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The interactions of deformable drops in cavity flows is studied numerically in the limit of low
Reynolds numbers for a two-dimensional model. Flow in a square cavity is driven by the steady
motion of one of the walls. Deformable drops will migrate across streamlines until they reach an
equilibrium trajectory or equilibrium position; the rate and direction of migration depend on both the
viscosity ratio and capillary number. High viscosity ratio deformable drops have a tendency to
aggregate and form clusters. The presence of a deformable dispersed phase results in an elastic
behavior of the suspension. ©1996 American Institute of Physics.@S1070-6631~96!02507-X#

I. INTRODUCTION

The motion of a dispersed phase in cellular, cavity, or
other simple flows is often studied as a model of mixing
processes.1 The goal of such studies is to determine the re-
lationship between characteristics of the flow, the rate of
mixing, and the evolution and distribution of the dispersed
phase. The limit in which the dispersed phase exists as an
immiscible fluid has motivated a large number of studies
focusing on the deformation of single drops,2,3 breakup,4 and
migration across streamlines due to deformation.5

Studies of single deformable particles in very dilute sys-
tems can describe certain aspects of the microstructure, e.g.,
shape and orientation. In non-dilute systems, interactions be-
tween the particles will affect the microstructure, which in
turn affects macroscopic rheological properties of the fluid.
Understanding and characterizing the effects of particle-
particle interactions thus motivates the study of the interac-
tions between two particles in simple flows, e.g., Ref. 6, and
the numerical simulation of suspensions in shear and
pressure-driven flows, e.g., Refs. 7–9. One approach to
studying complex, time-dependent flows is to introduce
models for particle deformation and orientation,10 and then
calculate the interaction and evolution of the microstructure
and the flow.11,12

Here we study numerically the evolution of a deformable
dispersed phase in a cavity flow driven by the steady motion
of one the boundaries. Compared with other frequently stud-
ied flows, such as shear flows and pressure-driven flow
through pipes and channels,8,13,9,14cavity flows contain stag-
nation points, spatially variable shear rates, and curved
streamlines. We begin, in Sec. III, by considering certain
aspects of the microstructure including drop deformation,
distribution, and migration.

In Sec. IV we focus on the interactions between deform-
able drops and demonstrate that for sufficiently large viscos-
ity ratios and capillary numbers drops tend to aggregate. The
segregation of immiscible fluids is of considerable interest
because of possible engineering application to separation
processes. For example, at moderate to high Reynolds num-

bers, mixtures of two fluids with differing viscosities are
observed to separate when forced through tubes, with the
less viscous fluid surrounding the more viscous fluid, leading
to ‘‘lubricated pipelining.’’15 Flow-induced segregation due
to viscosity contrasts may also occur in nature, such as in
certain magmatic systems.16 Separation or aggregation oc-
curs in other situations; for example, rigid particles are
sometimes observed to form fractal aggregates in unsteady
cavity flows if two particles adhere once they touch each
other.17

It is well known that suspensions of deformable drops
exhibit a non-Newtonian behavior.18 In Sec. V we show that
drop deformation also produces an elastic response in cavity
flows.

II. MODEL

The geometry of the model problem for a single drop is
shown in Fig. 1a. Two-dimensional drops are studied since
comparable numerical computations for three-dimensional
drops in bounded systems are not feasible. Thus the results
presented here may differ from three-dimensional systems,
although a comparison of two-dimensional calculations13 and
three-dimensional analytical results5 indicates that the quali-
tative behavior of two- and three-dimensional drops is simi-
lar. The two-dimensional approximation prevents us from
studying drop breakup due to a capillary instability, although
drops may still become highly elongated in a local exten-
sional flow.

Inside and outside the drop, fluid motions satisfy Stokes
equations

¹•T1rg5m¹2u2¹p50 and ¹•u50, ~1!

whereu is velocity,m is viscosity,p is the dynamic pres-
sure, andT is the stress tensor. Across the surface of the
drop, there is a stress jump due to interfacial tension,

vn•Tb5sn¹•n, ~2!

wheres is the interfacial tension which is assumed constant,
n is a unit normal directed outward from the drop, and we
assume the drop and suspending fluid have the same density.

a!Now at Department of Geological Sciences, University of Oregon, Eugene,
Oregon 97403.
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The relative importance of viscous stresses, proportional to
mU/L, compared with interfacial tension stresses is charac-
terized by the capillary number,

Ca5
mUa

sL
. ~3!

Equations~1! can be recast in the form of integral equa-
tions. The appropriate form of the integral equations forN
neutrally buoyant drops with viscositylm is
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~4!

where the subscripti indicates drop numberi , x is a position
vector, andJ andK are the Green’s functions for velocity
and stress, respectively.19 On the upper surfaceuG5(U,0),
anduG50 on the other three sides of the cavity. The position

of fluid-fluid interfaces is determined by solving the kine-
matic equation,dx/dt5ui for x P Si , using a second-order
Runge-Kutta method.

The steady base flow in the absence of a dispersed phase
is shown in Fig. 1b. Streamlines are calculated using a
second-order Runge-Kutta method and a time step twice as
large as that used in calculations including drops.

In the calculations presented below, drops and cavity
walls are described by 60 and 240 collocation points, respec-
tively. The drop shape is described by cubic splines param-
eterized in terms of arc length. The unknown velocities are
assumed to vary linearly, and the tractions along the wall are
assumed to be constant, between collocation points. The sin-
gularities in the kernels are subtracted and integrated
analytically.20 Integrations are performed using eight point
Gauss-Legendre quadrature. In all cases, we assume
a/L50.05. The calculations presented in Figs. 2a, 2c, 4 and
5 took 16, 51, 333 and 44 CPU hours on a Sparc server 1000,
respectively. Time is normalized by the convective timescale
L/U, and a typical turnover time is 3-6 dimensionless time
units.

III. MIGRATION OF DROPS

Analytical results,5 experimental observations,21 and nu-
merical calculations,14 indicate that deformable drops in
shear flows will migrate away from walls for all viscosity
ratios. However, in a Poiseuille flow, Chan and Leal found
that the direction of migration depends on the viscosity ratio:
for 0.5,l,10 drops migrate towards the wall, and other-
wise towards the centerline of the flow. Laboratory
experiments22 and two-dimensional numerical calculations13

indicate that for moderate viscosity ratios an equilibrium po-
sition will be reached at some distance between the wall and
flow centerline. The specific values of the viscosity ratio

FIG. 1. ~a! Geometry of the model problem.~b! Calculated streamlines and
flow field in the absence of a drop.

FIG. 2. Center-of-mass trajectories for a single drop. Viscosity ratio and
capillary number are labeled on the figure. A few drop shapes are shown for
reference.
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dictating these different behaviors differs between the two-
dimensional calculations and three-dimensional analytical re-
sults.

Here we study the effect of the viscosity ratio and defor-
mation on the migration of a single drop. The term migration
describes motion across streamlines which arises due to de-
formation. In Fig. 2 we show calculated trajectories of the
center-of-mass of deformable drops for various viscosity ra-
tios and capillary numbers. In all cases in Fig. 2 the drops
migrate towards to center of the flow. Comparing the trajec-
tories in Figs. 2abc, we observe that the rate of migration
increases as the viscosity ratio decreases. In particular, the
rate of migration for thel510 drop becomes very small,

and the drop appears to reach an ‘‘equilibrium trajectory.’’
However, we will see in Fig. 3 that only the drop with
l50.2 moves to an equilibrium trajectory whereas the other
drops migrate to the center of the flow~which is defined as
the point of zero velocity; see Fig. 1b!. Comparing the tra-
jectories in Figs. 2cd, we observe that the less deformable,
Ca50.25, drop migrates towards the center of the flow more
rapidly than the more deformable,Ca50.5, drop. Owing to
the reversibility of Stokes flows, there will be no migration
across streamlines in the limit thatCa→0; thus, the maxi-
mum rate of migration occurs for a finite value of the capil-
lary number.

In order to characterize the equilibrium trajectory, we
measure the vertical distanceyc between the upper surface
and the equilibrium trajectory when the center of mass of the
drop is at horizontal positionx/L50.5: here,x andy are the
horizontal and vertical positions defined with (x,y)5(0,0) in
the upper left-hand corner of the box and (L,L) in the lower
right-hand corner. The equilibrium position,yc /L, as a func-
tion of the viscosity ratio is shown in Fig. 3a forCa50.5.
For l.1 the equilibrium position is the center of the flow.
The shape of high viscosity ratio drops at the center of the
flow is not steady, and the drops undergo an evolution analo-
gous to the tank-treading motion of high viscosity ratio drops
in shear flows.

These results are qualitatively consistent with previous
analytical, experimental, and numerical results, although the
flow studied here is more complicated than the linear and
parabolic flows studied in the work discussed above. For
example, Zhou and Pozrikidis13 found that low viscosity ra-
tio drops will migrate to the centerline in a pressure-driven
flow in a channel; here we find that low viscosity ratio drops
migrate to trajectories where the curvature of the velocity
field is small~see Fig. 1b!. Thus, in a suspension, high vis-
cosity ratio drops are expected to migrate towards the center
of the flow, whereas low viscosity ratio drops will tend to
some equilibrium off-center position, in both cases leading to
the eventual segregation of a dispersed phase. These results
apply to the limit of dilute suspensions so that drop-drop
interactions are not important; next we consider the behavior
of more concentrated suspensions.

In Fig. 4, we show the results of a calculation with 7
drops forl51 andCa50.25. We characterize the distribu-
tion of drops by calculating the average distance,D2, be-
tween the center-of-mass of each drop,xi

cm , and the center
of the flow,xo :

D25
1

N(
i51

N

~xi
cm2xo!•~xi

cm2xo!. ~5!

As the drops migrate towards the center of the flow,D2

decreases, and an equilibrium distribution is reached after
t'80.

IV. AGGREGATION OF HIGH VISCOSITY RATIO
DROPS

In Fig. 5 we show two sequences of drop shapes at dif-
ferent times for calculations with seven drops. The value of
the Capillary number was chosen so that the magnitude of

FIG. 3. ~a! Equilibrium trajectory, characterized byyc /L, as a function of
the viscosity ratiol; Ca50.5. ~b! Definition of yc and an example of a
trajectory forl50.2 andCa50.5 which reaches an equilibrium trajectory.

FIG. 4. Evolution of the distribution of drops in a calculation with 7 drops;
l51, Ca50.25. The initial distribution of drops is the same as in Fig. 4.
D is the average distance between the center-of-mass of each drop and the
center of the flow, and is defined by~5!. Time is normalized byL/U.
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drop deformation in both calculations was similar. In the
calculation withl51 andCa50.5 the drops remain well
separated and show no tendency to aggregate, even over ti-
mescales much longer than shown in Fig. 4a. However, for
l510 andCa52, the drops tend to form doublets and re-
main in close proximity to each other for long periods of
time. For example, compare the relative motions of drops 1,
2 and 7 in the two simulations, and in particular, notice that
drops 1 and 2 remain close to each other throughout the
entire simulation in Fig. 5b.

A straightforward explanation for the different dynamics

can be provided. Consider the problem of two drops ap-
proaching each other in a shear flow, as illustrated in Fig. 6.
Thel51 drops pass over and around each other. However,
the high viscosity ratio drops form a doublet and rotate
around each other before eventually separating. For viscosity
ratiosl.4, Taylor23 recognized that drops will rotate more
rapidly than they are stretched~simple shear consists of
equal parts strain-rate, which leads to stretching, and vortic-
ity, which leads to rotation!; for sufficiently viscous drops,
the rate of deformation is slowed so that the drop rotates
before significant deformation occurs. Once the separation
distance between the high viscosity ratio drops becomes
small and the flattened area between the drops becomes
large, the drops behave essentially as a single drop and thus
rotate as a single larger drop. The gap between the drops
must be sufficiently small that large lubrication forces pre-
vent the drops from reseparating as they rotate around each
other. In Fig. 6c we show two high viscosity ratio drops
approaching each other withl55 andCa51. The finite
Capillary number results in smaller deformation, and the
drops pass over each other. Thus, in flows with velocity gra-
dients, deformable high viscosity ratio drops which approach
each other may tend to aggregate, as observed in Figs. 5 and
6. The time required for drops to pass over and around each
other increases as the viscosity ratio increases~compare the
times in Fig. 6! so that high viscosity ratio drops will also
spend more time close to each other.

The aggregation process observed in Fig. 5, however, is
not entirely due to the processes illustrated in Fig. 6, but also
depends on the concentration of the drops. In Fig. 7 we show
a calculation with only two drops, drops 1 and 2 from Fig. 5.
In the calculations with seven drops, drops 1 and 2 stay in
close proximity to each during the whole calculation with
dropsl510. However, in the two drop calculation drops 1
and 2 separate. Thus, the concentration of drops plays a role
in the aggregation process, presumably by limiting the free-
dom of drops to move around each other. Higher concentra-
tions constrain drops to interact more closely, thus allowing
the processes illustrated in Fig. 6 to occur.

In order to consider the evolution of the drop distribution
in a more quantitative manner, we calculated the evolution of
the average minimum separation distance between drops,
i.e.,

d̄5
1

N(
i51

N

minimumuxi
cm2xj

cmu, j51→N, iÞ j , ~6!

wherexi
cm is the position of the center-of-mass of dropi .

The interaction of deformable drops results in irreversible
trajectories and hydrodynamic self-diffusion;9 for example,
the vertical offset between two drops in Fig. 7 increases as
the drops pass over and around each other. As a result,d̄
increases at early times.

In the previous section, we found that a single drop with
l51 migrates towards the center of the cavity flow. At long
times, d̄ decreases for thel51 simulation as the drops mi-
grate towards the center of the cavity flow (d̄ continues to
decrease untilt'80). The high viscosity ratio drops, how-

FIG. 5. Interactions between seven drops for~a! l51, Ca50.5 and~b!
l510,Ca52. Time is normalized by the convective timescaleL/U.
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ever, migrate only very slowly across streamlines~see Fig.
2!, and the decrease ofd̄ in Fig. 8 is due to the aggregation.

Due to numerical limitations we are only able to con-
sider a small number of drops, and only observed a pair-wise
aggregation. It has not been verified that the processes de-
scribed here, which results in the tendency of high viscosity
ratio and deformable drops to form doublets~e.g., Figs. 5
and 6!, will lead to the formation of clusters containing many
drops.

The aggregation process depends on the close approach
of drops and thus should also occur in three-dimensional
flows.

V. MACROSCOPIC PROPERTIES OF CAVITY FLOWS

In the previous sections, we considered the evolution of
the microstructure, i.e., the deformation, interaction, and mi-
gration of drops. Here we consider a macroscopic property of
the flow, and calculate the force on the moving upper bound-
ary due to the presence of a dispersed phase. The force on
the upper surface diverges since stresses decay as 1/r away
from the corner so that the force diverges logarithmically.24

In a real problem, the force will not be infinite but will de-
pend on details of the flow in the corner. In order to avoid
numerical problems associated with the corners, we only in-
tegrate the normal deviatoric stresses on the upper surface,
i.e.,

N5
1

mUEW~n•T1pn!yds, ~7!

whereW is the upper moving surface, the subscripty de-
notes components in the vertical direction, andN is normal-

FIG. 6. Interaction of two deformable drops in a shear flow:~a! l51, Ca50.25, ~b! l55, Ca5`, and~c! l55, Ca51. Time is normalized by the shear
rateG.

FIG. 7. Evolution of two drops, corresponding to drops number 1 and 2 in
Fig. 5, forl510 andCa52. Time is normalized byL/U.

FIG. 8. Evolution of the average minimum separation distance between
drops for the two calculations shown in Fig. 5;l51,Ca50.5 ~solid curve!
andl510,Ca52 ~dashed curve!. Time is normalized byL/U.
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ized bym(U/L)L. N describes the normal stresses on the
upper wall ~N50 in the absence of drops!, and thus is a
measure of the non-Newtonian or elastic behavior of the sus-
pension.

In Fig. 9 we showN as a function of time for a calcu-
lation with 7 drops forl51 and Ca50.25. Results are
shown late in the simulation, 90,t,97, once an equilibrium
distribution of drops is reached~see Fig. 4!. The fluctuations
depend on the positions of the drops. On averageN is posi-
tive so that the presence of a deformable dispersed phase
results in a force normal to the upper surface and thus an
elastic response of the suspension.

VI. CONCLUDING REMARKS

The numerical results presented here highlight the im-
portance of the viscosity ratio on the evolution of microstruc-
ture in suspensions. As noted in previous studies, the large
lubrication forces between high viscosity ratio drops can
change the microstructure at a significant level~C.
Pozrikidis, personal communication!, and in the problem
studied here, leads to the formation of clusters of drops. Al-
though the processes of breakup and hydrodynamic self-
diffusion tend to disperse drops, the processes of aggregation
and deformation-induced migration can lead to the formation
of structure in suspensions of deformable particles.
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