evapotranspiration losses -- the two terms in equation (26) will balance and the inferred rate of 930 
evapotranspiration will be zero.  If the streamflow recession is more rapid than this, the first term will 931 
dominate and the inferred rate of evapotranspiration will be positive; if the streamflow recession is slower 932 
than this, or if streamflow is increasing through time, the inferred rate of evapotranspiration will be 933 
negative.  Increases in streamflow could arise from transient measurement errors, or could reflect cryptic 934 
precipitation inputs to the catchment such as fog drip, or melting of frost or snow.   935 

 Because the sensitivity function g(Q) determines the balance between the two terms in equation 936 
(26), inaccuracies in estimating g(Q) could have large effects on evapotranspiration rates inferred from 937 
streamflow.  However, even in cases where equation (26) does not give quantitatively accurate estimates 938 
of absolute rates, it may still be useful in estimating relative changes in evapotranspiration rates through 939 
time.  Estimates of changes in evapotranspiration rates over time may be useful for assessing the effects 940 
of changes in climate or land use on the water cycle.  For example, concerns over the hydrologic effects 941 
of changes in vegetation -- particularly afforestation of moorland areas -- were the original motivation for 942 
long-term research at Plynlimon.  Painstaking water balance studies, based on networks of dozens of 943 
storage-type raingauges that were read monthly, have shown that during the 1970's and 1980's, 944 
transpiration rates in the forested catchment (Severn) were somewhat higher than in the moorland 945 
catchment (Wye).  However, over time the difference in evapotranspiration rates between the two 946 
catchments has decreased, due to both the increasing age of the forest stand and the gradual reduction of 947 
the forested area through timber harvesting [Robinson and Dupeyrat, 2005; Marc and Robinson, 2007]. 948 

 To test whether this change in evapotranspiration rates could also be detected from streamflow 949 
fluctuations, I applied equation (26) to the hourly discharge records from the Severn and Wye rivers over 950 
the 26 years from 1975 through 2000.  This analysis used the same g(Q) functions used elsewhere in this 951 
paper, estimated from the recession plots in Figure 6.  As Figure 20 shows, the fluctuations in streamflow 952 
in the two catchments indicate a gradual decline in evapotranspiration rates in the Severn relative to the 953 
Wye through the 1970's and 1980's, reproducing the general trend observed in the mass balance studies at 954 
Plynlimon over the same period (gray line, Figure 20).  It bears emphasis that the inferred 955 
evapotranspiration rates shown in Figure 20 are not calibrated in any way to either Penman-Monteith 956 
estimates or to catchment mass balances.  Indeed, the average evapotranspiration rates inferred from 957 
streamflow fluctuations in both of the two catchments are low, on average, compared to either Penman-958 
Monteith or mass-balance estimates, suggesting that the values of g(Q) are somewhat too high at low 959 
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flows, leading to a persistent bias in the relative sizes of the two terms of equation (26).  Nonetheless, 960 
equation (26) reproduces the difference in evapotranspiration rates between the two catchments, and the 961 
trend in that difference through time (Figure 20), suggesting that this approach may be useful for 962 
detecting how landscape-scale evapotranspiration rates respond to changes in vegetation or climate. 963 

15.  Discussion 964 

 In the long history of recession analysis in hydrology, there have been many attempts to relate the 965 
recession behavior of streams to a catchment-scale drainage function; see reviews by Hall [1968], 966 
Tallaksen [1995], and Smakhtin [2001], and references therein, as well as more recent work by Lamb and 967 
Beven [1997], Wittenberg and Sivapalan [1999], Wittenberg [1999; 2003], and Szilagyi et al. [2007].  The 968 
approach presented here differs from each of these previous efforts in one or more of the following four 969 
ways.  First, in the present approach the storage-discharge relationship is expressed in its implicit 970 
differential form, the sensitivity function g(Q).  This is advantageous because g(Q) can be estimated 971 
directly from recession plots such as Figure 6, and because it allows the dynamical system to be expressed 972 
as a single first-order differential equation.  This in turn allows one to estimate precipitation or 973 
evapotranspiration from the streamflow time series ('doing hydrology backwards'), in addition to 974 
predicting the hydrograph from precipitation and evapotranspiration time series.   975 

 Second, the present approach does not specify the form of the relationship between storage and 976 
discharge, or the corresponding sensitivity function g(Q), instead allowing it to be determined directly 977 
from streamflow data.  This makes the analysis more general and portable than one that assumes that the 978 
storage-discharge relationship must have a particular functional form.  In this respect the approach is a not 979 
a "black box" model, but rather a "gray box" systems analysis tool (in the sense of Kirchner [2006]) 980 
because it uses the catchment's behavior to reveal what its governing equations are.  Because the 981 
sensitivity function is determined directly from streamflow data and encapsulates the drainage behavior of 982 
the catchment in concise form, it may also be a useful tool for catchment characterization.   983 

 Third, the present approach attempts, as much as possible, to take account of the uncertainties and 984 
confounding factors that typically affect catchment data.  As Tallaksen [1995] points out, many recession 985 
analyses (but see Lamb and Beven [1997] for an exception) pay too little attention to the confounding 986 
effects of evapotranspiration, even though its potential to significantly steepen recession curves has been 987 
known for decades [Federer, 1973].  The recession plots used to estimate g(Q), by contrast, do not require 988 
continuous recession curves, so one can filter out data that are significantly affected by 989 
evapotranspiration.  Similarly, the bounding lines that are typically fitted to recession plots of the 990 
Brutsaert-Nieber type [Brutsaert and Nieber, 1977] are susceptible to biases and artifacts [Rupp and 991 
Selker, 2006], which the curve-fitting procedure in Figure 6 is designed to avoid.   992 

 Fourth, the present approach makes no distinction between baseflow and quickflow.  Instead, it 993 
treats catchment drainage, from baseflow to peak stormflow and back again, as a single continuum of 994 
hydrological behavior.  This makes the analysis simple, general and portable.  This also eliminates the 995 
need to separate the hydrograph into different components, thus avoiding the subjectivity of graphical 996 
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hydrograph separation and the arbitrariness of analytic hydrograph separation, as well as the potential 997 
artifacts that could be introduced by either procedure. 998 

 The analysis presented here is based on a very simple model structure in which catchment 999 
discharge is controlled by a single nonlinear reservoir, which in turn is controlled by the balance between 1000 
precipitation, evapotranspiration, and discharge.  In reality, of course, the flowpaths and processes 1001 
controlling runoff in catchments are complex and spatially heterogeneous.  The Plynlimon catchments are 1002 
no exception; decades of field observations testify to the complexity of Plynlimon's flow systems [e.g., 1003 
Neal, 2004; Shand et al., 2005].  For example, abundant ephemeral springs and soil pipes at Plynlimon 1004 
indicate a spatially heterogeneous and temporally dynamic flow system in the subsurface [e.g., Sklash et 1005 
al., 1996].  Borehole measurements on a hillslope in the Severn catchment have also identified multiple 1006 
subsurface flowpaths and complex interactions between them, with storm flows creating downwelling and 1007 
upwelling hydraulic gradients in adjacent borehole nests separated by only a few meters [Haria and 1008 
Shand, 2004, 2006].  Thus the Plynlimon catchments are characterized by both spatial complexity and 1009 
process heterogeneity.  Yet in the context of this analysis, at the scale of several square kilometers this 1010 
complexity and heterogeneity aggregates to a simple, albeit nonlinear, catchment-scale storage-discharge 1011 
relationship.  The fact that such a simple approach can capture the behavior of such a complex real-world 1012 
system is a hopeful sign for its more general utility.  The approach is indeed simple, but it does not 1013 
require a simple setting to work reasonably well. 1014 

 The key to making such a simple approach workable is that it lets the behavior of the system 1015 
reveal what its governing equations are.  In earlier exploratory work, for example, I tried modeling 1016 
rainfall-runoff relationships in the Severn and Wye catchments with both linear and exponential reservoir 1017 
models of various degrees of complexity, but they all exhibited obvious deviations from the data no 1018 
matter what parameters were chosen.  The failure of those models illustrates how the problem of model 1019 
estimation in complex systems goes beyond the problem of parameter estimation: one needs to be fitting 1020 
parameters to the right model equations in the first place, and knowing the right equations a priori is 1021 
difficult.  Indeed, as I have pointed out elsewhere, the nearly ubiquitous problems of parameter 1022 
identifiability and equifinality in hydrological models may arise because the governing equations are 1023 
wrong (in the sense that they are inapplicable at the scales at which they are used), or because model 1024 
deficiencies are being masked by over-parameterization [Kirchner, 2006].  Fitting parameters to the 1025 
wrong model equations is unlikely to work well, regardless of how cleverly the fitting is done.   1026 

 One also needs to start with the right dynamical premises.  For example, another way to "let the 1027 
system's behavior reveal its governing equations" would be through time series deconvolution of the 1028 
rainfall and runoff signals, where the governing equation that is revealed is the convolution kernel.  1029 
Because convolution models assume that streamflow is a time-shifted function of precipitation, however, 1030 
they can never capture the essential behavior of nonlinear storage-discharge relationships, in which the 1031 
timing and magnitude of runoff response are both strongly influenced by antecedent moisture.  1032 
Furthermore, in a dynamical system like the one presented here, precipitation and streamflow are coupled 1033 
to one another by a (nonlinear) integral/differential relationship, not a lagged proportional relationship 1034 
like a convolution.  The effects of the dynamical structure of the system can be seen clearly in the 90-1035 
degree phase lag between fluctuations in precipitation and the corresponding fluctuations in runoff, rather 1036 
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than the fixed time lags that would be predicted by a convolution approach.  The problem is similar to the 1037 
problem of parameter estimation, but at a higher level of abstraction: just as one needs to have the right 1038 
governing equations before using data to estimate parameter values, one also needs to have the right 1039 
dynamical structure before using data to infer the form of the governing equations. 1040 

 One may object that the approach I have outlined here seems far removed from a physically based 1041 
model of catchment processes.  My approach is designed to capture a central physical process in 1042 
catchment hydrology (the filling and draining of catchment storage), without being overly prescriptive 1043 
concerning the physical details regulating that process at the small scale.  This can be considered an 1044 
advantage rather than a drawback, to the extent that those physical details would be 'surplus content' that 1045 
cannot usually be constrained by observational data.  Indeed, many 'physically based' models themselves 1046 
have only a loose connection to the underlying physics, because their governing equations typically 1047 
require parameters that cannot be measured at the relevant scales [e.g., Sherlock et al., 2000], and cannot 1048 
be adequately constrained by calibration.   1049 

 Nonetheless it is not difficult to devise physical models -- or perhaps more appropriately, physical 1050 
rationalizations -- for the storage-discharge relationships hypothesized here.  For example, Figure 21 1051 
outlines a conceptual model that can be used to explain the storage-discharge relationship in terms of flow 1052 
through the saturated zone at the hillslope scale.  Porosity and saturated conductivity typically decrease 1053 
nonlinearly with depth below the surface z, as shown schematically in Figure 21.  In upland catchments, 1054 
conductivity typically decreases by orders of magnitude over depths that are small compared to the 1055 
hillslope relief, with the result that the water table is typically almost parallel with the surface topography.  1056 
In an idealized hillslope like the one shown in Figure 21, the increment of storage dS corresponding to 1057 
any increment of depth dz is determined by the local porosity θ(z),  1058 

 dzzdS )(θ=     ,   (27) 1059 

and the increment of discharge dQ over an increment of depth dz is determined by the local conductivity 1060 
k(z) and the slope of the water table m, which determines the hydraulic gradient, 1061 

 dzzkmdQ )(=     .  (28) 1062 

The total storage and discharge can be found by integrating over the saturated zone, starting from the 1063 
water table depth zo,  1064 
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and from these the storage-discharge relationship can be constructed.  The sensitivity function g(Q) is, 1066 
from (27) and (28) simply the ratio between conductivity and porosity at the water table depth z, scaled by 1067 
the slope m: 1068 
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Thus there is a simple correspondence between the variation in conductivity and porosity with depth, and 1070 
the storage-discharge relationship Q=f(S) and the sensitivity function dQ/dS=g(Q). 1071 

 This one-dimensional model ignores many issues that are important in real-world, three-1072 
dimensional catchments.  In real-world catchments, porosity and conductivity are highly variable from 1073 
point to point, and continuity relationships (including the effects of planform convergence and 1074 
divergence) must be satisfied along each flowpath, with the result that water table depth varies along the 1075 
flowpath and across the landscape.  Thus one would not expect the sensitivity function g(Q), as estimated 1076 
from Figure 6, to agree with the conductivity and porosity profiles at any individual point in the 1077 
catchment.  Instead, the storage-discharge relationship characterizes how the catchment, as a whole, 1078 
releases stored water to runoff.  In this regard, rationalizing the sensitivity function g(Q) in terms of depth 1079 
profiles in the catchment is analogous to subsuming the heterogeneity of the subsurface in an 'effective' 1080 
hydraulic conductivity in a typical 'physically based' model. 1081 

 This is not the only physical model that is consistent with a functional relationship between 1082 
catchment storage and discharge.  The Boussinesq model of groundwater flow [e.g., Brutsaert and 1083 
Nieber, 1977]) is widely used to model the relationship between storage and discharge; Van de Griend et 1084 
al. [2002] have also given solutions for Boussinesq models in which conductivity varies systematically 1085 
with depth. 1086 

 The fundamental structural assumption in the analysis presented here is that discharge is 1087 
controlled solely by catchment storage, and that both discharge and storage can be meaningfully averaged 1088 
at the scale of the catchment.  This does not mean that every point on the landscape needs to obey the 1089 
same drainage equation, but rather that the aggregate behavior of the catchment can be described by such 1090 
a relationship.  In reality, the drainage equation that regulates each point on the landscape will be 1091 
different, and the distribution of storage across the landscape will depend on the spatial arrangement of 1092 
the local drainage equations (and thus may vary also as a function of total water storage).  As a result, the 1093 
catchment-averaged storage-discharge relationship does not need to represent any individual point on the 1094 
landscape in order to characterize the whole-catchment behavior. 1095 

 In the real world, discharge depends on more than catchment storage alone; this simplifying 1096 
assumption is of course an approximation, although in some cases it may be a quantitatively adequate 1097 
one.  In other cases a simple storage-discharge model can serve as a null hypothesis that more structurally 1098 
complex models can be compared against.  As an example, consider a catchment in which a fraction of 1099 
precipitation bypasses catchment storage and is shunted directly to streamflow, via, for example, overland 1100 
flow, macropore flow, or direct precipitation onto the wetted channel itself.  In such a catchment, 1101 
discharge would be the sum of drainage from catchment storage and bypassing flow, such that equation 1102 
(2) would become 1103 

 PkSfQ P+= )(     , (31) 1104 
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where kP is the fraction of precipitation that bypasses storage.  The sensitivity function g would be derived 1105 
similarly to equation (5), with the further complication that it would now depend on Q-kPP, the discharge 1106 
that comes from draining of storage:  1107 

 )())((')(' 1 PkQgPkQffSf
dS
dQ

PP −=−== −     . (32) 1108 

Because g is estimated during times when P=0, its functional form and parameter values will be identical 1109 
to those previously determined in section 5.  Differentiating equation (31) with respect to time, one 1110 
directly obtains a first-order nonlinear differential equation that, like equation (18), describes the 1111 
evolution of discharge through time, driven by the time series of precipitation and evapotranspiration:  1112 
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One can estimate the importance of bypassing flow by determining the value of kP that gives the best 1114 
match to the streamflow time series.  Using the methods of section 7 and determining both the bypassing 1115 
constant kP and the evapotranspiration scaling constant kE by calibration gives best-fit values of kP=0.008 1116 
for the Severn and kP=0.007 for the Wye, implying that less than one percent of precipitation bypasses 1117 
catchment storage and is shunted directly to runoff.  Adding this additional parameter improves the 1118 
goodness of fit to the streamflow time series by only a trivial amount: Nash-Sutcliffe efficiencies increase 1119 
from 0.913 to 0.915 at the Severn and from 0.859 to 0.861 at the Wye.  Cross-validation using the 1120 
methods of section 8 yields similar results; the best-fit values of kP are small across all individual years, 1121 
ranging from 0.006 to 0.010 at the Severn and from 0.005 to 0.016 at the Wye.  If the parameters that 1122 
describe g(Q-kPP) are also estimated by calibration, as in section 9, the best-fit values of kP are similarly 1123 
small, ranging from 0.003 to 0.008 at the Severn and from 0.009 to 0.014 at the Wye, and adding the 1124 
bypassing term alters the other parameter values by only a few percent or less.   1125 

 These results imply that bypassing flow makes only a small contribution to streamflow at 1126 
Plynlimon, and that accounting for bypassing flow improves streamflow predictions only marginally.  1127 
Adding this second runoff mechanism, however, substantially complicates the process of inferring 1128 
precipitation patterns from the streamflow time series.  Because equation (33) depends on both 1129 
precipitation and its derivative, the simple methods of section 13 do not apply.  However, adding this 1130 
runoff mechanism does not complicate efforts to infer evapotranspiration rates from streamflow 1131 
fluctuations, because (as outlined in section 14) those inferences are drawn when precipitation rates (and 1132 
thus also their derivatives) are zero. 1133 

 The structural simplicity of the approach outlined here obviously limits its generality.  For 1134 
example, it cannot be expected to give reasonable results in a catchment where Hortonian overland flow 1135 
is a quantitatively important runoff mechanism, without the addition of a bypassing mechanism like the 1136 
one proposed above.  Nonetheless, the methods outlined above can be used to test whether bypassing flow 1137 
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is important, and it is likely that there are many catchments, like Plynlimon, where bypassing flow is only 1138 
a small component of runoff. 1139 

 In snowmelt-dominated catchments, liquid water storage (and thus discharge) will respond to the 1140 
rate of snowmelt rather than the rate of precipitation (i.e., snowfall) per se.  Thus the 'precipitation' rate 1141 
inferred from streamflow fluctuations using the methods of section 13 will be the rate of snowmelt input 1142 
to the ground surface (plus liquid precipitation, if any).  However, the fact that streamflow fluctuations 1143 
reflect snowmelt rather than snowfall should perhaps be considered an advantage rather than a drawback, 1144 
because this represents one of the only methods by which spatially averaged snowmelt rates can be 1145 
estimated. 1146 

 A bigger challenge is presented by catchments in which runoff is controlled by interconnected 1147 
subsurface reservoirs with different storage-discharge relationships.  In some catchments, for example, 1148 
streamflow rises and falls in a daily oscillation driven by diurnal evapotranspiration cycles.  Such 1149 
behavior cannot be explained by a single reservoir with a single storage-discharge relationship, in which 1150 
evapotranspiration losses should produce daily reductions in streamflow and streamflow, but no rebound 1151 
at night.  Instead, a daily oscillation in streamflow would seem to imply a riparian zone that is continually 1152 
recharged by drainage from upslope, with evapotranspiration losses leading to net declines in storage (and 1153 
thus streamflow) during the day, and recharge from upslope leading to net increases in storage (and thus 1154 
streamflow) at night.  The challenge in any such multi-component system is that one cannot easily infer 1155 
the properties of any individual component from the behavior of the system as a whole, and thus the 1156 
simple methods developed here cannot be directly applied. 1157 

 The methods outlined here also cannot be applied to ephemeral streams, because when discharge 1158 
goes to zero, multiple levels of storage will correspond to the same (i.e., zero) discharge.  Thus f(S) will 1159 
be non-invertible and g(Q) will be ill-defined.  This sets a practical lower limit to the size of catchments 1160 
where these methods can be applied, since they must be large enough to support permanent streams. 1161 

 It is equally clear that these methods must break down for catchments that are too large, but it is 1162 
not yet clear how big is too big.  The catchments studied here are roughly 10 km2 in area.  One can 1163 
speculate that in significantly larger catchments (say, 100 or 1000 km2 in area), the lag times required for 1164 
changes in discharge to propagate through the channel network would be so long, and so variable with 1165 
distance from the outlet, that the methods presented here would not work.  Also, if storage-discharge 1166 
relationships are spatially heterogeneous at all scales, the methods presented here cannot be expected to 1167 
work in catchments that are much larger than individual storm systems.  In such a catchment, the runoff 1168 
response to an individual storm will depend on the storage-discharge relationship and the antecedent 1169 
moisture that prevail in whatever part of the catchment the storm lands.  Thus the apparent storage-1170 
discharge relationship, as viewed from the catchment outlet, could vary significantly from one storm to 1171 
the next. 1172 

 By contrast, in catchments that are smaller than the scale of individual storms, each storm will 1173 
typically cover the whole catchment area.  For the reasons outlined earlier in this section, one would 1174 
expect the aggregation of spatial heterogeneity in such a catchment to be repeatable from one storm to the 1175 
next, yielding a catchment-scale storage-discharge relationship that is stable through time.  Similar results 1176 



 Manuscript in review at Water Resources Research 34 

would be obtained even in catchments that are larger than individual storms, if the local storage-discharge 1177 
relationships are spatially heterogeneous on small scales, but relatively uniform, on average, at the scale 1178 
of individual storms.   1179 

 These considerations highlight the importance of understanding how storage-discharge 1180 
relationships vary across the landscape.  Little is currently known about the spatial variability in storage-1181 
discharge relationships, or their counterpart the sensitivity function g(Q), but much could be learned by 1182 
using the methods outlined here to measure g(Q) across nested networks of small gauged catchments.  1183 
Work on this is currently underway. 1184 

 Because g(Q) captures the integrated drainage behavior of catchments (at least those that are well 1185 
approximated by the simple structural assumptions envisioned here), it may provide a useful framework 1186 
for catchment characterization.  Essentially nothing is known yet about how consistent g(Q) is from one 1187 
catchment to the next, or how much (and how systematically) it varies with a catchment's near-surface 1188 
geology, its soil characteristics, its geomorphic properties, its climatic setting, and so forth.  If g(Q) can be 1189 
estimated reliably from some combination of catchment characteristics, then it may provide a key tool for 1190 
solving the problem of hydrologic prediction in ungauged basins.  If, on the other hand, g(Q) cannot be 1191 
estimated reliably from catchment characteristics, it may imply that catchments' storage-discharge 1192 
behavior depends on catchment properties that cannot be readily measured -- such as, for example the 1193 
variation in hydraulic conductivity with depth -- and thus that the ungauged basins problem cannot be 1194 
solved.  In that case, the most efficient way forward may be to simply gauge the catchment long enough 1195 
to estimate the sensitivity function g(Q), as an implicit measure of the 'hidden' catchment properties that 1196 
control its fundamental hydrologic behavior. 1197 

16.  Summary and conclusions 1198 

 In catchments where discharge Q is a function of storage S, the storage-discharge relationship 1199 
Q=f(S) can be combined with the conservation-of-mass equation to form a nonlinear first-order dynamical 1200 
system (equations 2 and 1).  This dynamical system becomes particularly simple if the storage-discharge 1201 
relationship is expressed in its implicit differential form, the hydrologic sensitivity function dQ/dS=g(Q) 1202 
(equation 5).  Both the mathematical form and the parameters of this sensitivity function can be estimated 1203 
directly from recession plots (Figure 6) that show how the rate of streamflow recession -dQ/dt varies with 1204 
discharge Q, under conditions where precipitation and evapotranspiration rates are negligible compared to 1205 
discharge.   1206 

 Using the sensitivity function g(Q), the relationship between precipitation, evapotranspiration, 1207 
and runoff through time can be encapsulated in a single first-order nonlinear ordinary differential equation 1208 
(equation 18).  This equation can be numerically integrated to straightforwardly model rainfall-runoff 1209 
behavior through time (Figures 9 and 10).  The performance of this single-equation rainfall-runoff model, 1210 
as measured by its Nash-Sutcliffe efficiency, is similar to models that are much more complex and much 1211 
more highly parameterized.  Estimating the model parameters using different years of data, whether via 1212 
recession plots or via direct parameter calibration, yields consistent parameter values and consistently 1213 
high model performance (Tables 2 and 3).  The consistency of parameter values and model performance 1214 
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across different years with different weather conditions indicates that this approach meets a crucial 1215 
criterion of mathematical modeling: the constants stay constant while the variables vary.  Cross-validation 1216 
tests show that model performance is similar when tested against years that were used for parameter 1217 
estimation, and years that were not (Tables 2 and 3), indicating that the model is more than just a 1218 
mathematical marionette that can only 'dance' to the tune of its own calibration data. 1219 

 The sensitivity function g(Q) is a useful tool for catchment characterization.  From g(Q), one can 1220 
directly estimate a catchment's dynamic storage (section 10), its sensitivity to antecedent moisture 1221 
(section 11), and its recession time constants (section 13).  More generally, because g(Q) compactly 1222 
summarizes how catchments store and release water, it may provide a tool for linking hydrologic behavior 1223 
to measurable catchment characteristics. 1224 

 Because the dynamical system that links precipitation, evapotranspiration, runoff, and storage can 1225 
be expressed in a single ordinary differential equation, it can also be inverted, to express the balance 1226 
between precipitation and evapotranspiration as a function only of discharge and its time derivative 1227 
(equation 22).  Thus one can "do hydrology backwards," using streamflow fluctuations to estimate time 1228 
series of spatially averaged precipitation and evapotranspiration.  Precipitation time series inferred from 1229 
streamflow accurately reproduce the timing, duration, and intensity of rainfall events observed at 1230 
Plynlimon (Figures 15 and 16), as well as long-term variations in annual rainfall totals (Figure 17).  1231 
Precipitation rates inferred from streamflow at the Plynlimon catchments agree with direct rain gauge 1232 
measurements roughly as well as the two rain gauges in each catchment agree with each other (Table 4).   1233 

 Streamflow fluctuations yield noisy, semi-quantitative estimates of evapotranspiration rates 1234 
(Figure 18), due to the strong sensitivity of the evapotranspiration estimates to small measurement errors 1235 
in discharge.  Nonetheless, evapotranspiration rates inferred from streamflow show diurnal cycles that 1236 
resemble those in Penman-Monteith estimates of potential evaporation (Figure 19), and long-term 1237 
estimates of the difference in evapotranspiration rates between the Severn and Wye catchments generally 1238 
agree with independent estimates from mass-balance studies (Figure 20).  Considered together, Figures 1239 
15-20 suggest that streamflow fluctuations can yield useful estimates of precipitation and 1240 
evapotranspiration rates at the scale of small catchments, particularly where direct measurements are 1241 
unavailable, unreliable, or unrepresentative at the catchment scale.  "Doing hydrology backwards" also 1242 
provides an important test of the underlying theoretical framework, because its only parameters are those 1243 
embedded in g(Q), which are derived from streamflow data alone.  Thus precipitation and 1244 
evapotranspiration rates inferred from streamflow fluctuations are not calibrated to the observed 1245 
precipitation or evapotranspiration data, making them a particularly strong test of the underlying theory. 1246 

 Characterizing a catchment by a single nonlinear storage-discharge relationship, or its implicit 1247 
differential counterpart, the sensitivity function g(Q), involves dramatically simplifying (and possibly 1248 
over-simplifying) the complex and spatially heterogeneous processes and properties that control water 1249 
fluxes at catchment scale.  Thus the range of applicability of the approach presented here is not yet clear.  1250 
Nonetheless, the analyses presented above demonstrate that, at least for some catchments, this approach 1251 
provides a quantitative tool for predicting runoff from rainfall, and also for inferring rainfall and 1252 
evapotranspiration from runoff. 1253 
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 More broadly, however, this approach can be viewed as a way to characterize and diagnose the 1254 
functioning of hydrologic systems at small-catchment scale, and for this purpose it has several important 1255 
advantages over conventional hydrological models.  As shown above, it is demonstrably useful for both 1256 
hydrologic prediction and hydrologic inversion.  It also provides direct information about three important 1257 
catchment characteristics: the size of the dynamic moisture store, the sensitivity of storm runoff to 1258 
antecedent moisture, and the characteristic timescales of catchment drainage.  Perhaps more importantly 1259 
from a scientific standpoint, the approach is also falsifiable in multiple ways, because the theory is not 1260 
'tuned' to match the data in any of the comparisons presented above, except Table 3.   1261 

 Finally, the approach outlined here is also mathematically straightforward, involving nothing 1262 
more complex than a single first-order nonlinear differential equation, and is not difficult to apply in 1263 
practice.  The calculations can all be done on spreadsheets, and most importantly, they are based on only 1264 
the most widely available hydrologic data (i.e., predominantly streamflow data, with rain gauge 1265 
measurements and weather data as ancillary inputs).  The approach does not require data that are hard to 1266 
get (such as, for example, measurements of subsurface material properties or moisture status).  As an 1267 
inferential tool for understanding catchment behavior, and as a predictive tool for rainfall-runoff 1268 
modeling, the approach outlined here performs at least as well as other methods that are considerably 1269 
more complex, and correspondingly more difficult to apply.  With its simple mathematics and minimal 1270 
data requirements, this approach was developed specifically so that it could be readily applied in practice, 1271 
and readily extended to new field situations.  The key remaining tasks are to assess its applicability to 1272 
diverse hydrologic settings and to evaluate its practical utility for solving hydrological problems. 1273 
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Table 1: Basic physiographic and hydrological characteristics of the Plynlimon catchments 1366 

 Severn Wye 1367 

Drainage area (km2) 8.70 10.55 1368 
Altitude range (m) 319-738 341-738 1369 
Forest cover (%) 67.5 1.2 1370 
Strahler stream order 4 4 1371 
Drainage density (km/km2) 2.40 2.04 1372 
Main channel length (km) 4.6 7.3 1373 
Main channel slope (m/km) 67 36 1374 
Mean water fluxes 1972-2004: 1375 
      Precipitation (mm/yr) 2553 2599 1376 
      Streamflow (mm/yr) 1987 2111 1377 
      Evapotranspiration (mm/yr) 566 488 1378 

Sources: Kirby et al. [1991], and Marc and Robinson [2007].  Evapotranspiration is calculated from 1379 
difference between precipitation and streamflow averages. 1380 
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Table 2.  Cross-validation: parameter values and Nash-Sutcliffe efficiencies of synthetic hydrographs, 1381 
with sensitivity function g(Q) estimated from recession plots for individual years. 1382 

Tested against             Year(s) used to estimate g(Q) and kE  1383 
year(s): 1992 1993 1994 1995 1996 1992-96 1384 

Severn River N-S efficiency 1385 
1992 0.913 0.934 0.906 0.843 0.910 0.914 1386 
1993 0.892 0.906 0.885 0.832 0.879 0.889 1387 
1994 0.928 0.940 0.931 0.885 0.927 0.930 1388 
1995 0.878 0.898 0.872 0.785 0.886 0.882 1389 
1996 0.924 0.938 0.922 0.850 0.928 0.927 1390 
1992-96 0.911 0.929 0.908 0.846 0.911 0.913 1391 
 1392 
Severn River parameter values 1393 
a (recession plot) -2.381 -2.486 -2.408 -2.373 -2.502 -2.439 1394 
b (recession plot) 1.076 0.780 1.023 1.132 0.750 0.966 1395 
c (recession plot) -0.068 -0.186 -0.082 0.0* -0.165 -0.100 1396 
kE (calibrated) 0.487 0.560 0.574 0.331 0.530 0.525 1397 
 1398 
Wye River N-S efficiency 1399 
1992 0.864 0.881 0.842 0.840 0.799 0.851 1400 
1993 0.905 0.907 0.903 0.891 0.868 0.897 1401 
1994 0.881 0.888 0.913 0.863 0.858 0.875 1402 
1995 0.830 0.865 0.763 0.812 0.752 0.815 1403 
1996 0.850 0.866 0.882 0.819 0.795 0.838 1404 
1992-1996 0.870 0.885 0.863 0.850 0.820 0.859 1405 
 1406 
Wye River parameter values 1407 
a (recession plot) -2.185 -2.278 -2.053 -2.200 -2.321 -2.206 1408 
b (recession plot) 1.135 0.880 1.219 1.086 0.998 1.103 1409 
c (recession plot) 0.0* -0.079 0.0* 0.0* 0.0* 0.0* 1410 
kE (calibrated) 0.366 0.409 0.614 0.286 0.309 0.346 1411 

Coefficients a, b, and c in the empirical sensitivity function g(Q) (equation 9) were estimated from 1412 
quadratic linear regression on recession plots similar to Figure 6 for each individual year.  The coefficient 1413 
b is one less than the slope of the log-log plots in Figure 6, owing to the factor of Q in the denominator of 1414 
equation (9).  Where the quadratic parameter c was not statistically significant (p>0.1), it was set equal to 1415 
zero (indicated in the table as 0.0*) and ordinary linear regression was used to estimate a and b.   The 1416 
evapotranspiration scaling factor kE was fitted by maximizing the goodness of fit (minimizing the sum of 1417 
squared deviations) between the synthetic and observed hydrographs on logarithmic axes.  Parameters a, 1418 
b, c, and kE were estimated for years corresponding to table columns, and model efficiencies were then 1419 
calculated for years corresponding to table rows.  Off-diagonal efficiencies (representing non-trivial 1420 
cross-validation) are quantitatively similar to on-diagonal efficiencies (representing goodness-of-fit with 1421 
the time series used to estimate the parameters). 1422 
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Table 3.  Cross-validation: parameter values and Nash-Sutcliffe efficiencies of synthetic hydrographs, 1423 
with sensitivity function g(Q) estimated by calibration to time series 1424 

Tested against             Year(s) used to estimate g(Q) and kE  1425 
year(s): 1992 1993 1994 1995 1996 1992-96 1426 

Severn River N-S efficiency 1427 
1992 0.951 0.946 0.947 0.937 0.936 0.947 1428 
1993 0.929 0.931 0.928 0.913 0.910 0.924 1429 
1994 0.948 0.948 0.950 0.944 0.943 0.949 1430 
1995 0.887 0.880 0.894 0.902 0.902 0.900 1431 
1996 0.923 0.915 0.931 0.942 0.942 0.937 1432 
1992-96 0.930 0.926 0.932 0.931 0.930 0.934 1433 
 1434 
Severn River parameter values 1435 
a (calibrated) -2.225 -2.168 -2.234 -2.120 -2.212 -2.197 1436 
b (calibrated) 0.983 0.934 0.956 0.999 0.845 1.005 1437 
c (calibrated) -0.207 -0.247 -0.201 -0.166 -0.207 -0.174 1438 
kE (calibrated) 0.604 0.683 0.654 0.584 0.578 0.610 1439 
 1440 
Wye River N-S efficiency 1441 
1992 0.948 0.946 0.938 0.938 0.936 0.945 1442 
1993 0.942 0.944 0.941 0.941 0.940 0.943 1443 
1994 0.935 0.936 0.940 0.933 0.939 0.938 1444 
1995 0.924 0.932 0.920 0.935 0.918 0.931 1445 
1996 0.928 0.931 0.939 0.928 0.940 0.936 1446 
1992-96 0.937 0.940 0.938 0.938 0.937 0.941 1447 
 1448 
Wye River parameter values 1449 
a (calibrated) -2.019 -1.926 -1.901 -1.890 -2.074 -1.966 1450 
b (calibrated) 1.024 1.071 1.177 1.027 1.021 1.068 1451 
c (calibrated) -0.159 -0.136 -0.098 -0.138 -0.125 -0.128 1452 
kE (calibrated) 0.710 0.676 0.766 0.643 0.767 0.708 1453 

Coefficients a, b, and c in the empirical sensitivity function g(Q) (equation 9), along with the 1454 
evapotranspiration scaling factor kE, were jointly calibrated by maximizing the goodness of fit 1455 
(minimizing the sum of squared deviations) between the synthetic and observed hydrographs on 1456 
logarithmic axes.  Parameters a, b, c, and kE were estimated for years corresponding to table columns, and 1457 
model efficiencies were then calculated for years corresponding to table rows.  Off-diagonal efficiencies 1458 
(representing non-trivial cross-validation) are quantitatively similar to on-diagonal efficiencies 1459 
(representing calibration goodness-of-fit), and parameter values are broadly consistent for each site across 1460 
all years, suggesting that the model is not over-fitted to the calibration data sets. 1461 
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Table 4.  Correlations between observed precipitation rates and those inferred from streamflow 1462 
fluctuations (bold type), compared with correlations between precipitation rates observed at the two rain 1463 
gauges in each catchment (normal type). 1464 

                            Severn River                                                         Wye River                       1465 
 P inferred from  Two raingauges: P inferred from  Two raingauges: 1466 
 streamflow  Carreg Wen streamflow  Cefn Brwyn 1467 
Averaging vs.  vs. vs.  vs. 1468 
period: avg. of gauges  Tanllwyth avg. of gauges  Eisteddfa Gurig 1469 

1 hr r=0.811 r=0.787 r=0.879 r=0.877 1470 
3 hr 0.891 0.884 0.942 0.938 1471 
6 hr 0.920 0.913 0.953 0.956 1472 
12 hr 0.943 0.930 0.964 0.967 1473 
24 hr 0.955 0.938 0.970 0.973 1474 

 1475 
1476 
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 1476 

Figure 1.  Location map for the headwater catchments of the Severn and Wye Rivers at Plynlimon, Wales, 1477 
showing locations of automatic weather stations (circles) and gauging stations (triangles). 1478 
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Figure 2.  Time series of hourly rainfall (in gray) and discharge (in black) for headwaters of the Severn 1483 
and Wye Rivers during 20-day periods in December 1993 (a,b) and March 1994 (c,d).  Rainfall time 1484 
series recorded in the two catchments are similar but not identical.  Wye flows are more responsive to 1485 
storm events than Severn flows.  Flows in both rivers generally increase when the catchment mass 1486 
balance is positive (rainfall flux is higher than discharge) and decrease when the mass balance is negative 1487 
(rainfall flux is lower than discharge).  As a result, flow peaks in both streams occur at the end of rainfall 1488 
events, as rainfall fluxes drop below runoff fluxes and the catchment mass balance turns negative.  This 1489 
behavior is consistent with the simple first-order dynamical system described in equations (1) and (2). 1490 
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Figure 3.  Explanatory diagram for the catchment sensitivity function g(Q), the implicit differential form 1492 
of the storage-discharge relationship f(S).  At any particular point along the storage-discharge relationship 1493 
Q=f(S) (gray curve), the local sensitivity of discharge to changes in storage is expressed by the local 1494 
derivative, dQ/dS (the slope of the dashed line).  Normally such a derivative is expressed as a function the 1495 
variable on the horizontal axis (i.e., as the derivative function f  '(S)).  However, because the storage-1496 
discharge relationship is a monotonic function and therefore is invertible, the derivative dQ/dS can also be 1497 
expressed as a function of discharge, g(Q)=f  '(f  -1(Q)).  This implicit form of the derivative is practically 1498 
useful, because discharge is directly measurable and storage is not.   1499 
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Figure 4.  Solar flux, Penman-Monteith potential evapotranspiration, and relative humidity as a function 1503 
of time of day, for June (left panels) and December (right panels), calculated from hourly measurements 1504 
at the Cefn Brwyn automated weather station in the Wye catchment, 1992-1996.  Black dots and lines 1505 
indicate means and standard deviations.  During hours of darkness, potential evapotranspiration is nearly 1506 
zero, and relative humidity is close to 100 percent. 1507 

1508 
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Figure 5.  Severn catchment hourly rainfall (vertical gray bars) and Severn River streamflow (gray curve) 1509 
for March and April 1994, with rainless night-time intervals highlighted in black.   1510 
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Figure 6.  Recession plots for the Severn and Wye rivers (left and right panels, respectively).  Top panels 1515 
show flow recession rates (-dQ/dt) as a function of flow (Q), for individual rainless night-time hours (gray 1516 
dots, approximately 8,000 points per panel), and for averages of -dQ/dt, binned as described in the text 1517 
(black dots).  Middle panels show these averages and their associated standard errors (gray bars show ±1 1518 
std.err.), with best-fit lines calculated by least-squares regression with inverse variance weighting.  Lower 1519 
panels show residuals from these best-fit lines.  The binned means (black dots) deviate from the fitted 1520 
lines by less than their standard errors, suggesting that the fitted lines are a quantitatively adequate 1521 
description of the mean recession behavior of these catchments.  1522 



 Manuscript in review at Water Resources Research 50 

0.01 0.1 1
10-5

10-4

10-3

10-2

10-1

100

Wye River
Severn River

Discharge (Q, mm/hr)

-d
Q

/d
t (

m
m

/h
r2 )

a

0 0.5 1 1.5
0

0.05

0.1

0.15

0.2
Wye River
Severn River

Discharge (Q, mm/hr)

-d
Q

/d
t (

m
m

/h
r2 )

b

 1523 

20 40 60 80 100 120 140 160
0.01

0.1

1

10
Wye River
Severn River

Storage (S, mm)

D
is

ch
ar

ge
 (

Q
, m

m
/h

r)

c

100 110 120 130 140 150 160
0

2

4

6

8

10
Wye River
Severn River

Storage (S, mm)

D
is

ch
ar

ge
 (

Q
, m

m
/h

r)

d

 1524 

0 20 40 60 80 100 120

0.1

1

10
Wye River
Severn River

Time (t, hr)

D
is

ch
ar

ge
 (

Q
, m

m
/h

r)

e

0 4 8 12 16 20 24
0

2

4

6

8

10
Wye River
Severn River

Time (t, hr)

D
is

ch
ar

ge
 (

Q
, m

m
/h

r)

f

 1525 

Figure 7.  Comparison of recession behavior and storage-discharge relationships for the Severn and Wye 1526 
catchments.  Recession plots on log-log and linear axes (panels a and b) illustrate differences between the 1527 
two catchments' drainage characteristics.  Data points are binned averages from Figure 6.  The differences 1528 
in the recession plots for the two catchments (panels a and b) imply differences in their storage-discharge 1529 
relationships as well (shown on log-linear and linear axes in panels c and d, respectively).  The different 1530 
shapes of the inferred storage-discharge relationships are meaningful but their relative placement is not, 1531 
as equation 8 cannot determine absolute levels of storage.  The two catchments' storage-discharge 1532 
relationships are visibly different (panels c and d), but their recession curves are almost indistinguishable 1533 
(panels e and f). 1534 
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Figure 8.  Idealized power-law recession plots (panel a), with corresponding relationships between 1537 
storage and discharge (on both linear and logarithmic scales, panels b and c) and idealized recession 1538 
curves on log-linear axes (panel d).  Curves shown correspond to equations (9) in panels (a) and (d), and 1539 
equations (15) and (17) in panels (b) and (c), for a range of exponents (α); values of k are 1 in all cases.  1540 
Curves for α<2 and α>2 are shown in gray and black, respectively.  When α<2, the storage-discharge 1541 
relationship is a power function that declines to zero as S declines to the residual storage level So, which 1542 
has been set at the left edge of panels (b) and (c).  When α>2, the storage-discharge relationship is 1543 
hyperbolic, becoming infinitely steep as S rises toward the spillover level So, which has been set at the 1544 
right edge of panels (b) and (c).  Discharge grows more-than-exponentially as a function of storage when 1545 
α>2 (black curves); that is, the storage-discharge relationship curves upward on log-linear axes (panel c), 1546 
but curves downward for α<2 (gray curves).  Logarithmic recession curves (panel d) are nonlinear for 1547 
α>1, with the degree of curvature increasing as α increases. 1548 
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Figure 9.  Synthetic hourly discharge time series (dotted black curves) predicted by equation (19), 1553 
compared to measured discharge (solid black curves) and hourly rainfall (in gray), for the Severn and 1554 
Wye Rivers during 20-day periods in December 1993 (a,b) and March 1994 (c,d).  Predicted discharge is 1555 
generally similar to observed discharge, and mirrors the differences in storm response between the two 1556 
catchments.  Parameters of g(Q) were determined from Figure 6; no parameters were calibrated to the 1557 
time series.  Results are not sensitive to assumed evapotranspiration rates; predictions for E=Eo and E=0 1558 
differ by less than the width of the plotted lines.  1559 
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 1561 
Figure 10.  Synthetic hourly hydrographs for the Severn and Wye Rivers (dotted lines) generated by 1562 
equation (19), compared to measured hourly hydrographs (solid lines) and hourly rainfall (gray).  1563 
Streamflows are shown on logarithmic scales to emphasize low-flow behavior.  Parameters of g(Q) were 1564 
determined from Figure 6, not calibrated to the hydrographs.  The only free parameter was the 1565 
evapotranspiration scaling constant kE , fitted to the entire five-year period 1992-1996.  Hydrographs for 1566 
1994 are shown; other years are similar. 1567 

 1568 
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 1571 
Figure 11.  Fitted curves from recession plots (a), and their corresponding hydrological sensitivity 1572 
functions (b), and storage-discharge relationships (c), for five individual years (1992-1996) at Severn and 1573 
Wye Rivers (black and gray lines, respectively).  Solid lines in (b) and (c) indicate ranges of Q over 1574 
which recession plots in (a) were fitted (corresponding to black dots in Figure 6); dotted lines indicate 1575 
extrapolations to annual average high and low flows.  Panels (d), (e), and (f) show corresponding 1576 
relationships for parameter values estimated by direct calibration to streamflow time series (see section 1577 
9).   1578 
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 1579 
Figure 12.  Dynamic catchment storage, estimated as the difference between storage levels corresponding 1580 
to maximum and minimum discharges.  Here the means of annual maximum and minimum flows are 1581 
used, and yield dynamic storage of approximately 98 mm at the Severn and 62 mm at the Wye.  Solid 1582 
black lines show storage-discharge relationships estimated from recession plots (Figure 6).  Storage 1583 
measures are relative rather than absolute; axes here show storage relative to storage at mean discharge.   1584 
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 1586 
Figure 13.  Simulated storm hydrographs for a two-hour, 20 mm/hr storm under different levels of 1587 
antecedent moisture and therefore different pre-event discharge rates (left panels), and relationship 1588 
between peak discharge and pre-event discharge for storms of different durations and intensities (right 1589 
panels).  Hydrographs were simulated by fourth-order Runge-Kutta integration of equation (19).  Gray 1590 
shaded region in left panels indicates assumed precipitation input.   1591 
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Figure 14.  Characteristic time 'constant' of recession, as a function of discharge, for Severn and Wye 1593 
Rivers.  Solid lines indicate ranges of Q over which g(Q) was fitted to data in recession plots (Figure 6); 1594 
dotted lines indicate extrapolations to annual average high and low flows.  1595 
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 1600 
Figure 15.  Hourly measured streamflow (gray line, on right axis), and rainfall rates inferred from 1601 
streamflow fluctuations (solid black lines, on left axis) using equation (24), compared with measured 1602 
rainfall (gray shaded regions, on left axis) for Severn and Wye Rivers during 20-day periods in December 1603 
1993 (a,b) and March 1994 (c,d).  Measured rainfall is the average of two automated weather stations in 1604 
each catchment.  Streamflow and rainfall axes are set to the same scale so that they can be compared, but 1605 
are offset for clarity.  Even when the rainfall input is much larger than the streamflow response,  1606 
streamflow fluctuations yield accurate estimates of rainfall timing and magnitude. 1607 



 Manuscript in review at Water Resources Research 59 

0
2
4
6
8

m
m

/h
r

aWye River discharge

 1608 

0
2
4
6
8

m
m

/h
r

bWye River precipitation inferred from discharge

 1609 

0
2
4
6
8

m
m

/h
r

cPrecipitation measured at Cefn Brwyn

 1610 

0 50 100 150 200 250 300 350
0
2
4
6
8

m
m

/h
r

Day of year 1994

dPrecipitation measured at Eisteddfa Gurig
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Figure 16.  Six-hour average Wye River streamflow (a) and precipitation rates inferred from streamflow 1612 
(b), compared to 6-hour average precipitation rates measured by automated weather stations at Cefn 1613 
Brwyn (c) and Eisteddfa Gurig (d), located near the bottom and top of the Wye catchment, respectively.  1614 
Data for 1994 are shown; other years are similar. 1615 
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Figure 17.  Annual precipitation totals inferred from streamflow fluctuations (black symbols) for Severn 1618 
and Wye catchments, compared to annual precipitation captured in a dense network of storage gauges 1619 
[Marc and Robinson, 2007]. 1620 
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 1624 
Figure 18.  Panels (a) and (c) show fluctuations in Severn and Wye River discharge during an extended 1625 
rainless interval in June 1992.  Panels (b) and (d) show evapotranspiration rates inferred from these 1626 
streamflow fluctuations (black curves), and Penman-Monteith evapotranspiration estimates calculated 1627 
from automatic weather station data (gray curves).  The discharge fluctuations are extremely small; the 1628 
axes of panels (a) and (c) are enlarged by a factor of fifty relative to panels (b) and (d).  Dotted gray lines 1629 
in panels (b) and (d) show stream discharge drawn to scale.  Vertical bars mark midnight. 1630 
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 1634 

Figure 19.  Hourly mean evapotranspiration rates estimated from streamflow fluctuations (black symbols) 1635 
and Penman-Monteith potential evaporation (gray symbols) by season of year.  Symbols show means +/- 1636 
one standard error for all rainless hours from 1992 through 1996.  In order to minimize the effects of 1637 
outliers, averages for Winter are calculated as 98% trimmed means (i.e., excluding the highest and lowest 1638 
1% of observations).  Spring is March-May, Summer is June-August, Fall is September-November, and 1639 
Winter is December-February. 1640 
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 1641 
Figure 20.  Difference between annual evapotranspiration rates in the Severn and Wye catchments, 1642 
inferred from streamflow fluctuations (black symbols, with standard errors), and from mass balances 1643 
(gray line).  Mass balances were calculated from precipitation recorded in an extensive network of 1644 
monthly-read storage raingauges, and from streamflows at the Severn flume and Wye weir [data from 1645 
Marc and Robinson, 2007].  Black symbols are trimmed means of hourly evapotranspiration rates (upper 1646 
and lower 1% of data excluded, to minimize the effect of outliers), calculated from streamflow 1647 
fluctuations using equation (26) during rainless periods (defined as zero rainfall recorded at all automated 1648 
weather stations from the previous six hours through the following two hours; periods with less than two 1649 
operational weather stations were excluded).  Inferred evapotranspiration rates were averaged for each 1650 
season and then aggregated to annual timescales; standard errors were calculated by first-order, second-1651 
moment error propagation. 1652 

1653 
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Figure 21.  A hillslope cross-section, illustrating a simple conceptual model for catchment-scale storage-1654 
discharge relationships.  The profiles of conductivity k(z) and porosity θ(z), together with the hydraulic 1655 
gradient m, control how storage and discharge vary with changes in water table depth (dotted line), and 1656 
thus with changes in storage.   1657 
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