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Abstract

The shear viscosity of a suspension of deformable bubbles dispersed within a Newtonian ¯uid is calculated as a function of

the shear rate and strain. The relative importance of bubble deformation in the suspension is characterized by the capillary

number (Ca), which represents the ratio of viscous and surface tension stresses. For small Ca, bubbles remain nearly spherical,

and for suf®ciently large strains the viscosity of suspension is greater than that of the suspending ¯uid, i.e. the relative viscosity

is greater than 1. If Ca . O(1) the relative viscosity is less than one. In the limit that Ca! 1 (surface tension is dynamically

negligible), numerical calculations for a suspension of spherical bubbles agree well with the experimental measurements of

Lejeune et al. (1999, Rheology of bubble-bearing magmas. Earth Planet. Sci. Lett., vol. 166, pp. 71±84). In general, bubbles

have a modest effect on the relative viscosity, with viscosity changing by less than a factor of about 3 for volume fractions up to

50%. q 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The vesiculation of a magma affects its chemical

composition and rheological behavior. For example, it

is well known that the exsolution of water to form

bubbles will increase the viscosity of the melt. The

effects of bubbles on the rheology of magmas,

however, are not as well characterized. For instance,

the experimental measurements of Stein and Spera

(1992) suggest that the presence of bubbles may

increase the viscosity of the suspension, whereas

other experimental measurements suggest that the

viscosity may decrease (Bagdassarov and Dingwell,

1992; Lejeune et al., 1999).

The analysis of the mechanical properties of

suspensions originated with a study by Einstein

(1906). In a dilute suspension, one in which the

suspended particles are suf®ciently well separated

that they do not interact hydrodynamically, the rela-

tive viscosity can be written as:

mrel ;
shear viscosity of suspension

shear viscosity of the suspending fluid

� 1 1 ff: �1�

Here f is the volume fraction of the dispersed phase,

and f is a constant that depends on the properties of

suspended particles. For rigid spheres, Einstein (1906)

found that f � 5=2 if the Reynolds number based on

the particle size is small (assumed to be the case for

the rest of this paper). For bubbles that remain sphe-

rical due to surface tension, Taylor (1932) found that

f � 1; that is, m rel increases by an amount equal to the
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volume fraction of bubbles. At higher volume frac-

tions, interactions between the dispersed particles will

affect m rel, and Eq. (1) may no longer be a good

approximation for m rel(f ).

In a suspension of bubbles, deformation of the

bubbles will also affect m rel. Bubble deformation

depends on the relative magnitude of shear stresses

that act to deform bubbles compared with surface

tension stresses that act to keep bubbles spherical.

The ratio of these two stresses is usually characterized

by a dimensionless number called the capillary

number:

Ca ;
viscous tresses

surface tension stresses
� m _ga

s
: �2�

Here _g ; m , a and s are the shear rate, suspending ¯uid

viscosity, bubble radius, and surface tension, respec-

tively. A ªbubbleº is de®ned as any void ®lled with

¯uid that is much less viscous than the suspending

¯uid.

Manga et al. (1998) calculated m rel for suspensions

of interacting and deforming bubbles in the limit of

small bubble deformation �Ca # 0:3�: Many magmas,

however, have Ca q 1 due to their large viscosities

(see table 1 in Manga et al., 1998). The purpose of this

short communication is to extend the numerical

results to the limit that surface tension becomes dyna-

mically negligible. The numerical results agree with

recently published experimental data in Lejeune et al.

(1999).

2. Numerical calculations

The purpose of the numerical calculations is to

determine the effects of bubbles on the relationship

between the average rate-of-strain and stress tensors,
�Gij and �Tij; respectively. Numerical calculations are

performed using the boundary integral numerical

techniques described in Loewenberg and Hinch

(1996). In the numerical simulations, we apply a

given rate of simple shear to the suspension (e.g.
�G12 � _g and the other components of �Gij are zero)

and calculate �Tij: Eqs. (7)±(9) in Manga et al.

(1998) show how �Tij is calculated. The relative visc-

osity is then given by:

mrel � �T12 =m �G12: �3�
We consider two model problems. For the limit of

dilute suspensions, we determine fm in Eq. (1) by

calculating the deformation of a single bubble and

the bubble's effect on the stress tensor (Fig. 1a). For

larger concentrations we place 8 or 20 deformable

bubbles in a triply periodic cell (Fig. 1b). The shape

of each bubble is represented numerically by a grid of

320 and 1620 triangles for the suspension and single

bubble simulations, respectively. In a dilute suspen-

sion, f � 25=3 for spherical bubbles in the limit of

vanishing interfacial tension (Dewey, 1947; Eshelby,

1957). The numerical calculations for a spherical

bubble (and g � 0� give 21.646 and 21.662 for

bubbles represented by 320 and 1620 triangles, i.e.

errors are 1.3 and 0.26%, respectively.

At high Ca bubbles develop pointed ends, and the

numerical dif®culty of resolving the high curvature of

the bubble surface limits the strains we can compute.

Nevertheless, we can still achieve strains of about 1,

and thus larger than the strains often used in experi-

mental rheological measurements (e.g. Bagdassarov

and Dingwell, 1992; Lejeune et al., 1999). Such
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Fig. 1. Geometry of the two problems considered in this study: (a) single bubble; and (b) random suspension.



strains are also large enough to achieve a quasi steady-

state for Ca , O(1). The upper value on f (40%) is

governed by the maximum number of initially sphe-

rical bubbles of uniform size we can randomly posi-

tion inside each unit cell.

By mathematical analogy, the effective shear visc-

osity of suspensions can be equated to the shear modu-

lus of elastic composites in which inclusions are

contained within an incompressible matrix. The

analogy has limits, however, because the boundary

conditions that apply on the surface of bubbles and

inclusions will only be the same in the limit of vanish-

ing surface tension. The analogy has some additional

limitations if the suspension is not dilute: the effective

viscosity depends on the particle distribution, and in a

¯uid, hydrodynamic interactions between suspended

particles affect their spatial distribution. In the discus-

sion that follows, we compare our numerical calcula-

tions with various elasticity results, noting that the

latter can apply only in the limit that Ca! 1:

3. Results and discussion

First we consider dilute suspensions. Fig. 2 shows f

in Eq. (1) as a function of shear (g ) for various shear

rates (proportional to Ca). For comparison we show

the analytical results for spherical bubbles � f � 1�
and spherical inclusions (no surface tension:

f � 25=3�. Because the magnitude of bubble defor-

mation scales with Ca, f for low Ca bubbles

approaches the spherical-bubble limit. The difference

between the spherical-bubble and spherical-inclusion

results is due to the different boundary conditions that

apply on the bubble surface. The spherical-bubble

result of Taylor (1932) is appropriate for small Ca

and suf®ciently large strains that the deformation

has reached a steady value (e.g. see curve for Ca �
0:1 in Fig. 2). In this case, the component of velocity

normal to the bubble surface is zero. In contrast, the

inviscid spherical-inclusion result relaxes the zero

normal velocity boundary condition and such bubbles

would thus be deformed by the ¯ow. In Fig. 2 the

bubbles only reach a steady shape, and thus a steady

value for f, if Ca # 1: For larger Ca, once strains are

greater than about 1, we are unable to accurately

compute the highly distorted bubble shapes. Never-

theless, the results for Ca q 1 are similar to the

spherical-inclusion result over the range of strains

we have been able to study.

Fig. 2 illustrates two general properties of bubbly

suspensions. First, bubbly ¯uids are shear-thinning,

that is, as the shear rate (Ca) increases, m rel decreases.

Second, m rel can be greater than 1 if Ca is suf®ciently
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Fig. 2. Relative viscosity (f de®ned in Eq. (1)) as a function of strain in the dilute limit (Fig. 1a). Numbers on the curves are the values of Ca. The

upper dashed line is the analytical result for a dilute suspension of spherical bubbles; the lower dashed line is the analytical result for a dilute

suspension of spherical inclusions (no surface tension). The three bubble shapes are shown for strains of 1.2.



small that bubbles remain nearly spherical. However,

m rel can be less than 1 if Ca is large enough that

bubbles can become highly deformed. For reference,

examples of bubble shapes are also shown in Fig. 2.

We now consider more concentrated suspensions.

Fig. 3 shows m rel as a function of strain for various

shear rates. The volume fraction is set to 30%. In the

calculations with Ca � 0:1 and Ca � 0:3 the unit cell

in Fig. 1b contains 8 bubbles and in the other simula-

tions the unit cell contains 20 bubbles. Again, as Ca

increases, m rel decreases, and m rel can be either .1 or

,1. For f � 30%; m rel increases about 30% for nearly

spherical bubbles �Ca! 0�; and decreases about 40%

if surface tension is dynamically negligible �Ca!
1�: Again, numerical limitations prevent the calcula-

tions from reaching steady-state if Ca is greater than

about 1.

Finally, Fig. 4 shows m rel for a suspension of sphe-

rical bubbles (in®nitesimally small strains) and Ca q

1 (surface tension does not affect m rel). This limit is

analogous to the elasticity problem, as discussed in

Section 2. Manga et al. (1998) suggested that in the

limit of vanishing surface tension forces �Ca! 1�;
mrel � 1 2 f if we assume that the bubbles do not

affect the ¯ow and viscous dissipation thus only

occurs in the liquid phase that occupies a volume

fraction of 1 2 f: This result is analogous to the so-

called Voight bound or Voight average which

assumes that strain is uniform in the composite (e.g.

Watt et al., 1976). In Fig. 4 we show this Voight

average, along with the Hashin±Shtrikman upper

bound (Hashin and Shtrikman, 1963):

mrel � 1 2
5f

3 1 2f
: �4�

The Hashin±Shtrikman lower bound is mrel � 0:

Finally, we include an extrapolation of the dilute

limit (Dewey, 1947; Eshelby, 1957). In general, the

numerical results for a suspension of randomly posi-

tioned spherical bubbles follow the form of the

Hashin±Strikman upper bound. Deviations of the

numerical results from the extrapolation of the dilute

limit are due to the mutual interaction of bubbles.

Fig. 4 also shows the experimental measurements

of Lejeune et al. (1999). In these experiments, Ca q 1

and the total strains are between 0.05 and 0.40. Thus a

comparison with spherical bubble results in the limit

of vanishing surface tension should be a reasonable

approximation. Deformation of the bubbles, even in

the limit of large Ca will still affect m rel (see curves for

Ca � 100 in Figs. 2 and 3) though changes are small.

In Fig. 4 we have omitted Lejeune et al.'s experimen-

tal data obtained at temperatures less than 108C higher

than the glass transition temperature because our
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Fig. 3. Relative viscosity as a function of strain for a random suspension (Fig. 1b). Numbers on the curves are the values of Ca. Volume fraction

is 30%.



simulations assume that suspending ¯uid is a

Newtonian ¯uid. Near and below the glass transition

temperature, microstructure within the liquid phase

may interact with the bubbles and affect m rel (Lejeune

et al., 1999). Indeed, the temperature-dependence of

m rel in the experimental data suggests this to be the

case. Spera and Stein (2000), however, argue that the

data of Lejeune et al. (1999) suggest that m rel is inde-

pendent of temperature and monotonically decreases

as f increases. In general, Fig. 4 shows that the agree-

ment between the theoretical and experimental results

is good.

4. Concluding remarks

The relative viscosity of bubbly magmas depends

on both the shear rate (i.e. Ca) and the total strain

(which affects bubble shape). The theoretical results

presented here and in Manga et al. (1998), as well as

the experimental results of Lejeune et al. (1999),

suggest that bubbles may increase or decrease m rel

by a factor of less than about 3 for volume

fractions less than 50%. The magnitude of the effect

of bubbles is thus small compared to viscosity

changes magmas might experience due to the loss

of volatiles, crystallization, or cooling. However,

neither the experimental results of Lejeune et al.

(1999), nor our numerical results, achieve large

enough strains that a quasi-steady state is reached

for large Ca.

Although m rel may not change ªsigni®cantlyº due

to the presence of bubbles, vesiculation may still have

a large effect on magmatic processes. For example,

the density difference between magma and crustal

rocks (and thus the buoyancy forces driving ¯ow)

can change by more than an order of magnitude due

to vesiculation of 50% bubbles. It is also important to

recall that m rel describes only one aspect of the rheol-

ogy of bubbly magmas. In particular, bubbly liquids

are shear-thinning (as shown in Figs. 2 and 3), and

large normal stress differences are generated by

bubble deformation (e.g. Showalter et al., 1978;

Stein and Spera, 1992; Manga et al., 1998). The latter

may affect the walls of conduits and dikes during the

¯ow of bubbly magmas.
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Fig. 4. Relative viscosity for a suspension of spherical bubbles in the limit that Ca! 1 (®lled discs). The triangles show the experimental

measurements of Lejeune et al. (1999). See Spera and Stein (2000) and Lejeune et al. (1999, 2000) for a discussion of the experimental

uncertainties. The solid line is the so-called Voight average �1 2 f�: The dashed curves are the Hashin±Shtrickman upper bound and an

extrapolation of the dilute limit (e.g. Hashin, 1983).
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