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The deterministic nature of earthquake rupture
Erik L. Olson1 & Richard M. Allen2

Understanding the earthquake rupture process is central to our
understanding of fault systems and earthquake hazards. Multiple
hypotheses concerning the nature of fault rupture have been
proposed but no unifying theory has emerged1–12. The conceptual
hypothesis most commonly cited is the cascade model for fault
rupture1,3,10,13. In the cascade model, slip initiates on a small fault
patch and continues to rupture further across a fault plane as long
as the conditions are favourable. Two fundamental implications of
this domino-like theory are that small earthquakes begin in the
same manner as large earthquakes and that the rupture process is
not deterministic—that is, the size of the earthquake cannot be
determined until the cessation of rupture. Here we show that the
frequency content of radiated seismic energy within the first few
seconds of rupture scales with the final magnitude of the event. We
infer that the magnitude of an earthquake can therefore be
estimated before the rupture is complete. This finding implies
that the rupture process is to some degree deterministic and has
implications for the physics of the rupture process.

In the cascade model, faults are divided into patches of varying size
and shape. When an earthquake initiates on one patch, slip on that
patch can lead to slip on the adjacent patches if the rupture energy
and the state of stress on these adjacent patches are favourable. An
earthquake continues spreading from patch to patch until there is
insufficient energy to rupture the next patch, at which point the
rupture stops. This model is consistent with the concepts of seismic
moment and magnitude. Moment is physically related to both
rupture area, A, and average slip, D; by the relation Mo ¼ mAD
where Mo is the seismic moment and m is the shear modulus.
Moment magnitude, Mw, scales with the seismic moment and is
therefore similarly related to A and D (ref. 14). Given this framework,
it is not possible to know the magnitude of an earthquake until the
rupture has stopped.

Throughout the last decade, the seismological community has
debated whether the first few seconds of the P wave (the first few
seconds of radiated energy) provides information about the final
magnitude of an earthquake before the rupture is complete3,9–11.
Much of the debate has focused on the time-domain characteristics
of the P wave. However, evidence for a scaling relation between the
frequency content of the first few seconds of the P wave and the final
magnitude has also emerged15–18. Using an approach similar to
Nakamura15, Allen and Kanamori16 measured the predominant
period, tp, from the first 4 s of the P-wave arrival at multiple seismic
stations in southern California. They showed a scaling relation
between tp and magnitude M for earthquakes with M of 3.0 to 7.3.
In earthquakes with M , 6 the total duration of rupture is usually
less than 4 s, so the entire rupture time history is included within the
first 4 s of the P wave. However, for M . 6 earthquakes, the existence
of a scaling relation between tp and M would imply that the
magnitude of an earthquake has been defined before the rupture
terminates, and that the rupture process is deterministic. Allen and
Kanamori16 used earthquakes from southern California where data
for only three earthquakes with Mw . 6 are available.

Here we measure tp for a much larger number of earthquakes,
including events from Japan, Taiwan, California and Alaska. The
waveform data have been provided by K-net (operated by the
National Research Institute for Earth Science and Disaster Preven-
tion in Japan), by the Taiwan Strong Motion Instrumentation
Program of the Central Weather Bureau, by the Southern California
Seismic Network (operated by Caltech and the US Geological
Survey), and by the University of Alaska Geophysical Institute. A
total of 71 earthquakes producing 1,842 waveforms recorded on both
broadband velocity sensors and accelerometers within 100 km of the
epicentre are used. There are 24 events with Mw $ 6.0, including the
Mw 7.6 Chi-Chi earthquake (Taiwan, 1999) with a rupture duration
of,30 s, the Mw 7.9 Denali earthquake (Alaska, 2002) with a rupture
duration of ,70 s, and the Mw 8.3 Tokachi-oki earthquake (Japan,
2003) with a duration of ,40 s. A table of events is included in the
Supplementary Information.

We calculate tp in a recursive fashion from a vertical velocity
timeseries to generate tp as a function of time, tp(t) (see Methods
section). Figure 1 shows the vertical velocity waveform recorded
during a M 4.6 earthquake in southern California and the tp time-
series derived from it. Figure 2 shows a similar example but for the
Mw 8.3 Tokachi-oki earthquake. In this case only acceleration records
are available, and they have been recursively integrated in a causal
fashion to derive the velocity trace from which tp(t) is derived. We
define the parameter tmax

p as the maximum tp(t) data point between
0.05 and 4.0 s (see Methods section) after the P-wave trigger as shown
in Figs 1 and 2.

When tmax
p is plotted against M on a log-linear scale, a scaling

relation emerges as shown in Fig. 3a. The tmax
p observations from

waveforms at individual stations can exhibit large variability for a
single earthquake, which is probably due to measurement error,
station effects and path effects19. Figure 3a shows the average tmax

p
observation for each earthquake using all available data. The best-fit
linear relation to the event averages is:

logtmax
p ¼ 0:14M2 0:83 ð1Þ

and the average absolute deviation is 0.54 magnitude units. The data
set has a high linear correlation coefficient of 0.9. For 90% of the
earthquakes in this study, tmax

p is within two times the average
absolute deviation. In determining a single linear relation to the
entire data set, we have chosen the simplest possible model. Given the
hint of a break in our data around M 5.7, we also determined best-fit
relations for M . 5.7 and M , 5.7 events. In both cases the slopes
are positive, but lower than equation (1), and the correlation
coefficients are reduced, particularly for M . 5.7. Although there
is variability in tmax

p observations, equivalent to ^1 magnitude
unit, a scaling relation is clear: this implies that information about
the final magnitude of an earthquake is available within the first few
seconds of its initiation, irrespective of the total rupture duration.

A second parameter, td, is also measured from the tp timeseries. td

is the delay of the tmax
p observation with respect to the P-wave

trigger, and is therefore in the range of 0.05 s to 4 s (see Figs 1 and 2).
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Figure 3b plots the event-averaged td observations versus magnitude,
showing a general increase in td with magnitude. Also indicated on
Fig. 3b is the typical rupture duration as a function of magnitude.
The relation shown is only approximate, as the rupture duration for a
given magnitude event can vary by a factor of 2 or 3 (see Methods
section). Despite the uncertainty in the rupture duration of the specific
earthquakes included in this study, it is clear that for earthquakes with
M . 4 the tmax

p observation is made before the rupture has ceased.
While up to 4 s of data are used to determine tmax

p ; the average time
window of the P wave required to determine tmax

p is less than 2 s
for almost all earthquakes in our study.

Using published moment rate functions for the M . 6 events in
our study, we can estimate the amount of moment release at time td.
Rupture directivity effects of finite faults mean that the first 2 s of the
P wave at a given station does not sample exactly 2 s of the rupture.
However, because our td measurement is event-averaged we can use
it as an approximate estimate of the rupture duration within which
tmax

p information is available. Calculating the seismic moment
released within td shows an increase with magnitude, which is not
surprising given that td also increases with magnitude. But the
percentage of moment released is always small (less than 40% for
M . 6 events) and decreases with magnitude. In the case of the
largest earthquakes—Chi-Chi, Tokachi-oki and Denali—the percen-
tage of moment released is less than 2%. The fraction of the total
rupture duration at which point tmax

p information is available is not
constant, and decreases with increasing magnitude.

Although there is a ^1 magnitude unit scatter in the tmax
p data, the

observations show that the rupture process is at least partly determi-
nistic: that is, the final magnitude of an event is to some degree
controlled by processes within the first few seconds (typically,2 s) of
rupture. The scatter could be due to source processes and/or local site
and measurement errors. If the scatter is non-source related, then
removal or correction for site and path effects could reduce the

scatter in the data points of Fig. 3a to a single line, implying that the
final magnitude of an earthquake is entirely determined within the
first few seconds of rupture. Variability in the quality of the tmax

p
observations at different stations has already been observed across
the seismic network in southern California, indicating that site effects
do play a role19. Nevertheless, it seems unlikely that all the scatter
is due only to site effects. Instead, source-related processes (includ-
ing rupture behaviour, stress heterogeneity and other on-fault
variability) probably also play a role.

The cascade model of sequential slip on adjacent fault patches
must be refined in order to be consistent with our observations. In
particular, a cascade in which a small or large earthquake could
initiate as slip on any small patch and grow according to the
conditions on the surrounding fault plane until rupture arrest is
inconsistent with our observed scaling relation. This does not
preclude the existence of multiple slip patches within a rupture.
For some earthquakes, a sequence of ‘subevents’ (which could be
considered as slip on specific patches) has been observed within the
td time window and tmax

p is a measure of the final subevent—for
example, the Landers earthquake20. In other cases, however, tmax

p is
observed before completion of the first subevent, and before the later,
larger subevents are under way—as in the case of the Denali earth-
quake21. Therefore, although rupture may still be considered as slip
on a series of fault patches, the final seismic moment is at least
partially determined by the patch or patches that rupture within the
first few seconds.

Figure 1 | Example waveform and tmax
p calculation for aM 4.6 earthquake in

southern California recorded at station GSC, 74 km from the epicentre.
a, The raw vertical component waveform recorded by a broadband velocity
sensor. b, Ten seconds of the velocity waveform after low-pass filtering at
3Hz. The P-wave trigger time is shown by the vertical line at 13.01 s. c, tp(t)
trace calculated in a recursive fashion from the waveform in b, showing
the change in the frequency content from the pre-trigger noise to the post-
trigger Pwave. The tmax

p observation is circled (equal to 0.86 s in this case); td
is the delay of tmax

p with respect to the trigger (0.43 s in this case). Figure 2 | Example waveform and tmax
p calculation for theMw 8.3 Tokachi-

oki earthquake, recorded at station HKD112, 71 km from the epicentre. a,
The raw vertical component waveform recorded on an accelerometer. b, Ten
seconds of the raw acceleration waveform. The P-wave trigger is shown by
the vertical line at 35.41 s. c, Ten seconds of the velocity waveform
determined from the acceleration recording using recursive relations only. It
has also been low-pass filtered at 3Hz. d, tp(t) trace calculated in a recursive
fashion from the waveform in c. The tmax

p observation is circled
(tmax

p ¼ 1:62s; td ¼ 1.49 s), it has a longer period and is observed later than
the example in Fig. 1c owing to the larger magnitude of the earthquake.
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We propose that the final magnitude of an earthquake is partially
controlled by the initiation process within the first few seconds of
rupture, and partially by the physical state of the surrounding fault
plane. The role played by the initiation process can be understood by
considering the energy balance of fault rupture. A rupture can only
propagate when the available energy is sufficient to supply the
necessary fracture energy22,23. When a propagating fracture encoun-
ters a patch with a lower stress-drop, the total energy in the system
will begin to decrease. Depending on the size of the patch, it may
cause the rupture to terminate. The total rupture energy available
increases with the amount of slip, so a large-slip rupture will
propagate further across a heterogeneous fault plane. Therefore, if
the rupture pulse initiates with large slip, it is more likely to evolve
into a large earthquake. This explanation is consistent with the
observation that large earthquakes do not nucleate at shallow depths,
but instead at greater depths where the frictional strength and stress
drop are greater24. A recent study25 also shows that hypocentres are
preferentially located within or close to regions of large slip.

The tmax
p scaling relation provides new constraints on the physics

of the rupture process. Whereas the cascade model suggests that the
magnitude of an earthquake is dependent on the state of stress
across the fault plane and that the nucleation of all earthquakes is
identical, our present observations demonstrate the significance of
the rupture initiation process within the first few seconds of an
event. Understanding the physics of this process will enable us to
predict the magnitude of earthquakes without accurate knowledge of
the surrounding state of stress across a fault plane.

METHODS
Waveform processing. The tmax

p observations are derived from the vertical
component of either broadband velocity seismometers or accelerometers. The
acceleration waveforms are converted to velocity, and all data are low-passed at
3 Hz using the recursive relations described in ref. 26. The tp(t) timeseries is
then calculated from the low-passed velocity waveform using the following
recursive relation:

t
p
i ¼ 2p

ffiffiffiffiffiffiffiffiffiffiffiffi
Xi=Di

p

Here Xi ¼ aXi21 þ x2
i ; Di ¼ aDi21 þðdx=dtÞ2

i ; x i is the ground motion
recorded at time i and a is a 1 s smoothing constant. For 100 sample per second
(s.p.s.) data a ¼ 0.99, for 20 s.p.s. data a ¼ 0.95. This approach was first
described in ref. 15; more information is available in ref. 16.

We define the parameter tmax
p as the maximum tp(t) data point between 0.05 s

and 4.0 s after the P-wave trigger, as shown in Figs 1 and 2. The time window
starts at 0.05 s rather than 0.00 s owing to the recursive nature of the tp(t)
calculation. Using the maximum value between 0.0 s and 4.0 s can result in
leakage of the frequency content of background noise before the P-wave arrival
into the time window after the P wave. We also experimented with time windows
ranging in duration from 1 s to 5 s. The upper limit was set to 5 s, as the S-wave
arrival, which contaminates the P-wave signal, is 5 s behind the P wave at an
epicentral distance of ,50 km, half the epicentral distance range of the data.
Experimenting with these different time windows, we found that there was no
improvement in the relation between tmax

p and magnitude when 5 s of data were
used rather than 4 s. There was, however, improvement in the relation when 4 s
was used rather than a shorter time window.
Estimation of rupture duration. The relation between rupture duration and
magnitude shown in Fig. 3b is based on scaling relations between rupture length
and magnitude. The rupture length is converted to rupture duration by
assuming unilateral rupture and a rupture velocity between 2.4 km s21 and
3.0 km s21 from the estimates of ref. 27. Two approaches to estimating rupture
length are applied. First, the empirical scaling relations between magnitude and
rupture length developed in ref. 28 are used. These are appropriate for M . 4.5
earthquakes. Second, we use the scaling relations between rupture dimension
and seismic moment for stress drops in the range 0.1–10 MPa. The rupture
durations shown in Fig. 3b are an average of the range of rupture durations
obtained using the approaches described above. The actual rupture duration for
a given magnitude event can vary by a factor of 2 or 3.
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