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Penetration of spherical projectiles into wet granular media
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We measure experimentally the penetration depth d of spherical particles into a water-saturated granular
medium made of much smaller sand-sized grains. We vary the density, size R, and velocity U of the impacting
spheres, and the size δ of the grains in the granular medium. We consider velocities between 7 and 107 m/s, a range
not previously addressed, but relevant for impacts produced by volcanic eruptions. We find that d ∝ R1/3δ1/3U 2/3.
The scaling with velocity is similar to that identified in previous, low-velocity collisions, but it also depends
on the size of the grains in the granular medium. We develop a model, consistent with the observed scaling, in
which the energy dissipation is dominated by the work required to rearrange grains along a network of force
chains in the granular medium.
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I. INTRODUCTION

A wet granular material is a collection of individual, solid
grains with a fluid filling the remaining pore space between
the solid constituents. This medium exhibits both fluidlike and
solidlike behaviors depending on the length and time scales
over which it deforms [1].

A large number of studies have sought to understand the
dynamics of granular media by observing how the medium
responds to stresses applied during impacts. This includes
numerous empirical scaling studies for dry [2–15] and wet
media [16–21], identifying the development of a network
of force chains between solid grains during compression
[1,12,14,15,22–24], applying jamming or shear thickening
models [16,25,26], and various other studies that apply
macroscopic rheological models to generalize the behavior
of wet sand [21,27].

Here we present the results of impacts into a water-saturated
granular medium, wherein a large number of variables may
govern the final penetration depth. We systematically consider
grain size, impact velocity, and density, and container depth
with the hope of shedding new light on impact and penetration
processes. We perform a small number of experiments with a
second sphere size. Previous studies have considered particles
that accelerate during free fall [2,4–7,12,13,18,20,21], hence
velocities less than ∼10 m/s, or very high velocities, greater
than 5 km/s, to model impacts onto planetary surfaces
[28]. We explore a velocity range not yet considered, but
a velocity range that characterizes impacts produced by
volcanic eruptions [17,29].

We derive a scaling relationship using the force chain model
of Peters et al. [22], where the rearrangement of grains along
force chains dominates the energy dissipation. We then develop
a dimensionless equation to scale the experimental results and
assess the degree to which experimental data collapse to a
single scaling law.

II. EXPERIMENTAL METHODS

To create laboratory impacts, we propel spherical particles
with compressed air using the same apparatus and setup as

*sb2222@cornell.edu

Dufek et al. [30]. We launch the spheres vertically towards a
fully saturated sand-grain bed, with resulting velocities normal
to the surface ranging from 7 to 107 m/s. The range of
velocities we could reach for a given sphere size and density
is limited by the maximum air pressure we could provide.

We use six different impacting spheres, with diameters of
13 mm or 18 mm, and varying densities to test scaling relations.
Velocities are measured by tracking the spheres using a high-
speed camera that records at 1600 frames per second (fps).
Table I summarizes our experiments.

The final penetration depths are measured from a fixed
datum down to the top of the sphere so that all values that
we report are relative to the originally flat sand surface. The
sphere diameter is then subtracted to yield the final penetration
depth. In cases where the sphere bounces out of its crater,
depth is measured to the crater bottom. A very small number
of spheres also disappear beneath the sand entirely, making
any measurement of crater depth unreliable. These impacts
are omitted from any analysis.

Figure 1 shows a schematic illustration of our setup. The
experimental bed is made by pouring sand into a 21 × 30 ×
30 cm box. This initial volume is large enough that neither
the sides nor the bottom of the box influence the measured
penetration depths [3,5]. Water is allowed to leak in from
the other half of the container and saturate the sand from the
bottom up. We maintain a constant water level just below
the sand surface and ensure that the degree of saturation is
constant for all experimental runs. To ensure repeatability,
after each run, we stir the substrate then smooth the surface
without packing the sand grains. We follow a strict pattern
while stirring and smoothing and, in doing so, we create a
nearly identical surface for all impacts. This minimizes any
history dependence from past tests.

The exact method of preparation was observed to be of first-
order importance, as different methods lead to significantly
larger scatter in the data. We find that if the water level
drops by a few millimeters, the penetration depth increases
by a noticeable amount. Another important observation while
preparing the sample is that a tap on the container or the
sand surface causes the substrate to liquefy, followed by the
appearance of a thin film of water on the surface as the sand
compacts. If we impact this substrate, impact depth is reduced
and the impactor bounces nearly every time. This observation
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TABLE I. There are a total of 267 impacts, of which 78 rebound. Three grain sizes are used and are classified as coarse (major and minor axes
of 1.34 ± 0.32 mm and 0.92 ± 0.21 mm), medium (0.69 ± 0.15 mm and 0.49 ± 0.12 mm), and fine (0.28 ± 0.07 mm and 0.19 ± 0.04 mm).
After each experiment, we stir the substrate to reset it, as described in the text. We also maintain a constant water level, just below the sand
surface.

Number of Impacts Number that Rebound
Particle ρi 2R Range of U (fine-medium-coarse) (fine-medium-coarse)

Wood 0.820 g/cm3 13 mm 15–107 m/s 25-39-20 15-21-6
Nylon 1.044 g/cm3 13 mm 12–86 m/s 19-25-20 10-9-3
Plastic 2.377 g/cm3 13 mm 7–57 m/s 16-43-16 7-5-0
Glass 2.798 g/cm3 13 mm 16–46 m/s 5-4-6 1-1-0
Steel 7.425 g/cm3 13 mm 8–24 m/s 6-4-5 0-0-0
Plastic 2.486 g/cm3 18 mm 9–12 m/s 4-4-6 0-0-0

agrees with that of Takita and Sumita [18], who find that
impacts into a sufficiently compacted surface yield a more
elastic response.

Uncertainties in our measurements arise when we measure
crater depth and impact velocity. Our measurement technique
has an uncertainty of 1 mm for each measurement of the datum
height and 1 mm for each measurement to the top of the sphere.
For the steel spheres, depth is significantly higher and the top
of the ball, while still visible, is more difficult to locate. Thus
we estimate an uncertainty in crater depth to be 1.4 mm for all
impacts except for the steel spheres, where we conservatively
report an uncertainty of 2.2 mm.

Uncertainty arises in measuring velocity using the high-
speed camera as well, where we track the sphere from frame to
frame until the moment of impact. We estimate an uncertainty
of 2 pixels/frame. With a frame rate of 1600 fps and a resolution
of 35.91 pixels/cm, we estimate the uncertainty in velocity to
be 0.9 m/s.

III. RESULTS

We conduct 267 impacts, in which we vary the density,
radius, and velocity of the impacting spheres, the grain size of
the bed, and the depth from the substrate surface to the solid
container bottom. We present raw measurements in this section
and scaled results in Sec. IV. Figure 2 shows how the addition
of water to a granular medium drastically reduces the impact
depth and the amount of sand ejected. Manga et al. [17] and

2R d

Sand

Water

FIG. 1. (Color online) Schematic illustration of our experimental
setup, not drawn to scale. One side of the container is filled with sand.
Water is then allowed to leak in from the other side and saturate the
sand from the bottom up. Final penetration depth is d and the sphere
diameter is 2R. The black triangle marks the water surface level, kept
just below the sand surface for all experiments.

Takita and Sumita [18] both show that the crater morphology is
qualitatively different. We observe that nearly all the resulting
craters retain a cylindrical shape, whereas in a dry substrate
the crater has a more conical form [panels (d) and (c) of Fig. 2,
respectively]. This observation agrees with those of Takita and
Sumita [18] who reasoned that the addition of water increases
the yield strength of the medium, which in turn, prevents the
crater walls from collapsing.

A. Effect of grain size

We illustrate the effect of varying grain size in Fig. 3. The
data exhibits a large amount of scatter, which we expect in
part due to randomness in the initial packing structure of
sand. Despite the scatter, we observe that impacts into the
fine grain medium penetrate the least. When we increase grain
size, penetration depth increases as well.

1 cm1 cm

dd
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d

FIG. 2. (Color online) Impacts into a dry medium [panel (a)]
produce an outward propagating ejecta curtain. Impacts into saturated
mediums [panel (b)] produce comparatively little ejecta. Impacts are
both of the plastic sphere into the fine grain substrate at 9.3 m/s
(dry) and 10.1 m/s (saturated). Impact depths are 21 mm in the dry
substrate, compared to 7 mm in the saturated case. Both images are
taken 0.0144 s after impact using a high-speed camera at 1600 frames
per s. Panels (c) and (d) are adapted from Manga et al. [17] to illustrate
how crater morphology differs between a dry substrate [panel (c)] and
a wet substrate [panel (d)]. Impacts are both of the plastic sphere into
the medium grain substrate at 47.4 m/s and 43.7 m/s for the dry and
wet substrates, respectively. The black dashed line in panel (d) marks
the original sand surface.
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FIG. 3. (Color online) Impact velocity (U) plotted against depth
(d) for impacts that do not bounce. More dense spheres penetrate
further for a given impact velocity. The steel spheres have significantly
greater penetration depths compared to the rest of the impactors.
Penetration depth is greatest in the coarse substrate (yellow–light
gray) compared to the medium (orange-gray) or fine substrates (red–
dark gray). Error bars on the legend elements show our measurement
errors of 1.4 mm for all spheres except for steel impacts with errors of
2.2 mm. Uncertainties of 0.9 m/s for the impact velocity are smaller
than the markers.

B. Effect of sphere density

Figure 3 also shows the effect of sphere density. We observe
that heavier spheres penetrate further for a given impact
velocity. Impact velocities of the 13 mm steel and 18 mm
plastic spheres are constrained, as shown in Table I, by the
experimental limitations of our apparatus.

The steel spheres are distinct from the rest of the spheres in
that they penetrate much deeper for a given velocity. Figure 4
shows the difference in crater morphology between impacts of
the steel and plastic spheres. For the steel spheres, we observe
crater width to be smaller and depth larger, as the crater retains
a more conical form. These craters are similar in form to

FIG. 4. (Color online) Qualitative comparison of crater morphol-
ogy between impacts of the steel sphere (left) compared to the plastic
sphere (right). Dashed black line marks the original surface, and both
spheres have a diameter of 13 mm. Impacts are into the fine grain
substrate with similar impact velocities of 12 m/s (steel) and 10 m/s
(plastic). Depth is greater for the steel sphere (24 mm) compared to
the plastic sphere (9 mm), as indicated. We mark the true crater shape
by a white line in each image.
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FIG. 5. (Color online) Impact velocity plotted against depth as
in Fig. 3. All spheres except for the plastic spheres are removed
to highlight the effect of sphere radius for equal density spheres.
Uncertainties are noted in the legend for all related points.

the spattered craters of Takita and Sumita [18], where the
saturation level in their experiments is greatest.

The volume of sand that the sphere excavates may be the
same between the two impacts in Fig. 4. Yet, most of the
substrate during the steel impact is displaced vertically with
comparatively small lateral displacements. The crater walls
also begin to collapse after the impact for depths greater than
two sphere diameters. Water fills in the crater above the top of
the sphere causing the walls to collapse, while also partially
obscuring our view of the sphere. This leads to slightly larger
errors while measuring penetration depth for these spheres.

C. Effect of impact velocity

The effect of impact velocity of the spheres is also shown
in Fig. 3 and Table I gives the velocity ranges for each
sphere. These velocities are much higher than those in previous
studies, either for dry [2–15] or wet [16–21] substrates. As
velocity increases, penetration depth increases as well.

D. Effect of sphere radius

Figure 5 shows the effect of varying sphere radius. While the
effect is small, for a given impact velocity, the larger diameter
sphere penetrates further. In Fig. 3, we denote these impacts
by larger squares. Our experimental apparatus limits further
observations on the effect of sphere radius.

E. Effect of container depth

To test for a possible jamming phenomenon, such as
that proposed by Waitukaitis and Jaeger [16], we insert an
aluminum plate at depths of 79 mm, 58 mm, and 25 mm below
the sand surface. These depths are all much greater than the
sphere diameter. We find these experiments to agree with both
Sequin et al. [3] and Nelson et al. [5], in that penetration depth

032208-3



BIRCH, MANGA, DELBRIDGE, AND CHAMBERLAIN PHYSICAL REVIEW E 90, 032208 (2014)

0 20 40 60 80 100 120
0

5

10

15

20

25

30

35

bounce

U (m/s)

d 
(m

m
)

steel

nylon

wood

plastic (18 mm)

glass

plastic (13 mm)

fine
medium
coarse

FIG. 6. (Color online) Spheres which rebound are shown as solid
circles, and they are seen to have shallower depths as compared to
impacts that do not bounce (all other data points as plotted in Fig. 3).
For impacts of the same depth, those that have higher velocities are
more likely to bounce. Measurement errors are indicated for all data
points by the size of the error bars in the legend.

is negligibly affected by varying the depth to the container
bottom for depths greater than two sphere diameters.

F. Rebounding spheres

Impacts that bounce are defined as those having a mea-
surable upward velocity after coming to rest at the bottom
of the crater. Goldman and Umbanhowar [2] and Waitukaitis
and Jaeger [16] hinted at a bouncing phenomenon, as they
observed an upward velocity after the projectile reached the
bottom of its crater. To explain their experiments, Waitukaitis
and Jaeger [16] propose a jamming model that arises as the
projectile approaches the container bottom. We conclude then
that there must be some other mechanism giving rise to the
rebounding spheres since the container depth has no influence
on any of the behavior.

Throughout our experiments, we consistently observe that
denser or faster spheres penetrate further and that depth is
also greater in the coarse-grained substrate as compared to the
fine medium. In Fig. 6, we observe that, for equal velocity
impacts, the spheres that penetrate the least are more likely
to bounce. Additionally, for spheres with the same penetration
depth, impacts with higher velocities are more likely to bounce.
Also, as summarized in Table I, less dense spheres bounce
more often.

Since we measure velocity with a high-speed camera, we
attempted to measure the bounce height in order to identify
energy balance relationships. It proved difficult to measure
any accurate values, however, because the spheres almost never
rebound vertically. Instead, they typically have a strong lateral
component to their bounce velocity, often leaving the field of
view of the camera. We observe consistently, however, that the
lighter wood and nylon spheres bounced much higher, even
leaving their crater entirely, while the plastic and glass spheres
rebounded slightly but always remained in their craters.

IV. SCALING RELATIONS

In order to create a crater, the impacting sphere must
displace individual grains and the pore fluid, a process akin
to overcoming a plastic yield stress. When the sphere loses all
of its kinetic energy, it then comes to rest. In the limiting case
that the yield stress is infinite, or the substrate is elastic, the
spheres will impact and rebound to a height characterized by
a restitution coefficient. Conversely, if the yield stress is zero,
the impact will be into a fluid medium, and the sphere will
sink and move with a speed controlled by the buoyancy and
rheology of the fluid.

Previous studies model the granular medium as either a two-
phase Coulomb plastic or as a single-phase Bingham plastic
[21,27] with an effective yield stress and flow viscosity. The
limitation with this approach is that the rheological models
average over large volumes of the granular substrate. Ignoring
grain scale effects, such as interactions with the interstitial
fluid, the surrounding grain matrix, and the impacting sphere,
makes the determination of length scales unclear. Knowing
whether the length scale controlling energy dissipation is of
the order of a single grain or the sphere diameter is critical in
order to determine which models, if any, are most applicable
[27].

A. Comparison with dry scaling laws

Many empirical models have been formulated to describe
impacts into granular materials. Studies of impacts into dry,
noncohesive sand [2,4,7,13] or spherical glass beads [5,6] at
low velocities (�10 m/s) have yielded various scaling laws
relating the penetration depth d to the initial drop height H
usually represented as a power-law scaling,

d

2R
= C1

[(
ρi

ρsμ2

)β
H

2R

]α

, (1)

where C1, α, and β are empirical constants that depend on the
packing fraction [6], ρi and ρs are the particle and substrate
densities, respectively, μ is the tangent of the friction angle,
and R is the sphere radius. Equation (1) can be recast in terms
of an impact velocity U, using U = √

2gH,

d

2R
= C1

[ (
ρi

ρsμ2

)β (
U 2

2Rg

) ]α

= C1

[ (
ρi

ρsμ2

)β

Fr

]α

,

(2)

where g is the gravitational acceleration and Fr is the Froude
number, the ratio of kinetic to gravitational energies. Equation
(2) does not include the strength of the granular medium, but
instead describes dynamics governed primarily by gravity. The
impacts in our experiments were at Froude numbers ranging
from 102 to 104. Figure 7 shows our data with the scaling
of Newhall and Durian [7], where they apply Eq. (2) with
β = 3/2 and α = 1/3.

The scaling of Eq. (2) has no dependence on grain size,
yet our data indicate that penetration depth is systematically
underpredicted for the larger grain substrates. This implies that
for a given impact energy, penetration depth is greater in the
coarser-grained substrate.
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FIG. 7. (Color online) Our data scaled by Eq. (2). For impacts of
equal energy, depth is greater for substrates with a smaller grain size.
This suggests that the yield stress is inversely proportional to grain
size. Empirical best-fit constants C1 are 0.035 for the coarse substrate
and 0.046 and 0.056 for the medium and fine substrates, respectively.
Errors arose in the measurement of d as reported in the text, yet for
clarity we omit it in the figure.

B. Grain rearrangement model

We construct an idealized model for the granular medium
as a collection of loosely touching grains with their pore space
filled with water. When the sphere impacts the surface, it
must disrupt the contacts between solid constituents before
it advances any further. In this framework, the work done by
the sphere to break individual force chains dissipates the initial
kinetic energy of the sphere as it progresses down to its final
penetration depth d. At this final depth, the sphere has lost all
of its kinetic energy and can no longer displace grains.

The disruption force required to move an individual grain,
at depth z, a distance �s, is K(z)�s, where K(z) is a measure
of the strength required to displace an individual grain a
distance �s. At the critical value of �s = smax, the force chain
yields plastically and K(z) = Kc(z), a plastic yield strength.
Otherwise, for �s < smax the force chain behaves elastically
and K(z) can be described as an elastic modulus. If we assume
that the maximum displacement a force chain can withstand
is on the order of the size of a grain, smax ∝ δ, and that
to first order the disruptive strength can be expressed as a
linear function of depth Kc(z) = Kcz, then the average linear
disruptive force can be written as Kcδd. We can then express
the average stopping force that the granular substrate exerts on
the impacting sphere as

〈F 〉 ∝ KcδdN, (3)

where N is the total number of force chain links disrupted by
the impactor at depth d. The number of contacts the sphere
must break per unit volume should be greater for the fine-grain
substrate as compared to the coarse substrate, and so more
work is done for equal depths in the finer medium.

We perform all of our experiments with impact velocities
normal to the bed surface and can apply a force chain model
similar to Peters et al. [22], where we assume that idealized

force chains form radially away from the impacting sphere.
Implicit in this assumption is that the force chains maintain a
constant length proportional to the substrate grain diameter δ

throughout the impact.
The volume of interest scales as dRδ, when d �� R, and the

number of force chains per unit volume is δ−3. This expression
for the volume is similar to that of Takehara et al. [15], where
we are assuming that the force chains form only within a region
immediately surrounding the impacting sphere and that they
extend outwards a distance proportional to δ. The total number
of force chains disrupted in penetrating a depth d is thus

N ∝ dRδ

δ3
. (4)

As the sphere progresses through the medium, force chains
are broken and reform randomly within the volume dRδ for a
given impact. The total number of force chains within this zone
retains a constant value [14,22], since the force chain model
assumes that force chains retain a constant length [22]. The
strength of the medium is thus controlled by the yield strength
of individual grains within a finite zone around the surface of
the impacting sphere.

We then assume that all of the initial energy of the impact
goes into the work done by the sphere to disrupt force chains.
The total work is found by multiplying Eqs. (3) and (4) and
integrating over the impact depth to be

W ∝ Kcd
3R

δ
. (5)

Equating the initial kinetic energy of the sphere before impact
and Eq. (5), we obtain a dimensionless energy scaling of the
form

d

R
= C2

(
ρiU

2

Kc

δ

R

) 1
3

, (6)

where C2 is a dimensionless empirical constant. When we
rescale our measurements using Eq. (6), the data collapses
about a single line in Fig. 8. The empirical values of the

constant C2K
− 1

3
c are 0.0103 ± 0.0011 for the fine substrate,

0.0098 ± 0.0006 for the medium, and 0.0095 ± 0.0007 for
the coarse substrate, equal to within uncertainties.

In our derivation of Eq. (6), we noted that Kc corresponded
to the yield stress of individual force chains within the medium.
Therefore, the inverse Newton number Nt−1 = ρiU

2

Kc
[from

Eq. (6)] becomes the relevant dimensionless scaling parameter
[31]. The scaling of Eq. (2) may be suitable for impacts
into a dry granular medium, where the yield strength of
individual force chains is negligibly small. Individual grains
are ejected more easily when the substrate is dry compared to
a wet substrate. Also, the cylindrical crater morphology that is
characteristic of impacts into the wet medium is unstable for
similar impacts into dry media, where crater shape is conical.
The conical crater morphology is governed by the angle of
repose of individual grains, while the steep cylindrical crater
walls for the wet media suggest a fundamentally different
deformation process.

Thus the fluid acts to decrease the mobility of individual
grains, reducing the amount of material ejected and altering
the crater morphology from a conical to a cylindrical form
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FIG. 8. (Color online) Our data scaled according to Eq. (6). All
of the data nearly fall onto a single line, though the steel spheres and
larger diameter spheres still remain as outliers. Depth uncertainties
are omitted from the figure as in Fig. 7.

(Fig. 2). The reason why we observe separate scalings for a wet
versus dry medium is that the wet medium deforms plastically
with an enhanced yield strength. The yield strength reduces
the mobility of individual grains, which results in shallower
penetration depths, as observed in our experiments (Fig. 3).

Furthermore, our observations and model agree with Takita
and Sumita [18], who state that cohesive stresses scale
inversely with grain size. Equation (6) predicts shallower
penetration depths for smaller grain size substrates due to the
disruption of a greater number of force chains. The addition of
water to a granular medium introduces a grain size dependent
plastic yield stress where the strength of individual force
chains within a small volume around the impacting sphere
dominates the dissipation of energy. As such, the dynamics of
an impacting sphere shifts from a gravity-dominated regime
to a regime in which the plastic yield strength of the material
becomes important [31] as the relative magnitudes of Fr and
Nt change with the addition of an interstitial fluid.

C. Bouncing as a result of force chains

The measured probabilities of bouncing for the impacts in
this study are shown in Table I for each sphere and grain size.
Less dense spheres bounce more often and impacts into the fine
grain medium also bounce more often. In order for a sphere to
bounce after reaching its final penetration depth, the substrate
must have enough stored elastic potential energy. We can thus
extend the concept of a dynamic force chain network [22,23] to
describe the behavior of rebounding spheres. Our observations
from Sec. III suggest that the bouncing phenomenon is the
result of the elastic potential energy stored in force chains.

In the context of the dynamic force chain model, the elastic
restoring force arises from the randomly distributed network of
force chains the sphere encounters throughout the duration of
the impact. The lack of observed bounces for larger penetration
depths and heavier spheres is due to the finite elastic strain
energy (Es) that is able to be stored in any given force chain.
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FIG. 9. Probability of bouncing as a function of the minimum
potential energy (Egrav) required to bounce the sphere. The data
are binned by log10

(
Egrav

)
values of 0.2. The probability decreases

gradually until Egrav ≈ 4 × 10−4, where it decreases suddenly to zero.
Counting uncertainties are shown as error bars.

This elastic strain energy must be large enough to overcome
the gravitational potential energy (Egrav) to bounce the sphere
from the crater, where Egrav = 4/3πR3ρigd. Thus we expect
the probability of bouncing to decrease linearly as Egrav →
Es until Egrav � Es , where we then expect the probability of
bouncing to go to zero. Thus this model predicts that for certain
impacts there will be a zero probability of bouncing due to the
lack of enough energy required to overcome the gravitational
potential energy to leave the crater.

Figure 9 shows the probability of bouncing as a function of
the minimum potential energy required to bounce the sphere.
The probability of bouncing does decrease with increasing
Egrav, as expected, and becomes zero for large enough values.
Where the probability becomes zero, we are able to place an
upper bound on the stored elastic strain energy in any given
force chain at ≈ 4 × 10−4 J.

V. DISCUSSION

Few studies have included the effect of the substrate grain
size for impacts within any velocity range. One similar study
is that by Guettler et al. [32], who sought to understand
the effects of large boulders on planetary surfaces during
impacts. Counter to our observations, they observe a decrease
in penetration depth with increasing grain size. However,
because the substrate grain size is of the same order as the
projectile in their experiments, we expect that the dynamics
are likely different compared to our experiments, where R � δ.

In our energy budget calculation, we also only balance the
initial kinetic energy of the sphere with the work done to
disrupt grain contacts. We neglect all other forms of energy
loss, one of which is the kinetic energy of the ejecta. In Fig.
2, we compare impacts qualitatively between the wet and dry
substrates. When the substrate is dry, there is a large amount
of ejecta and, in turn, a greater amount of energy is lost to
the kinetic energy of the ejected grains. When the substrate is
saturated fully, very few grains are ejected and we assume that
this energy term can be neglected. The small amount of ejecta
is also consistent with the observations of Takita and Sumita
[18].
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In Fig. 8, we observe that the larger diameter spheres and
the steel spheres have d/2R values larger than those predicted
by our model. We hypothesize that this is due to liquefaction
immediately following the moment of impact. The impact
sequence can be described by an initial period of liquefaction
of duration τl , followed by the development of a force chain
network that acts to hinder further penetration. For impacts
with a greater τl , the sphere can penetrate a greater distance
before the force chain network develops, leading to a greater
d/2R value than what Eq. (6) predicts. The dynamics during
the initial liquefaction stage may be governed by a different
force law as well, something that our study neglects. Instead of
the depth dependent force of Eq. (3), the stopping force may
be dominated by viscous effects where the resisting force is
instead proportional to U [2,4,6,9–12,20].

For the larger diameter spheres, the systematically greater
d/2R values may be attributed to a longer duration of
liquefaction. We cannot measure the spatial and temporal
extent of liquefaction, but we can make order of magnitude
estimates. We assume that the characteristic time scale for
liquefaction τl scales with τp, the pressure relaxation time
scale. τp ∝ R2/κ , where κ is the hydraulic diffusivity of the
substrate. The Kozeny-Carman relation states that κ ∝ δ2, so
τl ∝ R2/δ2. Thus we expect the substrate to remain liquefied
in the immediate vicinity of the sphere longer for the larger
diameter sphere or for smaller grain sizes. Figure 8 supports
this, in that the larger spheres deviate from the model for the
fine-grain medium. As δ increases, the larger spheres match
the trend better.

For the steel spheres, the larger d/2R values may be the
result of the substrate liquefying to a greater degree. The
relevant stresses are the impact stress and the pore pressure,
and if the impact stress is greater than the pore pressure,
the substrate liquefies. The impact stress scales as ρiU2

and the hydrostatic pore pressure scales as ρwgd, where ρw

is the density of water. For equal velocity impacts, the impact
stress is significantly greater than the pore pressure for the steel
spheres compared to all other spheres, resulting in greater
penetration depths. Thus the increased impact stress due to
the higher density of the steel sphere allows the substrate to
remain liquefied for a time greater than τl , allowing the sphere
to continue to sink into the substrate.

Figure 4 also shows how the crater morphology retains a
more cylindrical form at its greatest depths. Takita and Sumita

[18] observe a similar pattern for craters with a saturation value
greater than 0.7, and attribute the change in morphology to a
liquefaction effect as well. Hence the anomalous behavior of
the steel spheres may be the result of a density significantly
higher than any of the other spheres, leading to a difference in
crater shape.

VI. CONCLUSION

Our scaling in Eq. (6) agrees with our measurements
and it captures the effect of substrate grain size. The effect
of adding a pore fluid to the medium changes the scaling
from a gravity-dominated regime to a regime in which the
yield strength of the material is also an important process.
Penetration scales with a Froude number in the former case
and a Newton number in the latter.

The basis of our model lies in assuming that the kinetic
energy of the impact goes into the work needed to rearrange
individual grains along force chains in a granular medium with
sufficient yield strength. A yield strength is introduced by a
pore fluid which acts to reduce the mobility of individual grains
within force chains. A medium with a smaller grain size has
more force chains per unit volume than a larger grain medium.
Therefore, the impacting sphere must disrupt and rearrange a
greater number of force chains in the fine medium for a given
impact energy. Depth is thus limited by a grain size dependent
plastic yield stress.

Addition of a period of liquefaction immediately following
the moment of impact qualitatively allows us to explain why
our model fails to capture the full effect of the denser or
larger spheres. The majority of impacts we perform, however,
liquefy comparatively less and so, in assuming Eq. (3), we are
able to develop a scaling relation that captures the bulk of the
impact dynamics.
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