
Discussion

Fractal power spectra plotted upside-down
Comment on ``Scaling of power spectrum of extinction events

in the fossil record'' by V.P. Dimri and M.R. Prakash

James W. Kirchner *
Department of Earth and Planetary Science, University of California, Berkeley, CA 94720-4767, USA

Received 2 May 2001; accepted 30 July 2001

Fossil extinction power spectra, recently pub-
lished by Dimri and Prakash [1], appear to exhibit
power-law scaling in which spectral power is in-
versely proportional to frequency. Dimri and Pra-
kash interpret their results as demonstrating a
fractal pattern in the fossil record, with long-
range correlations that suggest self-organized crit-
ical dynamics. Here I point out that their methods
are vulnerable to biases and artifacts, and I show
that their conclusions are based on power spectra
that have been plotted upside-down.

Dimri and Prakash analyze marine family ex-
tinction data [2] using rescaled-range (R/S) analy-
sis and three di¡erent spectral techniques: the fast
Fourier transform (FFT), the maximum entropy
method (MEM), and the Lomb^Scargle Fourier
transform (LSFT). Their use of R/S analysis over-
looks the fact that particularly with small data
sets like theirs, R/S analysis exhibits `very large
bias' [3], often yielding results similar to their ¢g-
ures 3d and 4d whether or not the underlying data
are fractal. Similarly, their use of interpolated
time series (in their ¢gures 1b,d, 2a,b, 3a,b, and
4) overlooks previous work showing that interpo-
lation can introduce signi¢cant artifactual corre-

lation, yielding apparent fractal behavior even
when the underlying data are random white noise
[4].

Dimri and Prakash correctly point out that the
LSFT [5,6] o¡ers signi¢cant advantages over con-
ventional spectral methods, because it can be used
on unevenly spaced data. Previous studies have
used the LSFT to calculate fossil extinction power
spectra [7] and autocorrelation functions [8], as
well as cross-correlations between extinction and
origination rates [9]. However, this previous body
of work contradicts Dimri and Prakash's conclu-
sion that fossil extinction rates are fractal. Anal-
yses of four di¡erent extinction metrics and three
di¡erent fossil data sets (including a longer and
more complete version of the data used by Dimri
and Prakash) using the LSFT show that fossil
extinction rates do not exhibit fractal scaling [7],
and are not signi¢cantly correlated over time-
scales longer than 5 Myr [8]. In contrast to this
previous work, Dimri and Prakash present no sta-
tistical tests of their ¢nding of fractal structure in
the fossil record. That is, they do not show that
the fossil record yields signi¢cantly di¡erent re-
sults than would be obtained from appropriate
null hypotheses (such as random re-shu¥es of
the original data), when subjected to the same
pre-processing and analysis.

What, then, is Dimri and Prakash's evidence,
and how do they arrive at it? Their R/S analysis
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(their ¢gures 3d and 4d) and their analyses of
interpolated time series (their ¢gures 2 and 4)
are not conclusive, given the biases and artifacts
known to be inherent in these methods [3,4]. In
any case, Dimri and Prakash primarily base their
conclusions on two power spectra (their ¢gure
3b,c) that were calculated by the MEM and
LSFT after polynomial detrending of the data.
They emphasize these particular methods, holding
that they ``are more appropriate'', ``are more re-
liable'', and ``give better resolution''. Dimri and
Prakash's log^log plots appear to show power-law
scaling, with spectral power declining proportion-
ally to frequency. This is the pattern one would
expect for a fractal time series exhibiting long-
range correlations. I will examine both of these
¢gures in detail.

Their log^log LSFT power spectrum (their ¢g-
ure 3c, reproduced here as Fig. 1a) appears to
show that the spectral power is highest at the low-
est frequencies, but paradoxically, their own plot
of the same power spectrum on linear axes (their
¢gure 1d, reproduced here as the solid line in Fig.
1b,c) shows spectral power converging toward
zero at the lowest frequencies. To explore this ap-
parent discrepancy, I digitized the points in the
log^log plot, transformed them back to linear
axes, and re-plotted them superimposed on the

linear plot (Fig. 1b). Two features are immedi-
ately apparent. First, the high spectral power at
low frequencies on the log^log plot would be o¡-
scale on the linear axis used by Dimri and Pra-
kash. Second, every low point on the log^log plot
corresponds to a spectral peak on the linear plot,
suggesting that the two plots are reciprocals of
one another. I tested this conjecture by calculating
the reciprocals of each point on the log^log plot;
these agree exactly with the linear plot, within the
precision with which I can digitize their graphs
(Fig. 1c).

This comparison shows that Dimri and Prakash
have plotted the reciprocal of spectral power
(rather than spectral power itself) in either their
log^log plot or their linear plot. Intuition suggests
that it is their linear plot that is correct, since they
have pre-processed their data using third-order
polynomial detrending; this should suppress the
lowest-frequency variations in the time series,
leading to very low spectral power (particularly
for the lowest frequencies they show, which cor-
respond to wavelengths two to four times as long
as their entire data set). To test this conjecture I
tried to reproduce Dimri and Prakash's linear
plot. I detrended their source data [2] using a
third-order polynomial (Fig. 2a,b), and then cal-
culated the power spectrum using the LSFT (Fig.

Fig. 1. (a) LSFT power spectrum on log^log axes, digitized from Dimri and Prakash's ¢gure 3c. The apparent log^log slope is
31.09, consistent with fractal 1/f scaling. (b) The same power spectrum on linear axes, digitized from Dimri and Prakash's ¢gure
1d (solid line), with points from panel a, transformed to linear axes, superimposed (open circles). Note that the solid line and the
open circles appear to be reciprocals of each other, and that the high spectral power at low frequencies on the log^log plot (pan-
el a) exceeds the limits of the linear axes (panel b). (c) The same power spectrum, with reciprocals of points from panel a super-
imposed. The points and the line agree within the digitizing error, implying that the log^log plot shown in Dimri and Prakash's
¢gure 3c has been plotted upside down.
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2c). As Fig. 2 shows, my power spectrum is gen-
erally consistent with Dimri and Prakash's linear
plot, declining toward zero at low frequencies.
Our scales are di¡erent, owing to di¡erent nor-
malization pre-factors in our respective algo-
rithms, and the details of the spectra di¡er

slightly, possibly because I used a simple polyno-
mial rather than Dimri and Prakash's Chebyshev
polynomial (which cannot be estimated straight-
forwardly from unevenly spaced data).

Despite these minor di¡erences, comparison of
Fig. 2c with Fig. 1b,c con¢rms that Dimri and
Prakash have correctly plotted the spectrum in
their linear plot, and therefore shows that they
have plotted the reciprocal of spectral power on
their log^log plot. That is, the data points on their
log^log plot are upside-down, relative to the num-
bering on the axes. What their log^log plot shows
as a spectral power of 10 (log = 1) is actually 0.1
(log =31), and vice versa. Therefore, if their log^
log plot were plotted correctly, it would show
spectral power increasing proportionally to fre-
quency (rather than decreasing), in direct contra-
diction to conclusions that they draw from it.
Their log^log plot, in the inverted form in which
it is shown, suggests fractal dynamics with long-
range correlations. Plotted right-side-up, it would
instead be consistent with so-called blue noise,
which is characterized by large £uctuations at
high frequencies and small £uctuations at low fre-
quencies. Blue noise is almost never observed in
nature, and probably arises here as an artifact of
their polynomial detrending procedure, which sys-
tematically suppresses the low-frequency £uctua-
tions in the source data (see Fig. 2b).

Dimri and Prakash's log^log plot of the MEM
power spectrum (their ¢gure 3b, reproduced here
as Fig. 3a) also appears to show fractal log^log
scaling, similar to their LSFT spectrum. Here
again, the log^log plot of the power spectrum
appears to show that the spectral power is highest
at the lowest frequencies (Fig. 3a), whereas the
same spectrum on linear axes shows the lowest
power at those same frequencies (solid lines in
Fig. 3b,c). Digitizing the points from the log^log
plot and superimposing them on the linear plot
reveals that the peak on the linear plot corre-
sponds to the lowest point on the log^log plot
(Fig. 3b). This suggests that, as with their LSFT
spectrum, their log^log plot of the MEM spec-
trum does not show spectral power, but instead
shows the reciprocal of spectral power. As before,
I tested this conjecture by inverting the digitized
data values from the log^log plot (by reversing

Fig. 2. (a) Marine family extinction time series used by Dim-
ri and Prakash, with cubic polynomial ¢t. (b) The same ex-
tinction data after polynomial detrending. (c) The power
spectrum of the detrended data by the LSFT. The good
agreement with the solid lines in Fig. 1b,c indicates that
Dimri and Prakash's power spectra have been plotted cor-
rectly on linear axes, and their log^log plots have been in-
verted.
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the sign of the logs of the spectral power). Within
the digitizing precision, the corrected data values
agree exactly with the MEM spectrum on linear
axes (Fig. 3c). This shows that Dimri and Prakash's
¢gure 3b (my Fig. 3a) is the reciprocal of the power
spectrum, rather than the power spectrum itself.
That is, the data have been plotted upside-down
relative to the numbering on the y-axis. If the
data values were plotted correctly, they would
show spectral power increasing with frequency,

inconsistent with the long-range correlations that
the authors infer.

These plotting errors have occurred in some
cases and not in others. Whereas Dimri and Pra-
kash's ¢gures 3b and 3c have been plotted upside-
down, their ¢gure 3a has been plotted correctly
(see Fig. 4 of this comment), although it would
not support their conclusions in either orienta-
tion. Likewise, the log^log plots in Dimri and
Prakash's ¢gure 4 are all right-side-up; in this

Fig. 3. (a) MEM power spectrum on log^log axes, digitized from Dimri and Prakash's ¢gure 3b. The apparent log^log slope is
30.80, consistent with fractal 1/f scaling. (b) The same power spectrum on linear axes, digitized from Dimri and Prakash's ¢gure
1c (solid line), with points from panel a, transformed to linear axes, superimposed (open circles). Note that the solid line and the
open circles are reciprocals of each other. (c) The same power spectrum with reciprocals of points from panel a superimposed.
The open circles and the line agree within the digitizing error, implying that the log^log plot shown Dimri and Prakash's ¢gure
3b has been plotted upside down. Note also that the right half of the spectrum (frequency range 0.04^0.08) has been omitted en-
tirely from the log^log plot. The `x' symbols show several anomalous points that do not follow a consistent pattern with the rest
of the values. These correspond to a logarithmic value of zero (within the digitizing precision), and perhaps represent a further
plotting error in Dimri and Prakash's ¢gure 3b.

Fig. 4. (a) Power spectrum by FFT of interpolated data, plotted on log^log axes, digitized from Dimri and Prakash's ¢gure 3a.
(b) The same power spectrum plotted on linear axes, digitized from Dimri and Prakash's ¢gure 1b (solid line), with points from
panel a, transformed to linear axes, superimposed (open circles). Note that in this case the solid line and the open circles agree,
indicating that the log^log plot has been plotted right-side-up.
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orientation they are consistent with the authors'
conclusions (although, as noted above, they are
compromised by interpolation artifacts).

Dimri and Prakash's ¢nding of fractal scaling
in extinctions is largely based on power spectra
that, if plotted correctly, would have contradicted
their conclusions. These spectra have somehow
been plotted upside-down, while other plots that
appear to support the authors' conclusions have
not been similarly inverted.
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