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The Motion of Long Bubbles in a Network of Tubes
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Abstract. The motion and interaction of discrete bubbles in porous materials is studied numerically
using a network model. The goal is to extend analytical results for the motion of bubbles through
a single straight tube to a more ‘realistic’ geometry for porous materials, modeled here as a planar
network of straight tubes of different radii. The problem is characterized by two dimensionless para-
meters, the capillary number (Ca) and the volume fraction of bubbles (φ); results are characterized by
determining the effective permeability of the network and the mean residence time of bubbles in the
material. The simulations indicate that at low volume fraction most of the bubbles follow a limited
number of high-flow pathways through the network. In this case the predictions of our simulations
can be approximated by a simple analytical model. Bubbles interact with each other because their
presence changes the local resistance to flow in individual tubes. Asφ increases, interactions between
individual bubbles become important resulting in a wider range of residence times in the porous
material.
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1. Introduction

Multiphase transport processes in porous materials are encountered in many
branches of science and engineering. Under various circumstances one of the
phases can exist in the form of dispersed discrete droplets, defining the so-called
‘drop-traffic flow’ limit (e.g., Avraam and Payatakes, 1995). Here we focus on the
specific limit in which the dispersed phase consists of bubbles. Suspensions of air
bubbles in water can be used to introduce oxygen into groundwater in order to
enhance bioremediation efforts (e.g., Fryet al., 1997), and have also been used to
remove volatile organic compounds from contaminated soils (e.g., Gudemann and
Hiller, 1988; Böhleret al., 1990). High volume fraction suspensions (foams) have
applications to enhanced oil recovery and hazardous waste management (Olbricht,
1996).

The motion of drops and bubbles in straight and constricted tubes is frequently
studied as a model for pore-scale processes (e.g., Martinez and Udell, 1990;
Olbricht and Kung, 1992; Tsai and Miksis, 1994). While such model geomet-
ries are obviously gross over-simplifications of true pore geometries, the effects
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of bounding walls, viscosity ratio, volume fraction, drop volume, and interfacial
tension can all be considered and may thus provide insight into pore-scale hydro-
dynamics. In the simulations reported here, our goal is to extrapolate analytical
results for the motion of bubbles in straight tubes to a geometry more appropriate
for porous materials that consists of a network of intersecting tubes. We can thus
account for ‘a fundamentally important topological characteristic of porous solids,
namely, interconnectedness of the pore space’ (Celiaet al., 1995). The approach
we follow here is similar to that used in previous network studies of multiphase
flow (e.g., Koplik and Lasseter, 1982; Dias and Payatakes, 1986; Rajaramet al.,
1997) though our focus is on the less well-studied limit (e.g., Constantinides and
Payatakes, 1996) of steady-state conditions. Here, we consider only the motion of
discrete non-wetting bubbles so that we can focus on hydrodynamic processes.

The presence of a bubble in a pore affects the flow in that pore. Thus, as bubbles
pass through a porous material the local resistance to flow in each pore changes
with time. Bubbles, therefore, can interact with each other by changing the spatial
distribution of pressure gradients and flow, and network simulations allow us to
determine the importance of nodes in flow pathways. Because of the nonlinear
relationship between the pressure drop across a bubble and the speed of the bubble,
our problem is nonlinear and computational requirements limit us to considering
networks with less than a few hundred tubes. Nevertheless, we are able to simulate
large enough networks to determine the effect of model parameters on flow and
bubble motion.

2. Model

We begin by reviewing some ‘classical’ results on the movement of a single bubble
and a train of bubbles in single straight tube. We then use these results to construct
a theoretical model of bubble-traffic flow. We consider only the motion of discrete
bubbles that are separated from pore walls by a thin film of fluid. We can thus
focus entirely on hydrodynamic processes and ignore contact line dynamics and
other physicochemical processes. The approach is conceptually similar to that in
droplet train models (e.g., Foulseret al., 1991; Babchin and Yuan, 1997), however,
the bubbles are not required to move at the same speed as the fluid.

2.1. THE MOTION OF LONG BUBBLES IN A TUBE

Consider the forced, steady displacement of a bubble in a tube. The viscosity of
the bubble is assumed to be negligible and the Reynolds number of the associated
liquid displacement is small. In the limit that the bubble is infinitely long, Brether-
ton (1961) found that the speed of the bubbleu exceeds the average speed of the
suspending fluid by an amountuw, with

w ' 1.29(3Ca)2/3 as Ca→ 0. (1)
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Here, Ca denotes the capillary number

Ca= µu

σ
, (2)

whereµ is the dynamic viscosity of the suspending fluid, andσ is the interfacial
tension between the bubble and suspending fluid. The pressure drop1Pb across
the bubble is given by

1Pb ' 3.58
σ

r
(3Ca)2/3 as Ca→ 0, (3)

wherer is the radius of the tube.
Ratulowski and Chang (1989) found the next-order correction to Equation (3):

1Pb ' σ

r
[3.58(3Ca)2/3− 9.07Ca0.95]. (4)

Bretherton’s first-order approximation is a useful approximation up to Ca' 10−2,
whereas the second-order approximation of Ratulowski and Chang can be useful
for Ca up to 10−1. Ratulowski and Chang (1989) also extended Bretherton’s ana-
lysis to bubbles of finite length and found that the above results for infinite bubbles
are adequate approximations for bubbles with volumesVb larger thanVc:

Vb > Vc = 4
3πr

3, (5)

wherer is the radius of the tube. Furthermore, numerical and experimental results
show that the speed of infinitely long bubbles is a good approximation for bubbles
of finite length ifVb > 0.95Vc (Olbricht, 1996). Finally, Ratulowski and Chang
(1989) studied trains of identical bubbles in a tube and concluded that each bubble
in such a train behaves as an isolated bubble. The results of Ratulowski and Chang
thus justify the use of Bretherton’s formulas to construct a model of bubble flow in
a network of tubes.

Other related studies have considered the effects of the presence of surfactants
(Ratulowski and Chang, 1990; Borhan and Mao, 1992), a finite viscosity of the
non-wetting fluid (Teletzkeet al., 1988), and the motion of bubbles in noncircular
tubes (e.g., Wonget al., 1995a,b). The motion of long gas bubbles is strongly af-
fected by surfactant on the interface (Heet al., 1991). Indeed, Marangoni stresses
and changes in the boundary conditions on the surface of the bubbles, both due
to the presence of surfactant, can account for the difference between theoretical
results and experimental measurements (Olbricht, 1996). These results could, in
principle, be used in place of those of Bretherton (1961) in our model.

The thicknessh0 of the film between the tube wall and bubble is

h0 = 0.643r(3Ca)2/3. (6)

Nonhydrodynamic forces, such as van der Waals forces, typically become
dynamically important for lengthscales less than about 10–100 nm. For a tube with
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Figure 1. Network of tubes ford = 4.

r = 1 mm, nonhydrodynamic effects should thus be negligible for Ca> O(10−6).
We also assume that the motion of the bubbles makes the film hydrodynamically
stable, and suppresses gravitational and capillary instabilities (e.g., Babchinet al.,
1983; Frenkelet al., 1987). At Ca greater than some critical value, typically≈ 1,
bubbles can undergo transient deformations and break into smaller bubbles (e.g.,
Olbricht and Kung, 1992; Borhan and Pallinti, 1999).

2.2. MODEL DESCRIPTION

We represent the porous medium by a network of tubes (see Figure 1) across
which an applied pressure difference transports the bubbly liquid from reservoir 1
to reservoir 2. We perform simulations in square networks of different sizes. We
define the dimensiond of the network as the number of tubes on the sides that are
not formed by the reservoirs so that the total number of tubes is 2d2. The dimension
of the network in Figure 1 is thus four.

Tube radii are chosen by a random number generator according to the distribu-
tion shown in Table I; the standard deviation is 1/4 of the mean value (r̄). We let the
tube length be a constant equal to 21.8 times the mean tube radius. The distribution
of radii and relative tube length are the same as those used in the experimental
study of Avraam and Payatakes (1995).

The model is characterized by two physical parameters, the capillary number
(Ca), and the volume fraction of bubbles (φ). Becauseu in Equation (2) is not a
constant in the network, we define the ‘overall capillary number’Ca as the average

Table I. Probability distribution of tube radii (r̄ is the mean tube
radius)

Radius r̄/2 3r̄/4 r̄ 5r̄/4 3r̄/2

Frequency of appearance (%) 16 21 26 21 16
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of Ca over all tubes that contain bubbles. In our simulations, we assume that all
the bubbles have the same volumeVb. For the Bretherton (1961) results to apply
for all bubbles, the bubble volume must be smaller than the volume of the thinnest
tube and greater than 0.95Vc in the widest tube (Olbricht, 1996). We use the value
Vb = 4π(1.5r̄)3/3 for all bubbles in all of our simulations. The time-dependent
average timeT between two bubbles entering the network at one of thed + 1
entrance points is determined byφ – a fixed parameter for each simulation – and
the time-dependent total flux. We use random numbers to generate a distribution of
times between two bubbles with all times between 4T /5 and 6T /5 being equally
probable.

At small Reynolds numbers, the dischargeQ of a fluid through a straight circu-
lar tube of lengthl is given by

Q = πρr4

8µl
1P, (7)

where1P is the pressure difference across the tube, andρ is the fluid density. For
a tube containing bubbles, the discharge becomes

Q = πρr4

8µl∗

[
1P −

∑
bubbles

1Pb(Q)

]
, (8)

wherel∗ is the length of the tube minus the lengths of the bubbles in it, and1Pb(Q)

is the pressure drop across one bubble, given by (3). Note that1Pb depends on Ca.
Ca, in turn, depends on the average speed of the bubble in the tube. The speed of
the bubblesu is related by

v = (1− w)u (9)

to the average speed of the suspending (wetting) fluidv, which is given by

v = Q

ρπr2
. (10)

Thus,1Pb depends onQ, and so doesw. Substituting (9) and (10) into (1) yields

w(1− w)2/3 = τ (11)

with

τ = 1.29

(
3µ

σ

1

ρπr2

)2/3

Q2/3. (12)

Expansion into a power series gives, to the second order,

w = 3
4

(
1−

√
1− 8

3τ

)
. (13)

Thus,1Pb can be obtained using (13), (1) and (3).
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We can write Equation (8) in the form

Q = πρr4

8µl∗

[
1−

∑
bubbles

1Pb(Q)

1P

]
︸ ︷︷ ︸

conductivity

1P. (14)

In this form, we can see the analogy between the discharge through a tube and the
electric current through a conductor. The conductivity, however, depends on the
discharge and the pressure drop. The tube can thus be compared to an electrical
conductor whose conductivity depends on the current and the voltage drop. The
nonlinearity of (14), a feature not characteristic of some multiphase network mod-
els (e.g., Constantinides and Payatakes, 1996; Rajaramet al., 1997), provides some
numerical challenges and limits the size ofd and the number of tubes. Numerical
details are provided in the Appendix.

We monitor the position of each bubble in the network. The equations described
previously are used to calculate the flux in all of the tubes for a given configuration
of bubbles. We then calculate the time it would take for each of the bubbles to
reach the end of a tube, and advance all the bubbles the distance defined by their
respective speeds multiplied by the shortest of these times. We thus arrive at a
situation where at least one of the bubbles has reached a node in the network. Once
again, we use random numbers to determine which new tube the bubble will enter.
The probability of going into a given tube is assumed to be proportional to the flux
in that tube. The results of experimental and numerical studies on the partitioning
of particles and drops at bifurcations indicate that the actual distribution is more
complicated and depends on the form of the node and the particle volume frac-
tion (e.g., Ditchfield and Olbricht, 1996; Manga, 1996). In particular, suspended
particles favour the high-flow branches to a greater extent than predicted by the
above criterion. If a general law describing this distribution should be found in
more systematic studies, it could easily be incorporated into our model. We will
see, however, that the detailed partitioning rules have a small effect on macroscopic
properties of the two-phase flow.

If the shortest of the times the bubbles would need to reach the end of their
tubes is greater than the time until the next bubble enters the network, then the
latter time is used to advance the bubbles. Once the bubbles have been moved, the
new bubble is added.

Finally, in our simulations we do not account for the possibility of bubble break-
up or coalescence. In bubble trains where two bubbles are separated only by a thin
lamella of the suspending fluid, coalescence has been observed experimentally to
be a very rare event (Ratulowski and Chang, 1989). The break-up of a bubble is
most likely when it passes through a constriction. At the center of a constriction,
the radius of curvature of the interface between the two fluids is reduced. Surface
tension therefore drives the suspending fluid into a growing collar at the centre of
the constriction. Eventually this collar can become large enough to form a lamella
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of suspending fluid that separates the bubble into two smaller bubbles. While our
tubes are straight there are still constrictions in our model porous material at the
nodes where tubes of different diameters meet. The main objective of the present
study, however, is to investigate the implications of the results regarding a single
bubble in a single tube for a larger number of bubbles in a network of tubes,
and not to construct a comprehensive theory of porous media that can account
for all possible effects. Nevertheless, if an easily parameterized theory describing
the break-up of bubbles at nodes is developed, break-up could be incorporated into
our simulations.

At this point we should comment on why numerical simulations are necessary
for this problem. At large Ca the difference between the bubble speed and mean
fluid speed can be large, about 10% for Ca≈ 10−2. At small Ca, the difference
between the bubble and fluid speed is small; however, the pressure drop across a
bubble in a tube will be a substantial fraction of the total pressure drop, and the
bubble will thus have a large effect on the flow.

3. Results and Discussion

We begin our simulations with a network free of bubbles. A certain time after the
bubbles enter the network a ‘steady state’ is reached in which the flow rate as well
as other physical quantities fluctuate around a mean value, as shown in Figure 2.
The flux does not only depend on the number of bubbles in the network: there is
no correlation between the fluctuations of the number of bubbles in the network
and the flux through the network (correlation coefficient' 0.1). All results are
presented in dimensionless form, with times normalized byr̄/ū, whereū is the
mean bubble speed.

We characterize our simulations by determining dimensionlesseffective per-
meabilitiesas a function ofCa andφ. We define the effective permeabilitykeff as
the flux in the presence of bubbles divided by the flux through the same network at
the same pressure difference if no bubbles are present.keff is based on the average
flux in steady state. In order to help interpret our results in terms of bubble inter-
actions and dynamics, we made animated movies that show the relative fluxes in
each tube as well as the position of each bubble. Copies of the animated video are
available from the authors.

3.1. EFFECTS OF NETWORK GEOMETRY AND DIMENSION

As the execution time of our simulations is a rapidly increasing function of the net-
work dimension (see Appendix), we are limited to relatively small networks with
up to several hundred tubes. We must therefore determine the extent to which such
small networks are representative of the immense networks found in macroscopic
porous media. We use random numbers to generate several different networks
of a given dimension. All the tubes in all the networks are chosen according to
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Figure 2. Evolution of (a) flow rate and (b) number of bubbles in the network as a bubbly
fluid is introduced into a network. Hered = 8, φ = 10%, andCa ' 1.4× 10−4. Time is
normalized bȳr/ū.

the distribution of probabilities listed in Table I. Figure 3 showskeff for different
network dimensions for the caseφ = 5% andCa ' 1.33× 10−4. Each cross
represents one particular network and each circle the mean value for all networks of
a given dimension. The mean values ofkeff for the different dimensions are similar,
but the values for the individual networks are widely scattered, especially at low
dimension. One of the reasons for this is that the actual distribution of radii in the
networks can be quite different from the distribution of probabilities used to create
the networks. A network withd = 2, for example, consists of only eight tubes, and
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Figure 3. Effective permeability of different networks forφ = 5% andCa' 1.33× 10−4.
The circles show the mean value for all networks at each dimension.

this number is too small to obtain a representative sample of radii. Network number
4d, for example, is such that, when no bubbles are present, more than two thirds
of the liquid that enters the network leaves through one of the five exit tubes. The
capillary number in that tube is more than twice the overall capillary numberCa.
As the flux through the entire network is heavily influenced by what is happening in
that one single tube, the results obtained for network number 4d are very different
from those obtained for the other networks, even ifCa is the same for all networks.

Figure 4 shows the results of a series of simulations made atφ = 5% with
network number 4a and a corresponding series of simulations made with network
number 2a. The points for these two networks do not lie on the same curve, but the
two curves are close to each other and, more importantly, they have the same form
despite the fact that the number of tubes in these two networks differ by a factor of
four. With these small networks we may not be able to obtain exact predictions of
physical parameters such askeff, but we still can investigate the general form of the
laws describing the evolution of physical parameters under changing conditions.

3.2. EFFECTS OF PARTITIONING CRITERIA

As bubbles arriving at nodes might favour the high-flow branches to a greater extent
than predicted by our standard criterion (Ditchfield and Olbricht, 1996; Manga,
1996), we also investigate the effect of the partitioning criterion for bubbles at a
node. Figure 4 also shows the results of a series of simulations made using the
‘highest-flow criterion’. In these simulations a bubble arriving at a node goes into
the tube with the highest flow rate away from the node. The points representing
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Figure 4. Comparison of results obtained using networks of different dimensions, and
different criteria to determine the partitioning of bubbles at nodes;φ = 5%.

these simulations are nearly coincident with the points representing the simulations
made under the same physical conditions and using the same network but with
the standard criterion described in Section 2.2. We observe that bubbles have a
tendency to end up in the high-flow tubes even if the standard criterion is used. It
is thus not astonishing that the use of the highest-flux criterion does not affect the
results in a drastic manner. A revision of the criterion might become important if
studies of the behaviour of bubbles at trifurcations should show that the low-flux
pathways are preferred under certain conditions.

3.3. EFFECTS OFCaAND φ

The effective permeability of network number 4a is shown in Figure 5 for different
capillary numbersCa and volume fractionsφ. At fixed φ, keff is an increasing
function ofCa. Mathematically this can be understood from Equations (3) and (7).
The pressure drop across a bubble is proportional to Ca2/3, whereas the pressure
drop across a column of the suspending fluid is proportional to Ca. As can be seen
from (10), the pressure drop across the rest of the tube is proportional toQ and
therefore proportional tov. Asw is always close to zero (especially at small Ca),
u andv are nearly the same. At low Ca,1Pb is thus greater than the pressure drop
across a column of the suspending fluid of the same length as the bubble, and it
is more difficult to drive the suspension through the network than the suspending
fluid. Consequently,keff is less than one. Physically, a low Ca means that surface
tension forces are large compared to viscous forces. Surface tension at the interface
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Figure 5. Effective permeability of network number 4a as a function ofφ and Ca. The
continuous curves represent the predictions for a single unbranched tube, Equation (21).

between the bubble and the suspending fluid offers more resistance to the pressure
difference applied between the two reservoirs than the viscous suspending fluid.
At high Ca,1Pb becomes small compared to the pressure drop across a column
of the suspending fluid of the same length. Now most of the pressure drops at
the parts of the tubes filled with the suspending fluid. This situation is similar to
the case in which no bubbles are present, but the tubes that do contain bubbles
appear shorter as the parts occupied by bubbles have a negligible contribution to
the pressure drop.keff is almost constant, but greater than one. Physically, a high Ca
means that surface tension forces are small compared to viscous forces. If viscous
effects dominate, it is easier to drive a viscous fluid containing relatively inviscid
bubbles through a network than to drive the pure viscous fluid through it.

The curves for differentφ all appear to meet near one point atkeff ' 1 and
Ca ' 6 × 10−3. There must be a ‘critical’ value of Ca (denoted Cacr) at which
the pressure drop across a bubble is the same as the pressure drop across a column
of the suspending fluid of the same length. This Cacr depends on the radius of the
tube in question. In a network made of tubes of different diameters there might
still be a value ofCacr at which the time-averaged pressure drop across a bubble is
equal to the corresponding pressure drop across a column of the suspending fluid.
This Cacr should be independent of the volume fraction as the number of bubbles
is unimportant if bubbles and liquid are ‘indistinguishable’. At all other values of
Ca more bubbles should have a greater effect than few bubbles, and the data points
for higherφ in Figure 5 are further away fromkeff = 1 than those for lowerφ.

We can estimate the value ofCacr at which bubbles and the suspending fluid are
indistinguishable. Equations (3) and (7) give the pressure drop across a column of
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the suspending fluid and a bubble in a tube of given radius. On the assumption that
w is small,u andv are almost identical and the two pressure drops can be expressed
as functions of Ca. Equating the two pressure drops leads to the condition

Cacr =
(

0.93
π

Vb

)3

r9. (15)

If we let r = r̄ (i.e., the average radius of the tubes in our network) we find Cacr =
8.6× 10−3, which is close to the value ofCacr estimated from Figure 5.

Finally, we compare the behaviour of our network with a train of bubbles in a
single tube at the sameφ. ConsiderNb bubbles of volumeVb in a tube of lengthl
and radiusr. From geometric considerations we obtain

Nb = φπr2l

Vb
, (16)

and the length of the tube minus the combined lengths of the bubbles in it is

l∗ = l(1− φ). (17)

In order to calculate the effective permeability, we begin with the condition that
the pressure drop1P across the tube in the absence of bubbles is the same as the
sum of the total pressure drop across the bubbles,6Pb, and the total pressure drop
across the regions filled with the suspending fluid,6Pw:

1P = 61Pb+61Pw. (18)

Assuming that the speed of the bubblesu is close to the average speed of the liquid
v, we have

Ca= µ

σ

Q

ρπr2
. (19)

Substituting (3), (7) and (19) into (18) yields

8µl

πρr4
Q0 = 8µl∗

πρr4
Q+Nb 3.58

σ

r

(
3
µ

σ

Q

ρπr2

)2/3

, (20)

whereQ0 is the flow rate in the absence of bubbles. Dividing (20) byQ and using
keff = Q/Q0 we obtain

keff = 8

[
8(1− φ)+ φπr

3

Vb
· 3.58 · 32/3Ca−1/3

]−1

. (21)

Notice that (21) does not depend on the length of the tube.keff given by (21) is
shown with the continuous curves in Figure 5 for bubbles with the same volume
(relative tor̄) as those used in the numerical simulations.

The predictions for one tube and the predictions of our network simulations
are remarkably close, especially at highCa and lowφ. This is consistent with the
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observation that the bubbles tend to end up in high-flow pathways. These high-flow
pathways winding through the network can be compared to a bundle of straight
and independent capillary tubes, despite the fact that they can contain some tubes
that are perpendicular to the main direction of the flow and that tubes are inter-
connected. While there is a small flux of the suspending fluid from one high-flow
pathway to another, most of the bubbles remain on a given high-flow pathway.
This phenomenon is especially marked at lowφ, that is, when few bubbles are
present. At higherφ, the interactions between individual bubbles become more
important. At lowCa, the presence of one or more bubbles on a high-flow pathway
can significantly reduce the flow through that pathway. Other bubbles are thus more
likely to leave that high-flow pathway, and the presence of nodes enables bubbles
to avoid congested pathways. At fixedCa, we thus expect the differences between
our simulations and the predictions for one single capillary tube, Equation (21), to
increase asφ increases. At fixedφ we expect the differences between simulations
and predictions to decrease asCa increases. These two trends can be observed in
Figure 5.

3.4. RESIDENCE TIME OF BUBBLES IN THE NETWORK

The interaction phenomena described previously also affect the time it takes for
individual bubbles to traverse the network. We define the transit time or residence
time of a given bubble as the time the bubble spends in the network. Figure 6
shows histograms of the residence times of bubbles in two simulations made using
the same network (number 4a) andCa = 2.0× 10−4, but with different volume
fractions (φ = 1% and 10%). The form of the two histograms is similar; however,
the distribution of residence times for the higherφ simulation is wider. In partic-
ular, a greater fraction of bubbles have shorter transit times, and the tail of the
distribution is extended. The shorter transit times reflect the increased flux through
the highest flow pathway due to bubbles ‘blocking’ the low-flux (and thus low Ca)
tubes. The long transit times are due to bubbles that are forced into these low-flow
tubes. The (dimensionless) mean transit times, nevertheless, are similar: 123 and
118 for theφ = 1% and 10% simulations, respectively. In animated videos we
can also observe ‘trapped’ bubbles, that is, bubbles that enter, but do not leave,
low-flow tubes.

4. Concluding Remarks

The present study is motivated by a desire to extend results based on bubbles in a
single tube to a network of tubes that is more representative of real porous mater-
ials with connected porosity. Here we have considered dilute suspensions of long
bubbles that are not permitted to coalesce and break-up. In principle, given appro-
priate parameterizations for coalescence, break-up, and partitioning at nodes, more
realistic and complicated phenomena involving suspensions can be simulated. Un-
fortunately, the nonlinear relationship between the flux and capillary number limits
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Figure 6. Histogram of the residence times of bubbles in simulations made atφ = 1% and
10% (bold lines and shaded bars, respectively). In both casesCa' 2.0× 10−4. Histograms
are normalized by the number of bubbles counted (3.4×104 and 5.6×103 for the simulations
with φ = 1% and 10%, respectively). Inset shows the tails of the residence time distributions.
Time is normalized bȳr/ū.

the size of the networks that can be simulated. Our network simulations, how-
ever, allow us to obtain information that is difficult to obtain experimentally. For
example, the distribution of transit times for steady flows would be difficult to de-
termine in experiments (though breakthrough curves can be generated for transient
problems).

Models for single phase flow in porous materials that represent the material as
a bundle of independent tubes lead to simple analytical expressions that describe
many aspects of real flows. Our results show that this simple geometrical model can
be extended to include aspects of the flow of bubbly liquids through porous media
at low bubble volume fractions. This extension leads to approximate analytical
equations than could be useful for certain applications.

Appendix

In electronics, all currents and voltage drops in a network of resistors can be cal-
culated using Kirchhoff’s rules. These rules, which are essentially a restatement of
the conservation of electric charge and of energy, provide a complete set of linear
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equations that can be solved by performing a matrix inversion. Using the analogy
between a tube containing bubbles and a resistor, Equation (14), we can apply
Kirchhoff’s rules to our network of tubes. In terms of this analogy, the conservation
of electric charge corresponds to the conservation of fluid mass. But the equations
we obtain are no longer linear as the conductivities are now complicated functions
of the flux and the pressure drop. The standard techniques used to solve systems
of linear equations, such as matrix inversion are no longer sufficient, and require
suitable iterative algorithms (e.g., Lenormandet al., 1988; Mogensen and Stenby,
1998). In this appendix, we outline the approaches we use to determine the flux
and pressure distribution in the network for a given configuration of bubbles.

We choose a set of conductivities to start the iteration process, e.g., the con-
ductivities the tubes would have if no bubbles are present. We then solve the
corresponding system of linear equations to obtain the fluxesQ and the total pres-
sure drop across the bubbles (

∑
bubbles1Pb(Q)) in each tube corresponding to these

fluxes. For each tube we thus obtain a new conductivity that can be used as input for
the next iteration. Hopefully, the differences between the currents calculated in two
successive iterations become smaller with each step, and the algorithm converges.

In most cases, the changes of the fluxes from one timestep to another are very
local. That is, when a bubble enters a new tube the fluxes in its immediate vicinity
are affected, but in general, the impact on the fluxes in tubes far away from the
bubble is small. Thus, it is much more efficient to use the solution of the previous
timestep as input for the first iteration. The conductivity of tubes that no longer
contain bubbles in the new timestep is set to the ‘no bubble’-value.

This simple procedure would be very effective if the pressure drop across the
bubbles is a small correction to the pressure drop across the rest of the tube. This
is not necessarily the case. On the contrary, we encounter many configurations in
which the pressure drop across the bubbles in a given tube is more than one hundred
times higher than the pressure drop across the rest of the tube. The pressure drop
across a bubble is proportional to Ca2/3 for the corresponding tube and, as can
be seen from the definition of Ca, proportional tou2/3. The pressure drop across
the rest of the tube is proportional toQ and therefore proportional tov. As Ca
decreases, the pressure drop across a bubble therefore increases faster than the
pressure drop across the rest of the tube. Even whenCa is large, there can still be
some tubes in which the flow is very slow, i.e., locally the capillary number can
still be very small.

In most cases the simple iteration procedure described above does not converge.
Two specific improvements allow us to find a useful numerical solution for all
configurations of bubbles except some very rare problematic situations at highφ.

1. When a bubble enters a new tube, the flux in the tube the bubble leaves is likely
to increase, and the flux in the tube the bubble enters is likely to decrease.
If we use the solution of the previous timestep as the starting point for our
iterations, the flux in the tube the bubble enters is overestimated. Consequently,
the pressure drop across the bubbles in that tube is also overestimated. In some



216 JAN STARK AND MICHAEL MANGA

situations it is so severely overestimated that the new conductivity calculated
by the iterative process would be negative. Experience shows that finding a
solution is particularly complicated when this problem occurs in several tubes
at the same time. The solution to this problem, that works most of the time,
comes from electronics. Fragile electronic components frequently have to be
protected from high currents that would destroy them. This can be achieved
usingprotective resistorsthat increase the total resistance of a fragile circuit
and thereby reduce the current that flows through it. We apply the same concept
to our problem: we initially do not only lower the conductivity of the tube
that causes the trouble, but also the conductivity of the tubes that are directly
connected to it.

2. There is a nonnegligible number of configurations in which the ‘protective
resistors’-method does not lead to convergence. In these cases we use a differ-
ent approach that turns out to be very powerful, but also requires an enormous
number of iterations. It could be summarized as ‘cutting the trouble tubes out
and making them reappear slowly’. The conductivities of the tubes in which the
problem appeared are assigned values very close to zero, and the solution for
this new configuration is calculated using the above techniques. This solution
is then used as input for a new iteration process in which the conductivity of
the trouble tubes is subsequently increased in very small steps. At the end of
this process the conductivities of the trouble tubes are allowed to evolve freely
again.

For many configurations a solution can be found in as few as 10 iterations. In
a few cases up to several tens of thousands of iterations can be required. Not only
can convergence be slow, it is often necessary to try several variants of the iterative
algorithm to achieve convergence. Each iteration requires one matrix inversion.
The time required for a matrix inversion is approximately O(N3), whereN is
the dimension of the square matrix to be inverted. We need as many equations as
there are tubes in our network, and the number of tubes is O(d2), so that the total
computational effort per inversion is O(d6). Profiling indicates that our simulation
times are largely dominated by matrix inversion. Typical running times are 2 h at
d = 4 and several days atd = 8 on a Sun Ultra Sparc processor, with computation
time increasing asφ increases and Ca decreases.
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