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Abstract In steep mountain streams, macro-roughness elements typically increase both flow energy dis-
sipation and the threshold of motion compared to lower-gradient channels, reducing the part of the flow
energy available for bed load transport. Bed load transport models typically take account of these effects
either by reducing the acting bed shear stress or by increasing the critical parameters for particle entrain-
ment. Here we evaluate bed load transport models for mixed-size sediments and models based on a
median grain size using a large field data set of fractional bed load transport rates. We derive reference
shear stresses and bed load transport relations based on both the total boundary shear stress and a reduced
(or ‘‘effective’’) shear stress that accounts for flow resistance due to macro-roughness. When reference shear
stresses are derived from the total boundary shear stress, they are closely related to channel slope, but
when they are derived from the effective shear stress, they are almost invariant with channel slope. The per-
formance of bed load transport models is generally comparable when using the total shear stress and a
channel slope-related reference shear stress, or when using the effective shear stress and a constant refer-
ence shear stress. However, dimensionless bed load transport relations are significantly steeper for the total
stress approach, whereas they are similar to the commonly used fractional Wilcock and Crowe (WC) transport
model for the effective stress approach. This similarity in the relations allows the WC model, developed for
lower-gradient streams, to be used in combination with an effective shear stress approach, in steep moun-
tain streams.

1. Introduction

1.1. Bed Load Transport in Steep Streams
Bed load transport can cause great damage in mountain regions and is a key process in landscape evolu-
tion. Accurately predicting bed load transport, however, is difficult due to the complex interactions between
channel bed morphology and hydraulic conditions.

Bed load transport is driven by hydraulic forces, which in bed load transport equations are most commonly
expressed by discharge, stream power, or shear stress. Shear stress is used throughout this study, but the
presented concepts would be similar for discharge and stream power. In steady uniform flow, the dimen-
sional shear stress s and the dimensionless shear stress s* are related to the channel bed slope S (m/m) and
flow depth or hydraulic radius rh (m) according to

s5qgrhS (1a)

s�5
s

qs2qð ÞgD
(1b)

where g is gravitational acceleration (m/s2), q is water density (kg/m3), qs is sediment density (kg/m3), and D
is the diameter of a particle or grain-size fraction (m).

Bed load transport is not only influenced by the parameters specified in equations (1a and 1b) but also by
form or macro-roughness, which is more important in mountain channels than in lower-gradient streams.
Form roughness may be higher in steep streams due to (i) the channel form including pool-riffle to
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plane-bed, step-pool, and cascade morphologies [Montgomery and Buffington, 1997]; (ii) an abundance of
immobile boulders [e.g., Nitsche et al., 2011; Yager et al., 2007]; (iii) a variable channel width; and (iv) an
increased number of bedrock constrictions and large woody debris [e.g., Wohl, 2000]. All these components
contribute to what is commonly termed ‘‘form-roughness’’ or ‘‘macro-roughness,’’ which significantly
increases total flow resistance and reduces the fraction of the flow energy available for sediment transport
[e.g., Yager et al., 2007; Nitsche et al., 2011; Rickenmann and Recking, 2011]. If these effects are not taken into
account, predicted bed load transport rates overestimate observed bed load transport by orders of magni-
tude [e.g., Bathurst et al., 1987; Chiari and Rickenmann, 2011; Lenzi et al., 1999; Recking et al., 2012; Ricken-
mann, 2001, 2012; Yager et al., 2007, 2012a].

Bed load transport in steep streams is also affected by their greater structural bed stability and, therefore,
erosion resistance [Bunte et al., 2013]. Possible explanations for the increased energy demand for sediment
motion are given by Lamb et al. [2008] as ‘‘variable friction angles, grain emergence, flow aeration, changes
to local flow velocity, and turbulent fluctuations,’’ in addition to increased drag from large roughness ele-
ments. Two concepts exist for describing the critical conditions for initiation of particle motion in bed load
transport calculations [Bathurst, 2013; Wilcock, 1988]: the flow competence method, in which the critical
condition is defined by the maximum particle size moved at a given flow with a related ‘‘critical’’ shear stress
[Montgomery and Buffington, 1997; Shields, 1936], and the reference transport method, in which the critical
condition is defined by a ‘‘reference’’ shear stress s�r which corresponds to an arbitrarily defined small bed
load transport rate [Parker et al., 1982]. It has been shown that both concepts are closely related to each
other; for example, Wilcock et al. [2009] demonstrated for the Meyer-Peter and Mueller [1948] equation that
s�c 5 0.996 s�r .

An increase in critical shear stress with increasing channel slope has been shown for both the critical Shields
stress [Bettess, 1984; Bunte et al., 2013; Ferguson, 2012; Green et al., 2014; Lamb et al., 2008; Prancevic and
Lamb, 2015a; Prancevic et al., 2014; Recking, 2009; Shvidchenko et al., 2001] and the reference shear stress
[Green et al., 2014; Mueller et al., 2005]. These bed-slope-dependent critical shear stress values have all been
derived using the total boundary shear stress, which does not account for energy dissipation due to macro-
roughness elements. However, reference shear stress values derived from total boundary shear stress have
been found to differ from those derived from a reduced effective shear stress; when using a reduced effec-
tive shear stress, typical values of the critical/reference shear stress for steep streams are in the range of
those reported for lower-gradient streams [Gaeuman et al., 2009; Yager et al., 2012a].

The critical conditions for initial motion of individual particle-size classes control how fractional transport
rates relate to each other and thus are a key control on long-term morphodynamic evolution of streambeds.
In unisized beds, particle mobility is typically related to absolute particle size, and larger, heavier particles
require higher shear stress to be mobilized than smaller, lighter particles [Buffington and Montgomery, 1997;
Shields, 1936]. But in beds with mixed grain sizes, as are typical for steep mountain streams, particle mobility
depends not only on the absolute grain size but also on the relative grain size. Smaller particles are hidden
behind larger pieces of gravel, and are therefore protected from the flow while larger particles are more
exposed to the flow [e.g., Egiazaroff, 1965; Einstein, 1950; Parker, 2008; Parker and Klingeman, 1982; Parker
et al., 1982; Wiberg and Smith, 1987]. These effects are known as hiding and exposure, and they can modu-
late the relative mobility of different grain-size fractions. If hiding and exposure effects exactly cancel out
the effects of particle mass, the probability of entrainment for each grain is independent of grain size at a
given hydraulic stress, resulting in a condition termed ‘‘equal mobility.’’ The degree of size-selective trans-
port is typically described by a so-called hiding function, which relates the dimensionless fractional refer-
ence shear stress s�ri to the dimensionless reference shear stress for the median grain size s�rD50 by the
hiding exponent b (equation (2)).

s�ri

s�rD50
5

Di

D50

� �b

(2)

Estimated hiding functions reflect both the method used to describe the critical condition for sediment
entrainment (i.e., the reference approach, the flow competence method, or visual observation of grain
motion) [cf. Buffington and Montgomery, 1997] and different degrees of size-selectivity, ranging up to almost
equal-mobility conditions [e.g., Ashida and Michiue, 1973; Andrews et al., 1987; Bathurst, 2013; Green et al.,
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2014; Mao et al., 2008; Parker 1990; Parker and Klingeman, 1982; Parker et al., 1982; Powell et al., 2001; Reck-
ing, 2009; Wilcock and Crowe, 2003].

Finally, bed load transport in steep streams may also be affected by the sediment supply available for trans-
port [e.g., Bathurst, 2007; Recking, 2012; Yager et al., 2012b]. Supply limitation often results in bed load over-
predictions at steep slopes, if it is not considered adequately in a transport equation; however, in this study,
we do not account for sediment supply issues.

1.2. Empirical Elements of Bed Load Transport Equations
Although most proposed bed load transport functions are based on physical consideration of the transport
process, they also depend on empirical fits to data from flume studies or field observations. Important ele-
ments of this fitting procedure are illustrated in Figure 1, which presents synthetic bed load transport data
sets for various streams in terms of the dimensionless transport rate W* and the bed shear stress ratio s*/s�r
(equation (3)).

W�5
RgqbVol

u�3
(3)

where R 5 qs/qs 2 1, qbVol is the volumetric bed load transport rate per unit width (m3 s21 m21), and
u* 5 (s/q)0.5 is the shear velocity.

Three main elements are important in the fitting procedure (see caption to Figure 1): (i) calculating the
shear stress s* or the reduced (termed ‘‘effective’’) shear stress s*0, (ii) determining the reference shear stress
s�r , and (iii) choosing the transport function including its prefactor.

1. When bed load transport equations are applied to different bed and flow characteristics than those from
which they were derived from, a major challenge is calculating the flow energy available for bed load
transport, i.e., an effective shear stress s*0 (which controls the horizontal position of the data points in Fig-
ure 1). One of the earliest approaches to account for flow resistance due to form- or macro-roughness is
to partition total flow resistance into grain and form resistance, as originally proposed by Meyer-Peter and
Mueller [1948]. Similar approaches to partitioning between grain and form resistance, or between base
level and macro-roughness, were later suggested by others [e.g., Carson, 1987; Carson and Griffiths, 1987;
Gomez and Church, 1989; Millar and Quick, 1994; Millar, 1999; Palt, 2001; Parker and Peterson, 1980; Ricken-
mann and Recking, 2011; Rickenmann et al., 2006]. However, applications of a reduced effective shear
stress s*0 to bed load transport calculations, and comparisons with field data, remain limited [Chiari and
Rickenmann, 2011; Gaeuman et al., 2009; Nitsche et al., 2011, 2012; Wilcock, 2001; Wilcock et al., 2009].

2. Another approach to collapsing the experimental data sets onto a single function (see caption to Figure
1) is based on adjusting the reference (or critical) shear stress. The choice of appropriate values for s�r (or
s�c ) affects the horizontal position of the experimental data sets in Figure 1, e.g., an increase in s�r or s�c
shifts a data set to the left. In the case of fractional transport models that are based on a hiding function
(equation (2)), the collapse of fractional transport rates is based on the fractional reference shear stress of
each grain-size fraction (s�ri); the derivation of s�r and s�ri goes back to Parker et al. [1982] and is described
in more detail below in section 2.3.2.

3. The third important element refers to the choice of the transport function and its prefactor. In Figure 1,
the selected transport function determines the steepness of the transport relation, while its prefactor
controls the vertical position relative to the experimental data. For example, in the Meyer-Peter and Muel-
ler [1948] transport equation, both Hunziker and Jaeggi [2002] and Wong and Parker [2006] suggested to
reduce the prefactor from a value of 8 in the original equation to a value of about 5, based on a reanalysis
of the experimental data. For a reference-shear-stress-based transport equation such as that of Wilcock
and Crowe [2003], the dimensionless transport rate W* increases as a power law function of the bed shear
stress ratio s*/s�r , with an exponent m 5 7.5 for s*/s�r ratios smaller than about 1.3.

To date, no systematic investigation, based on field data, has determined how reducing the boundary shear
stress (point 1 above) or increasing the critical or reference shear stress (point 2 above) affects the shape of
the transport relation (point 3 above) or the accuracy of its predictions. However, in one prior study [Yager
et al., 2012a], reducing the boundary shear stress provided highest predictive accuracy for two specific
mountain streams.
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In this study, we use high-quality field
data sets of fractional bed load transport
data covering a wide range of stream
characteristics. Based on those field data
sets, we analyze how using either total
or effective shear stress affects the
derived reference shear stress s�r and
thus the similarity collapse between the
dimensionless transport rate W* and the
bed shear stress ratio s*/s�r . We further
examine how different adjustments of
the bed load transport function, which
are based either on fractional or total
bed load transport data, affect bed load
transport predictions. The overall goal is
to demonstrate how the dimensionless
reference shear stress (s�r ), the hiding
exponent (b), and the exponents of the
fractional and total transport equations
(m) vary across wide ranges of bed gra-
dients, and how they depend on the way
that s* is determined. Our analysis
showed few clear relationships of s�r , b,
and m to other characteristics of the field
sites, so these are presented in the
supporting information.

2. Field Data and Analysis

The field sites used to investigate bed
load transport cover a wide range of
channel slopes, flow discharge rates, and
grain sizes (Table 1). Channel slopes
range from about 0.05% to 11%, bankfull
flows range from 0.3 to 114 m3 s21, and
the median grain size of the surface
D50surf ranges from 0.004 to 0.2 m. The
selected streams are compiled from the
bed load trap data provided by Bunte
et al. [2004, 2008, 2014, hereinafter
Bunte] including 10 U.S. streams in Colo-
rado, Wyoming, and Oregon, as well as
the data from Oak Creek, Oregon, USA
[Milhous, 1973], and data from two Swiss
streams, Erlenbach (denoted EB) and
Riedbach (denoted RB). To extend the
range of bed gradients and grain sizes,
the data set was complemented by data

from King et al. [2004, hereinafter King] and Williams and Rosgen [1989, hereinafter WR]. The King data set
has been analyzed in detail in many previous publications [e.g., Barry, 2004; Barry et al., 2008; Mueller et al.,
2005; Muskatirovic, 2008; Recking, 2010; Whiting et al., 1999].

2.1. Bed Load Transport Data and Measurement Techniques
Fractional bed load transport rates were determined for the Bunte data set and the Riedbach data
[Schmid, 2011] using portable bed load traps. The bed load traps consist of an aluminum frame with an

Figure 1. Illustration of a similarity collapse for bed load transport model devel-
opment. Varying the effective shear stress s*0 and/or the reference shear stress s�r
allows the scattered data points (gray dots) to be moved left or right. Ideally, it is
possible to collapse the adjusted data points to represent a well-defined relation
(blue dots). The mathematical bed load transport equation (black line) deter-
mines the rate of change of transport intensity with increasing shear stress, and
the prefactor determines the vertical position in the diagram. Note: data points
in this illustration are randomly generated. The shape of the example bed load
relation corresponds to the Wilcock and Crowe [2003] equation.
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opening of 300 mm 3 200 mm and a downstream attached nylon mesh bag, with a mesh width of
4 mm (and 6 mm in the Riedbach; we discuss how we treat different minimum measured grain sizes at
the end of section 2.2) [Bunte et al., 2004, 2007]. The Oak Creek (Oregon, USA) fractional bed load trans-
port measurements were taken using a vortex sediment sampler [Milhous, 1973; Parker, 1990; Parker
et al., 1982]. At the Erlenbach, an automatic moving bed load basket (MBB) system with a mesh size of
10 mm provides fractional bed load transport rates [Rickenmann et al., 2012]. The Williams and Rosgen
[1989] and King et al. [2004] data were collected with Helley and Smith [1971; hereinafter HS] pressure
difference samplers [see also Emmett, 1980]. For more details on the bed load measurement techniques,
see supporting information Text S1.

To base our study only on well-defined field-measured transport relations, we included from the WR and
King data sets only those streams that yielded a coefficient of determination r2> 0.5 for fitted bed load
transport relations in the form of (equation (4)):

Qb5aQb (4)

Here Qb is the total bed load transport rate (kg s21), Q is the flow discharge (m3 s21), and a and b are empir-
ical constants. We fitted equation (4) to all data available from each stream site using linear least squares
regression on log-transformed values; r2 was also determined on the log-transformed values.

Table 1. Stream Characteristicsa

Source Streamb State, Country S (m/m) A (km2) Qbkf (m3/s) D30Surf (m) D50Surf (m) D84Surf (m)
Meas.
Tech.c

Number
of Values

Main Data set Erlenbach Schwyz, CH 0.11 0.7 1.5 0.02 0.06 0.21 MBB 49
Riedbach Valais, CH 0.026 18 3.0 0.02 0.06 0.16 BLT 53

Bunte St. Louis Cr. Colorado, USA 0.017 34.0 4.0 0.04 0.08 0.16 BLT 42
Bunte Cherry Cr. Oregon, USA 0.025 41.0 3.1 0.01 0.05 0.14 BLT 21
Bunte Litl. Granite Cr. A Wyo., USA 0.017 55.0 5.7 0.03 0.06 0.13 BLT 58
Bunte E. St. Louis Cr. A Colorado, USA 0.093 8.0 0.7 0.05 0.11 0.26 BLT 93
Bunte E. St. Louis Cr. B Colorado, USA 0.093 8.0 0.7 0.05 0.11 0.26 BLT 133
Bunte Halfmoon Cr. Colorado, USA 0.014 61.0 6.2 0.03 0.05 0.19 BLT 176
Bunte Hayden Cr. Colorado, USA 0.039 40.0 1.9 0.04 0.06 0.16 BLT 192
Bunte E. Dallas Cr. Colorado, USA 0.017 34.0 3.7 0.03 0.06 0.12 BLT 169
Bunte Fool Cr. Colorado, USA 0.044 3.0 0.3 0.02 0.05 0.12 BLT 172
Bunte NF Swan Cr. Colorado, USA 0.03 16.0 1.3 0.02 0.04 0.12 BLT 212
Bunte Litl. Granite Cr. B Wyo., USA 0.012 13.0 2.8 0.04 0.07 0.14 BLT 62
Milhous [1973] Oak Cr. Oregon, USA 0.0014 6.7 0.03 0.05 0.10 Vort. 43

HS Data set King et al. [2004] Big W. R. nr. Ket. Idaho, USA 0.009 356 22 0.05 0.12 0.25 HS 100
Boise R. Idaho, USA 0.004 2,153 167 0.03 0.07 0.14 HS 82
Dollar Cr. Idaho, USA 0.015 42 6.4 0.04 0.07 0.15 HS 85
Lochsa R. Idaho, USA 0.004 3,054 446 0.09 0.15 0.25 HS 72
MF Red R. Idaho, USA 0.002 128 9.3 0.05 0.07 0.09 HS 200
MF Salmon R. Idaho, USA 0.006 2,693 214a 0.09 0.14 0.29 HS 64
NFCl. Water R. Idaho, USA 0.004 3,352 453 0.03 0.06 0.27 HS 72
Rapid R. Idaho, USA 0.0005 279 17.7 0.05 0.09 0.17 HS 190
Salmon R. bl. Ynk. F Idaho, USA 0.011 2,100 118a 0.07 0.10 0.28 HS 60
Salmon R. nr. Obs. Idaho, USA 0.003 243 12.6a 0.04 0.06 0.13 HS 50
Salmon R. nr. Shp. Idaho, USA 0.007 16,153 326a 0.05 0.10 0.17 HS 61
Selway R. Idaho, USA 0.002 4,955 651 0.12 0.20 0.27 HS 72
SF Payette R. Idaho, USA 0.002 1,164 86 0.03 0.06 0.15 HS 72
Squaw Cr. USGS Idaho, USA 0.004 185 5.1 0.03 0.04 0.07 HS 92
Thompson Cr. Idaho, USA 0.01 56 2.5 0.04 0.07 0.11 HS 84

Williams and
Rosgen [1989]

Susitna R. nr. Talk. Alaska, USA 0.0153 16,369 0.02 0.05 0.10 HS 39
Talkeetna R. nr. Talk. Alaska, USA 0.004 5,195 114 0.03 0.04 0.07 HS 42
Buffalo Cr. Colorado, USA 0.01 0.002 0.004 0.01 HS 20
Horse Cr. Colorado, USA 0.001 0.01 0.04 0.10 HS 21
Lo. SF Williams F. Colorado, USA 0.03 69 4.2 0.03 0.07 0.22 HS 16
Williams F. Colorado, USA 0.007 69 4.2 0.05 0.08 0.17 HS 15

aS: Channel slope; A: Basin area; and Qbkf: bank full flow or return period of 1.5 years, respectively.
bOriginal stream descriptions occasionally abbreviated (Cr. 5 Creek; E 5 East; N 5 North; F 5 Fork; W 5 Wood; M 5 Main/Middle; L 5 Left; Lo 5 Lower; bl. 5 below; nr. 5 near;

R. 5 River; S 5 South).
cMBB: Moving bed load basket system [Rickenmann et al., 2012]; BLT: Bed load trap [Bunte et al., 2004]; HS: Helley and Smith [1971] sampler with a 76 mm opening; Vort.: Vortex tube

[Klingeman, 1979; Milhous, 1973].
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In general, the HS samples have larger sampling uncertainties compared to other measurement techniques
described in this study. One reason is the small 76.2 3 76.2 mm2 opening compared to the 300 3 200 mm2

opening of the bed load traps; another reason is the shorter sampling time (typically around 20–180 s) (for
more details, see Bunte et al. [2005, 2008]). Therefore, we decided to analyze the HS samples separately
from the data derived from the other measurement techniques. In the following, the data by Bunte, the
Riedbach, Erlenbach, and Oak Creek data are denoted as the Main Data set, while the HS samples, including
the WR and King data sets, are denoted as the HS Data set.

2.2. Streambed and Bed Load Grain-Size Distributions
Streambed surface grain-size distributions (GSDs) were determined using the Wolman [1954] pebble count
method or a slightly modified version of it [Bunte and Abt, 2001a, 2000b; Bunte et al., 2009]. Subsurface sam-
ples were taken volumetrically and analyzed by sieve analysis. For more details on the GSD sampling techni-
ques, see supporting information Text S2.

Bed material grain-size distributions of all streams, which were originally reported in various scales, were
converted to the full phi scale (2, 4, . . . 1064 mm) for simplified computing and analysis. We ignored grain
sizes less than 2 mm, because for many of the streams, smaller grain sizes had not been counted in the field
according to the pebble count method. The pebble count method was applied to all study streams, except
the WR streams, where the method applied was not fully reported. For the King and WR data set, the D50Surf

and D84Surf grain sizes were derived from the converted phi-scale GSDs, not the original GSDs provided in
the literature. Hence, the characteristic grain sizes used in this study occasionally deviate slightly from the
values reported in other studies.

The bed load GSDs were converted to the same full phi scale as the bed surface and subsurface GSDs. The
smallest sampled bed load grain sizes vary among data sets depending on the measurement technique,
ranging from 0.0625 mm for the WR data set to 10 mm for the Erlenbach. We truncated the King and WR
bed load GSDs at 2 mm, because for the following dimensionless analysis, we relate fractional transport
rates to surface grain-size fractions, which are only quantified for size fractions larger than 2 mm. The varia-
tion in the minimum measured bed load grain size (2–10 mm) does not strongly affect the analysis relating
fractional transport rates to the reference shear stress and acting bed shear stress, for two reasons: (1) the
reference shear stress s�rD50 derived from the reference approach (see section 2.3.2) does not depend on the
minimum considered bed load grain size. Rather, it depends on the D50Surf, which again is related to the
streambed surface GSD valid for D> 2 mm. (2) We did not find systematic trends by which the bed load
transport relation exponents differ among grain-size fractions (see section 3.3.1), hence the outcomes of
the analyses are not affected by the number or the coarseness of grain-size fractions involved. For the anal-
ysis of total transport rates, we define total bed load transport (also often termed bulk bed load transport in
the literature) as all grains larger than 4 mm. This corresponds to the minimum grain size measured by the
bed load traps. The resulting uncertainties/biases in total transport rates for the Riedbach (D> 6 mm) and
the Erlenbach (D> 10 mm) are neglected.

2.3. Flow Hydraulics
Bed load transport is described throughout this study as a function of dimensionless shear stress s*, which
is proportional to flow depth (or hydraulic radius) and channel slope (equation (1)). However, flow depth is
often unmeasured in stream studies or may have large sampling uncertainties, and Recking [2010] argued
that the predictive quality of bed load equations is improved when discharge is used instead of flow depth.
Hence, instead of flow depths obtained from field measurements, we used hydraulic radii (rh) that were
back calculated from the measured flow discharge and average cross-sectional profiles of our study
streams. We iteratively computed flow depth and width, hydraulic radius and cross-sectional area for each
measured discharge, and reach-averaged velocity, using the variable power equation (VPE) of Ferguson
[2007]:

u=u�5
a1a2 rh=D84Surfð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
11a2

2 rh=D84Surfð Þ5=3
q (5)

where u is flow velocity (m s21), u* is shear velocity u* 5 (grh S)0.5, rh/D84 is the relative flow depth, and
a1 5 6.5 and a2 5 2.5 are empirical constants. Rickenmann and Recking [2011] evaluated several flow
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resistance equations based on a large field data set of flow velocity measurements in gravel-bed rivers and
found that the VPE of Ferguson [2007] with a1 5 6.5 and a2 5 2.5 generally provided the best performance
[cf. Nitsche et al., 2011], so we used those values in equation (5). Equation (5) implicitly accounts for large
roughness elements and was found to also give good predictions of total flow resistance for flow conditions
with small relative flow depths (rh/D84) in steep streams. The iterative calculation of the hydraulic parame-
ters using equation (5) was performed on average cross sections derived from surveyed cross sections
upstream of the sampling location for the Riedbach, the Erlenbach, and the King et al. [2004] data sets. For
the U.S. bed load trap study, cross sections surveyed at or near the bed load trap location were used for
computing the hydraulic parameters. For the Williams and Rosgen [1989] data set, a rectangular cross sec-
tion was estimated from the given stream width.

2.3.1. Determination of Effective Shear Stress s0

Two approaches are used in this study to estimate the increased flow resistance in steep streams due to
macro-roughness elements (boulders, bedrock, and woody debris). The first approach [Rickenmann and
Recking, 2011, hereinafter RR2011] is based on computing shear stress using a reduced energy slope Sred

(equation (6)) instead of the actual channel slope [Chiari and Rickenmann, 2011; Chiari et al., 2010; Nitsche
et al., 2011; Rickenmann and Recking, 2011; Rickenmann, 2012]. The concept of a reduced energy slope is
based on flow-resistance partitioning between a base level flow resistance (fo) and the total resistance (ftot),
which includes additional resistance due to large roughness elements at relatively small flows. The base
level resistance (fo) is calculated by extrapolating the Manning-Strickler relation to small relative flow
depths, using a mean resistance coefficient a1 5 6.5 as proposed by Ferguson [2007] and Rickenmann and
Recking [2011]. Total resistance (ftot) is determined with equation (5) above. The reduction of the energy
slope also depends on the relative flow depth rh/D84, for more details see Rickenmann and Recking [2011]
and Rickenmann [2012]:

Sred5S

ffiffiffiffiffiffi
f0

ftot

s !e

(6a)

s’5qgrhSred (6b)

This approach is similar to flow resistance partitioning between grain and form resistance, as proposed in
earlier studies [Millar and Quick, 1994; Millar, 1999]. We used an exponent of e 5 1.5, which has been shown
to substantially improve bed load transport estimates [Meyer-Peter and Mueller, 1948; Nitsche et al., 2011].

We also used the approach of Wilcock et al. [2009, hereinafter WC2009] to account for form resistance or
macro-roughness, which generally corresponds to the approach earlier suggested in Wilcock [2001]. The Wil-
cock et al. [2009] equation determines grain resistance using a Manning-Strickler relationship and defines
the reduced (effective) shear stress s0 via the D65 of the streambed surface (in mm):

s’517 SD65ð Þ0:25u1:5 (7)

Shear stress values s0 from equation (7) are very similar to those obtained using equation (6). For the sake of
a simplified presentation, the results based on equation (7) are presented only in the supporting informa-
tion. Both equations (6b) and (7) refer to dimensional forms of the shear stress and can be nondimensional-
ized using equation (1b).

2.3.2. Derivation of the Reference Shear Stress
The adjustment of the fractional dimensionless reference shear stress, used to collapse the fractional dimen-
sionless transport rates (both within individual streams and between different streams), was determined fol-
lowing the reference approach of Parker et al. [1982] and Wilcock and Crowe [2003]. The dimensionless
reference transport rate used in this study, denoted W�i for the ith size fraction, was set to 0.002. The frac-
tional dimensionless transport rate W�i is defined by equation (8) as

W�i 5
Rgqbi Vol

Fiu�3
(8)

where Fi is the proportion of grain size i on the bed surface, qbiVol the volumetric fractional bed load
transport rate per unit width (m3 s21 m21), and u* 5 (s/q)0.5 is the shear velocity. In the following, if the
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dimensionless transport rate explicitly
refers to an effective shear stress s0

(rather than a total shear stress), it is
labeled as W*0 (rather than W*). The
reference approach of Parker et al.
[1982] includes the following four
steps:

1. Fitting power functions (W�i 5 ais�mi
i )

to W�i and s�i for each individual grain-
size fraction i (shown for East Dallas
Creek as an example in Figure 2a).

2. Fitting functions (W�i 5 ais�mi50
i ) for

each grain-size fraction, with mi50 as the
median of the exponents mi derived in
the previous step (Figure 2a).

3. Estimating s�ri by selecting the value
of s�i corresponding to a reference
transport rate of W�i 5 0.002.

4. Fitting the relationship between s�ri

and DiSurf/D50Surf, thus determining
the reference shear stress s�rD50 and
the hiding exponent b (Figure 2b).

Based on the hiding function approach,
it is possible to collapse fractional trans-
port rates for a given channel reach
onto a more-or-less single curve (Figure
2c). The resulting fractional transport
power law relationship is defined in this
study by the prefactor 0.002 and the
median exponent mi50 (Figure 2c).
Because the dimensionless reference
shear stress s�ri is a site-specific constant,
the log-log slope of the relationship
between W�i and s�i is the same as the
log-log slope of the relationship
between W�i versus s�i /s�ri . Therefore, the
exponents mi (and mi50, respectively)
are the same in W�i versus s�i relation-
ships (e.g., Figure 2a) and W�i versus s�i /
s�ri relationships (e.g., Figure 2c), and we
use them interchangeably between
these two contexts.

In addition to the dimensionless frac-
tional reference shear stress, the refer-
ence shear stress s�rD50Surf was also
determined from total transport rates
for D> 4 mm by fitting power functions
to W�tot versus s�D50Surf and identifying
the intercept of the power law with

W�tot 5 0.002 [see also Mueller et al., 2005]. The 4 mm criterion for W�tot was chosen because it is the mini-
mum grain-size sampled with bed load traps, except at the Riedbach (6 mm) and the Erlenbach (10 mm).
For those total transport computations, all HS samples were truncated at 4 mm as well.

Figure 2. Reference approach [Parker et al., 1982] applied to East Dallas Creek
(Bunte Data set). (a) Power functions fitted to plots of fractional dimensionless bed
load transport rates versus dimensional shear stress for 1 phi size classes from
4 mm (open circle) to 32 mm (asterisk), with free exponents mi (gray lines) and a
fixed averaged exponent mi50 5 13.7 (black lines). (b) Hiding function in the form of
equation (2) with a constant exponent b (black line) and a variable exponent
according to Wilcock and Crowe [2003] (gray dotted line, equation (A4)). (c) Collapse
of fractional transport rates. Horizontal lines in Figures 2a and 2c represent the
dimensionless transport rate W* 5 0.002.

Water Resources Research 10.1002/2014WR016417

SCHNEIDER ET AL. ROUGHNESS AND MIXED-SIZE BED LOAD TRANSPORT 5267



3. Results

3.1. Reference Shear Stress (s�rD50)
3.1.1. s�rD50—Derived From Fractional Bed Load Transport Rates
The dimensionless reference shear stress s�rD50 was derived from fractional transport rates based on the total
boundary shear stress (Figure 3a and Table 2 and Table S1). The relationship between s�rD50 and channel
slope for the Main Data set is defined by equation (9)

s�rD5050:48S0:45; r250:63 for S > 0:01 (9)

and follows a similar pattern to that reported by Mueller et al. [2005] for the King data.

The relationship between s�rD50 and channel slope also resembles the critical shear stress relation of Bunte
et al. [2013]. Note that Bunte et al.’s [2013] relation for the critical shear stress was derived from the same
bed load transport data as used here, including the Oak Creek data; however, their calculation proceedure
corresponds to the flow competence approach (cf. section 1). The s�rD50 values of the HS Data set generally
exhibit similar trends with channel slope as s�rD50 values of the Main Data set (Figure 3a).

For the dimensionless reference shear stress s�0rD50 based on the (reduced) effective shear stress (equa-
tions (6) and (7)), the strong positive correlations of the reference shear stress s�0rD50 with channel slope
S almost vanish (Figure 3b; see also Figure S3a for the WC2009 approach). The s�0rD50 relation with chan-
nel slope in the Main Data set (Figure 3b) is highly scattered with median values of about 0.03 (Table 3)
and a slight negative trend. However, this negative trend is not supported by the independent HS
data.

The computed s�rD50 for the total boundary shear stress (supporting information Figure S1) and the s�0rD50 for
the reduced effective shear stress approaches (Figures S2 and S3) were also compared with several
streambed characteristics. The streambed characteristics include the sand content [cf. Wilcock and Crowe,
2003], the degree of armoring D50Surf/D50Sub [cf. Efthymiou, 2012], the geometric standard deviation of the
streambed surface grain-size distribution rSG [cf. Gaeuman et al., 2009], and the D84Surf/D30Surf ratio. The
parameters representing the width of the GSD (D84Surf/D30Surf and rSG, which typically increase with bed
slope) were weakly correlated with the reference shear stress in the total stress approach (Figure S1), but
these correlations disappear when s�0rD50 is derived from the effective shear stress approaches (Figures S2
and S3).

Figure 3. Dimensionless reference shear stress (s�rD50) related to channel bed slope for (a) the total acting bed shear stress s�D50 and (b) the
reduced effective shear stress s�0D50 (RR2011). Filled circles correspond to s�rD50 values from analyzing fractional transport rates (see reference
approach section 2.3.2 and Figure 2b. Crosses indicate s�rD50 derived from analysis of total dimensionless transport rates. The thick black
line was fitted to the Main Data set, and the thick gray line to the HS Data set, for s�rD50 derived from the analysis fractional transport rates.
In Figure 3a, the empirical relations of Bunte et al. [2013], Lamb et al. [2008], and Mueller et al. [2005] are given. The dashed blue line in Fig-
ure 3b corresponds to the median s�rD50 from Main Data set.
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3.1.2. s�rD50tot—Derived From Total Bed Load Transport Rates
The dimensionless reference shear stress values s�rD50tot derived from total bed load transport rates for
D> 4 mm (see section 2.3.2 and Table 2) almost exactly correspond to the s�rD50 values derived from frac-
tional transport rates for the Main Data set, but deviate somewhat for the HS Data set (Figures 3a and 3b).
Also, the general trend of s�rD50 with channel slope for the Main Data set is not strongly affected by whether
s�rD50 was derived from fractional or total transport rates (equations (9) and (10)).

s�rD50tot50:56S0:5; r250:67 for S > 0:01 (10)

3.2. Hiding Exponent b
The dimensionless fractional reference shear stress for individual particle-size fractions s�ri is related to the
dimensionless reference shear stress of the median grain size s�rD50 through the power law hiding function
and the hiding exponent b (equation (2)). The median hiding exponent b derived from the total boundary
shear stress for the Main Data set is 20.96 (min: 20.85, max: 21.08) (Figure 4). The range of b derived from
the effective shear stress (RR2011) for the Main Data set is similar to the total boundary stress case (median:
20.92, min: 20.72, max: 21.15). Median values of b for the HS Data set are generally lower and more scat-
tered compared to the Main Data set b values (Figure 4).

Table 2. Hiding Function Parameters (s�ri ) and Exponents mi50 of Dimensionless Fractional Bed Load Rating Curves (W�i ) Derived From
Total Boundary Shear Stress s* and the Reduced Effective Shear Stress s*0 According to Rickenmann and Recking [2011]

Total Boundary Shear Stress Effective Shear Stress (RR2011)

s�ri 5 s�rD50(Di/D50)b W�i 5 0.002
(s�i /s�ri )

mi50
s�ri 5 s�rD50 (Di/D50)b W�0i 5 0.002

(s�0i /s�0ri )mi50

Stream s�rD50 2b r2 mi50 s�rD50 2b r2 mi50

Erlenbach 0.19 0.95 0.993 7.29 0.01 0.85 0.933 2.64
Riedbach 0.12 0.89 0.999 16.91 0.05 0.77 0.997 8.28
St. Louis Cr. 0.09 0.98 0.998 7.78 0.07 0.95 0.992 3.48
Cherry Cr. 0.12 0.96 1.000 21.45 0.06 0.92 0.998 11.02
Litl. Granite Cr. A 0.07 0.97 1.000 25.32 0.03 0.95 1.000 13.89
E. St. Louis Cr. Aa

E. St. Louis Cr. B 0.14 0.99 1.000 20.52 0.02 0.97 0.999 8.63
Halfmoon Cr. 0.09 0.97 0.999 10.65 0.04 0.91 0.997 5.70
Hayden Cr. 0.11 0.95 1.000 16.68 0.04 0.90 0.998 7.46
E. Dallas Cr. 0.06 0.85 0.999 13.67 0.03 0.70 0.997 6.82
Fool Cr. 0.07 0.98 1.000 32.02 0.02 0.97 0.999 13.31
NF Swan Cr. 0.15 1.08 0.996 6.50 0.05 1.16 0.984 3.08
Litl. Granite Cr. B 0.05 0.91 0.999 12.11 0.03 0.82 0.994 6.07
Oak Cr. 0.04 0.86 1.000 10.62 0.03 0.73 0.999 5.24
Big W. R. nr. Ket. 0.04 0.92 0.996 6.17 0.02 0.85 0.986 3.46
Boise R. 0.02 0.90 0.994 3.23 0.01 0.86 0.986 2.29
Dollar Cr. 0.05 0.92 0.996 4.65 0.02 0.80 0.977 2.06
Lochsa R. 0.03 0.84 0.996 6.42 0.02 0.78 0.991 4.82
MF Red R. 0.04 0.45 0.811 2.86 0.04 0.02 0.003 1.61
MF Salmon R. 0.03 0.93 0.997 11.84 0.02 0.91 0.994 8.65
NFCl. Water R. 0.01 1.06 0.994 5.79 0.01 1.08 0.993 4.85
Rapid R. 0.06 0.76 0.989 4.36 0.04 0.42 0.821 1.80
Salmon R. bl. Ynk. F 0.03 0.97 0.993 8.53 0.02 0.96 0.984 5.76
Salmon R. nr. Obs. 0.04 0.88 0.997 7.14 0.03 0.82 0.992 4.84
Salmon R. nr. Shp. 0.02 0.94 0.998 7.81 0.02 0.93 0.997 6.77
Selway R. 0.02 0.93 0.996 6.24 0.02 0.92 0.994 4.97
SF Payette R. 0.02 0.89 0.897 1.97 0.01 0.81 0.683 1.08
Squaw Cr. USGS 0.04 0.86 0.983 4.52 0.02 0.73 0.920 2.35
Thompson Cr. 0.05 0.82 0.994 6.57 0.03 0.61 0.946 2.95
Susitna R. nr. Talk. 0.02 1.03 0.897 2.75 0.02 1.03 0.879 2.50
Talkeetna R. nr. Talk. 0.01 0.74 0.972 3.86 0.01 0.73 0.969 3.72
Buffalo Cr. 0.01 0.90 0.996 5.47 0.01 0.89 0.995 5.17
Horse Cr. 0.02 0.63 0.977 5.31 0.01 0.37 0.828 3.07
Lo. SF Williams F. 0.07 0.79 0.937 4.33 0.02 0.41 0.337 1.55
Williams F. 0.02 0.84 0.989 6.70 0.01 0.67 0.933 3.25
Median Main-Data 0.09 0.96 13.67 0.03 0.91 6.82
Median HS-Data 0.03 0.88 5.39 0.02 0.81 3.16

aOnly two full phi size fractions measured.
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Because the available bed load transport data pertain mainly to low and moderate flow conditions, almost
no fractional bed load transport rates were measured for grain sizes larger than the D50Surf. A comparison of
b with the streambed characteristics described in section 3.1.1 can be found in the supporting information
(Figures S4–S6).

3.3. Bed Load Transport Rating Curves
3.3.1. Fractional Bed Load Transport Rates
The dimensionless reference shear stress per grain-size fraction s�ri derived in step (2) in section 2.3.2 was
used to collapse fractional bed load transport rates computed from the total boundary shear stress
approach and the effective shear stress approach according to RR2011 (equation (6)). Power law exponents
mi of collapsed fractional transport relations (W�i 5 0.002(s�i /s�ri)

mi) are much more variable among the differ-
ent streams than for the individual grain-size classes of a specified stream (Figure 5). The median values of
mi of the size classes larger than 4 mm plot more or less on the same level for the Main data set (for the 2–
4 mm size class data are available from the Oak Creek only). Because no systematic trends in mi with grain-
size class could be observed, the median exponent mi50 (see Figure 2c and Table 2 and Table S1) is used for
fractional transport prediction. The nondimensional rating curves of the total boundary stress approach are
significantly steeper (mi50 5 13.7, Main Data set only) than the exponent of 7.5 given in the Wilcock and
Crowe [2003] equation. By comparison, the effective shear stress approach yields smaller rating curve

Table 3. Dimensionless Fractional Bed Load Rating Curves for Total Bed Load Transport Rates> 4 mm Derived From Total Boundary
Shear Stress s�D50 and the Reduced Effective Shear Stress s�0D50 According to Rickenmann and Recking [2011]

Total Boundary Shear Stress Effective Shear Stress

W�tot 5 0.002(s�D50/s�rD50tot )mtot W�0tot 5 0.002(s�0D50/s�rD50tot )mtot

Stream s�rD50tot mtot r2 s�rD50tot mtot r2

Erlenbach 0.18 7.66 0.44 0.01 2.83 0.33
Riedbach 0.11 15.96 0.91 0.04 7.55 0.89
St. Louis Cr. 0.08 13.38 0.35 0.06 6.33 0.29
Cherry Cr. 0.11 24.93 0.88 0.06 12.92 0.87
Litl. Granite Cr. A 0.06 32.78 0.75 0.03 18.35 0.74
E. St. Louis Cr. A 0.13 22.61 0.75 0.02 9.60 0.72
E. St. Louis Cr. B 0.14 22.62 0.78 0.03 9.74 0.75
Halfmoon Cr. 0.08 16.31 0.76 0.04 7.65 0.72
Hayden Cr. 0.11 18.33 0.72 0.04 8.29 0.67
E. Dallas Cr. 0.06 12.69 0.75 0.03 6.14 0.71
Fool Cr. 0.08 27.44 0.38 0.02 12.26 0.35
NF Swan Cr. 0.16 9.31 0.22 0.08 3.94 0.17
Litl. Granite Cr. B 0.05 15.79 0.81 0.03 7.96 0.78
Oak Cr. 0.04 10.26 0.86 0.02 5.03 0.81
Big W. R. nr. Ket. 0.04 8.58 0.66 0.03 4.62 0.60
Boise R. 0.05 5.15 0.54 0.04 3.86 0.49
Dollar Cr. 0.08 4.92 0.30 0.06 1.90 0.18
Lochsa R. 0.03 8.00 0.58 0.03 6.19 0.55
MF Red R. 0.05 2.30 0.15 0.05 0.95 0.07
MF Salmon R. 0.03 16.07 0.66 0.03 12.04 0.66
NFCl. Water R. 0.02 8.34 0.71 0.02 7.17 0.69
Rapid R. 0.05 5.49 0.35 0.03 2.45 0.24
Salmon R. bl. Ynk. F 0.04 12.05 0.43 0.03 8.36 0.40
Salmon R. nr. Obs. 0.04 10.58 0.51 0.03 7.36 0.49
Salmon R. nr. Shp. 0.02 10.09 0.57 0.02 8.65 0.56
Selway R. 0.02 11.61 0.68 0.02 9.42 0.66
SF Payette R. 0.04 3.85 0.34 0.03 2.47 0.26
Squaw Cr. USGS 0.05 7.51 0.43 0.03 4.22 0.37
Thompson Cr. 0.06 6.38 0.46 0.03 2.85 0.35
Susitna R. nr. Talk. 0.03 6.46 0.47 0.03 6.01 0.46
Talkeetna R. nr. Talk. 0.01 5.15 0.59 0.01 4.90 0.59
Buffalo Cr. 0.01 5.57 0.51 0.01 5.27 0.51
Horse Cr. 0.01 4.42 0.38 0.00 2.49 0.30
Lo. SF Williams F. 0.07 5.80 0.58 0.03 2.31 0.45
Williams F. 0.02 9.40 0.67 0.01 4.64 0.61
Median Main-Data 0.09 16.14 0.03 7.81
Median HS-Data 0.04 6.46 0.03 4.64
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exponents (mi50 5 6.8, Main Data set
only), which are considerably closer to
the Wilcock and Crowe [2003] exponent
(Figures 5 and 6). Furthermore, the rat-
ing curve exponents mi are generally
higher for the Main Data set than for
the HS Data set, for both the total
boundary shear stress approach and
the effective shear stress approach
(Figures 5 and 6).

Figure 7 shows the collapsed fractional
transport rates based on the dimen-
sionless reference shear stress per
grain-size fraction s�ri for the total shear
stress case and the effective shear
stress s�0ri (RR2011) case (see Figure S7
for WC2009). The dimensionless frac-
tional transport rates W�i are a steeper
function of total shear stress (Figure
7a) than the W�0i are of effective shear
stress (Figure 7b). The collapsed dimen-
sionless W�0i data (Figure 7a) appear to
be less scattered than W�i (Figure 7b)
for given values of s�i /s�ri or s�0i /s�0ri ,
respectively; however, this visual illu-
sion is not confirmed when comparing
observed and calculated dimensional
transport rates presented later in the

manuscript (equations (11) and (12), section 3.4 below). The very steep trends shown in Figures 7a and 7b
are unlikely to continue at high shear stresses (s�i /s�ri � 1.3), but may instead approach a constant value of
W�i (and W�0i , respectively), as predicted by the Wilcock and Crowe [2003] equation. Because the trend is
steep, the scatter in transport rates W�i (and W�0i , respectively) is huge (ranging 2 orders of magnitude above
and below the WC2003 equation) while the scatter in s�i /s�ri is much smaller (roughly half an order of
magnitude).

3.3.2. Total Bed Load Transport Rates
Nondimensional rating curves were also fitted for the total dimensionless bed load transport rates for both
the total and effective-shear-stress (RR2011) approaches (Table 3 and Table S1 and Figures S8 and S9). The
power law exponents mtot for total transport rates are 14% – 47% higher than the exponents mi50 derived
from the fractional rating curves (Figure 6). Otherwise, the behavior of mtot is the same as for mi: the mtot

values based on total boundary shear stress are higher than mtot values derived from the effective shear
stress, and the Main Data set mtot values are generally higher than the HS Data set values (Figure 6).

3.4. Implications for Bed Load Transport Prediction
Our findings concerning the dimensionless reference shear stress, the relative size effects, and steepness of
the bed load transport rating curves, as well as the effects of using total boundary shear stress or an effec-
tive shear stress, led us to set up dimensionless bed load transport models, similar to the original form of
the Wilcock and Crowe [2003, hereinafter WC2003] equation. Rather than proposing an improved bed load
transport equation for steep mountain streams, our main aim is to demonstrate how the effective shear
stress estimate and the observed steep increase of bed load transport rates with increasing flow energy
affect bed load transport prediction. The following six approaches were used for bed load transport
prediction:

1. The original WC2003 equation (equations (A1–A4)) in combination with the total boundary shear stress
(Figure 8a).

Figure 4. Boxplots of hiding exponent b, derived using total boundary shear
stress s* and the reduced effective stress s*0 (RR2011). Dark blue boxes are based
on the Main Data set values including the bed load trap, vortex, and moving bed
load basket data. Light gray boxes represent b values of the Helley and Smith
data. Boxplot edges represent the 25th and 75th percentiles, whiskers include
data within 62.7 standard deviations, and outliers are presented as red crosses.
The gray line represents the hiding exponent b as given by Wilcock and Crowe
[2003] for D<D50Surf.
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2. The original WC2003 equation (equations (A1–A4)) in combination with the effective shear stress RR2011
(Figure 8b).

3. A modified WC2003 equation in combination with the total boundary shear stress, s�rD50 from equation
(8), s�ri from equation (A4) and a median exponent mi50 5 13.7 for the Main Data set for s�i /s�ri <1.2 (equa-
tion (11); Figure 8c).

W�i 5

0:002 s�i =s
�
ri

� �13:7
for s�i =s

�
ri < 1:2 11að Þ

14 12
0:85

s�i =s
�
ri

� �0:7

 !4:5

for s�i =s
�
ri � 1:2 11bð Þ

8>>><
>>>:

4. A modified WC2003 equation in combination with the effective shear stress RR2011, a constant dimen-
sionless reference shear stress of s�0rD50 5 0.03, s�0ri from equation (A4), and a median exponent mi50 5 6.8
for the Main Data set for s�0i /s�0ri < 1.33 (equation (12); Figure 8d).

W�0i 5

0:002 s�0i =s
�0
ri

� �6:82
for s�0i =s

�0
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14 12
0:894
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�0
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 !4:5
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�0
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8>>><
>>>:

5. A modified WC2003 equation calculating total transport rates in combination with the total boundary
shear stress s�rD50 from equation (10) and a median exponent mtot 5 16.1 for the Main Data set for s�D50/
s�rD50 < 1.2 (equation (13), Figure 8e).

W�tot5

0:002 s�D50=s
�
rD50

� �16:1
for s�D50=s

�
rD50 < 1:2 and D> 4 mm 13að Þ

14 12
0:85

s�D50=s
�
rD50

� �0:7

 !4:5

for s�D50=s
�
rD50 � 1:2 and D> 4 mm 13bð Þ

8>>><
>>>:

Figure 5. Boxplots of power law exponents mi (W�i 5 0.002(s�i /s�ri )
mi) related to grain size class, derived from the (a) total shear stress and

(b) the effective shear stress according to Rickenmann and Recking [2011]. The blue thick lines represent the median exponent mi50 aver-
aged over all grain size classes and streams of the Main Data set. The dashed lines represent the exponent given by Wilcock and Crowe
[2003]. Boxplot edges represent the 25th and 75th percentiles, whiskers include data within 62.7 standard deviations, and outliers are pre-
sented as red crosses. In the 2–4 mm class, no data points are available from the Main Data set.
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6. A modified WC2003 equation calculating total transport rates in combination with the effective shear
stress RR2011, a constant dimensionless reference shear stress of s�0rD50 5 0.03, and a median exponent
mtot 5 7.8 for the Main Data set for s�0D50/s�0rD50 < 1.33 (equation (14), Figure 8f).

W�tot5

0:002 s�0D50=s
�0
rD50

� �7:8
for s�0D50=s

�0
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14 12
0:894

s�0D50=s
�0
rD50

� �0:5

 !4:5

for s�0D50=s
�0
rD50 � 1:33 and D> 4 mm 14bð Þ

8>>><
>>>:

For all fractional transport calculations, the hiding exponent of Wilcock and Crowe [2003] (equation
(A4)) was used. The rationale for using modified Wilcock and Crowe [2003] equations, with two trends
for s�i /s�ri < 1.33 and s�i /s�ri � 1.33, was based on the observation that dimensionless transport rates
appear to asymptotically approach a constant value for high s�i /s�ri . Therefore, we kept the definition
that W�i asymptotically approaches the value of 14, and we fitted the equations (11b) and (13b) for
s�i /s�ri � 1.33 by eye to yield an appropriately shaped transport function (red lines, Figure 7).

We first calculated transport rates using the six different methods. Four were obtained by summing frac-
tional transport rates derived from approaches (1)–(4) above; the other two were total bed load transport
predictions based on approaches (5) and (6) above. The approach with the highest predictive accuracy
(approach 4, equation (12)) was then used to present fractional transport rates for individual size classes
ranging from 2 to128 mm. The predictive accuracy was defined by a score representing the percentage of
data that fell within 1 order of magnitude of the measured (fractional or total) bed load transport rate (SC10,
0.1< qbcalc/qbmeas< 10), and a second score representing the percentage within 3 orders of magnitude of
the measured rate (SC1000, 0.001< qbcalc/qbmeas< 1000), where qbcalc is the computed bed load transport
rate and qbmeas is the measured unit bed load transport rate.

The predictive accuracy of total bed load transport rates (summed fractional rates) is lowest for the
WC2003 approach coupled with an unreduced boundary shear stress (Figure 8a), and its inaccuracy

increases with channel bed gradient
(Figure 9a). Using the WC2003 equa-
tion in combination with an effective
shear stress [Rickenmann and Recking,
2011; Wilcock et al., 2009] significantly
improves bed load transport predic-
tions (Figure 8b and Figure S10a) and
lessens slope-related overestimations
(Figure 9b and Figure S11a), although
predictions for the Main Data set
streams in particular remain overesti-
mated (Figure 8b). For all six models
tested in Figure 8, the predictions
derived from models calibrated to the
field data (Main Data set) still display
large scatter. However, bed load
transport predictions that include cor-
rections for macro-roughness (Figures
8d and 8f) tend to perform better
compared to predictions based on the
total boundary shear stress and the
variable shear stress. No substantial
differences could be observed
between transport rates predicted
from total and fractional transport cal-
culations (Figure 8). Note that frac-
tional transport rates for the Riedbach
and Erlenbach were summed for size

Figure 6. Boxplots of exponents mi50 (median of fractional exponents mi) and
mtot of power laws fitted to collapsed dimensionless bed load transport rates
(W�i 5 0.002s�i /s�mi

ri and W�tot 5 0.002s�D50Surf /s�mtot
rD50Surf , respectively). The two left

boxes are based on the total acting bed shear stress s*, and the two right boxes
are based on the reduced effective acting bed shear stress s*0 (RR2011). Dark
blue boxes are based on the bed load trap, vortex, and moving bed load basket
data. Light gray boxes represent m values of the Helley and Smith data. Boxplot
edges represent the 25th and 75th percentiles, whiskers include data within 62.7
standard deviations, and outliers are presented as red crosses.
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fractions larger than the minimum sampled grain sizes of 6 and 10 mm, respectively. The expected error
resulting from omitting fine gravel in those two cases decreases with increasing sampled transport rates
and might amount to a factor of 2–5 for the smallest transport rate and a factor of <0.2 for the largest.
These errors are negligible in the context of the analysis presented here. The predictive accuracy of frac-
tional transport rates, based on approach (4) with a reduced effective shear stress, is generally similar
among all considered grain-size classes, despite the fact that the uncalibrated Wilcock and Crowe [2003]
hiding function was used (Figure 10).

4. Discussion

4.1. Effective Shear Stress and Threshold Shear Stress
The relationship between our calculated s�rD50 values and channel slope occupies a range similar to other ref-
erence and critical-stress relations (Figure 3a) [Mueller et al., 2005; Lamb et al., 2008]. However, we only found
positive correlations between s�rD50 and channel slope, similar to those reported by Mueller et al. [2005] and
Lamb et al. [2008], if s�rD50 was derived from total boundary shear stress. If, instead, an effective shear stress is
used to compute s�0rD50 [Rickenmann and Recking, 2011; Wilcock et al., 2009], this positive trend disappears.
Dimensionless reference shear stress values approach a median of s�0rD50 5 0.03 for the Main Data set (Table 3
and Table S1), and the values vary in a similar range for both steep streams and for less steep channels,
where effective shear stresses are much closer to total shear stresses [cf. Recking, 2009; Yager et al., 2012a].

It is obvious that macro-roughness limits the flow energy available for sediment transport at steep gradients,
and it could also be shown based on both flume and field data that the energy needed for particle entrain-
ment increases on steep beds [Lamb et al., 2008; Mueller et al., 2005; Prancevic et al., 2014; Recking, 2009]. How-
ever, it remains difficult to distinguish between these two effects—macro-roughness or threshold shear

Figure 7. Similarity collapse of fractional transport rates based on s�ri (derived from the reference approach of section 2.3.2, step (2)). (a)
Collapse based on the total boundary shear stress s*. (b) Collapse based on the reduced effective bed shear stress s*0 according to equa-
tion (6) [Rickenmann and Recking 2011].
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stress—because energy losses to macro-roughness will increase the fitted value of the reference shear stress in
the Parker et al. [1982] approach [Recking, 2009]. For bed load transport prediction in steep streams, one com-
monly chooses either to reduce the total boundary shear stress [e.g., Egashira and Ashida, 1991; Green et al.,
2014; Nitsche et al., 2011; Pagliara and Chiavaccini, 2006, Rickenmann, 2012; Whittaker et al., 1990; Yager et al.,

Figure 8. Bed load transport predictions (D> 4 mm) based on (left) the total acting bed shear stress s* and (right) the reduced effective act-
ing bed shear stress s*0 (RR2011) for (a and b) the Wilcock and Crowe [2003] equation; (c) equation (11) in combination with a dimensionless
reference shear stress based on channel bed slope (equation (8)) derived from accumulated fractional calculations; (d) equation (12) in com-
bination with a constant dimensionless reference shear stress s�0rD50 5 0.03 derived from accumulated fractional calculations; (e) equation (13)
in combination with a dimensionless reference shear stress based on channel bed slope (equation (9)) derived from total calculations; and (f)
equation (14) in combination with a constant dimensionless reference shear stress s�0rD50 5 0.03 derived from total calculations.
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Figure 9. Discrepancy ratios (between calculated and measured unit transport rates) in relation to channel slope. Calculations are based
on (left) the total acting bed shear stress s* and (right) the reduced effective acting bed shear stress s*0 (RR2011) for (a and b) the Wilcock
and Crowe [2003] equation; (c) equation (11) in combination with a dimensionless reference shear stress based on channel bed slope
(equation (8)) derived from accumulated fractional calculations; (d) equation (12) in combination with a constant dimensionless reference
shear stress s�0rD50 5 0.03 derived from accumulated fractional calculations; (e) equation (13) in combination with a dimensionless reference
shear stress based on channel bed slope (equation (9)) derived from total calculations; and (f) equation (14) in combination with a constant
dimensionless reference shear stress s�0rD50 5 0.03 derived from total calculations.
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2007, 2012b] or to increase the threshold shear stress [e.g., Bunte et al., 2013; Lamb et al., 2008; Mueller et al.,
2005; Prancevic et al., 2014], to account for the reduced flow energy available and/or for the increased stability
of bed particles. However, it was recently shown that the increase in critical shear stress with slope is not pri-
marily related to increased particle friction angles and thus increased particle interlocking [Prancevic and Lamb,
2015b] but is mainly an effect of increased relative roughness [Prancevic and Lamb, 2015a], which correlates
with channel slope in steep streams. This finding is in agreement with the reduced energy slope approach of
Rickenmann and Recking [2011], which is mainly a function of relative flow depth.

Figure 10. Fractional bed load transport prediction for grain size classes from (a) <4 mm to (f) <128 mm based on the effective shear
stress approach RR2011 (equation (12)) in combination with a constant dimensionless reference shear stress s�0rD50 5 0.03. The hiding func-
tion used corresponds to equation (A4). In the 2–4 mm class, only data points from the HS Data set and Oak Creek are available.
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Thus, the effective shear stress approach used here for bed load transport prediction does not necessarily contra-
dict the observed increase in (total) threshold shear stress with channel slope. Based on the field data used here it
is impossible to quantify the relative importance of the two factors. In natural steep channels both effects coincide,
leading to reduced bed load transport rates at steep slopes under otherwise comparable hydraulic conditions.

4.2. Hiding Function Exponent b
The range of b found in this study is generally close to the values reported in the literature [e.g., Andrews,
1994; Ashworth and Ferguson, 1989; Bathurst, 2013; Bunte et al., 2013; Ferguson, 1994; Gaeuman et al., 2009;
Green et al., 2014; Mao et al., 2008; Parker, 1990; Recking, 2009]. In contrast to the dimensionless reference
shear stress s�rD50, the hiding exponent b is not affected by using either the total boundary or the effective
shear stress approach. This is not surprising because the shear stress reduction at steep slopes affects the
dimensionless shear stress of all grain sizes in a similar way.

4.3. Dimensionless Bed Load Transport Rating Curves
The reason why the rating curve exponents mi (and mi50, respectively) and mtot were smaller when based on
effective rather than total boundary shear stress (Figure 7 and Figure S8) might not be intuitively apparent. This
is because the range of s*/s�r (both for fractional and total transport rates) is narrower for a given stream and a
given flow discharge range when using a total shear stress as compared to an effective shear stress approach.
Using equations (6) or (7) to reduce the total boundary shear stress, the s*0/s�0r ratio is also a function of relative
flow depth (total boundary shear stress is reduced more strongly at shallower flows compared to deeper flows).
By contrast, for the total boundary shear stress approach, the available flow energy s*/s�r depends only on the
absolute flow depth, but not on the relative flow depth.

Using the reduced shear stress approach, the median rating curve exponent mi50 5 6.82 is in much better agree-
ment with the rating curve exponent of 7.5 obtained by Wilcock and Crowe [2003] experiments with nonuniform
sediment. A somewhat similar finding comes from a study of Recking [2010] who developed an alternative trans-
port equation that is also based on a reference shear stress. For s*/s�r ratios smaller than about 1, he proposed a
power law exponent m 5 12.9 based on flume data with uniform bed material. For gravel-bed streams, which
obviously have nonuniform grain-size distributions, he proposed an exponent of m 5 6.5, and also introduced a
correction function for the prefactor, which depends on channel slope and on the ratio D84/D50.

The larger mi and mtot exponents for the Main Data set streams, compared to the HS Data set streams (Fig-
ures 5 and 6), might be partly explained by uncertainties associated with the Helley-Smith (HS) bed load
samples. Bunte et al. [2008] found that bed load transport rating curves determined with bed load traps are
generally steeper than the rating curves determined from HS samplers. Whereas bed load transport rates
measured with bed load traps increase steeply with discharge, bed load transport rates measured with HS
samplers at the same sites yielded higher transport rates during low flow conditions and increased less
steeply with discharge. The oversampling by the HS sampler at low flows has been attributed to short sam-
pling times, to the flared HS sampler design, and to accidental particle pickup during sampler placement
[Bunte and Abt, 2005].

The assumption made in this study, that dimensionless transport rates W�i tend to approach a constant
value for high s�i /s�ri values (Figure 7), is only supported by a few data points. However, several studies,
mainly using flume data [Diplas and Shaheen, 2007; Meyer-Peter and Mueller, 1948; Parker, 1990; Rickenmann,
1991; Wilcock and Crowe, 2003], have shown that transport observations asymptotically approach a relation
qb* � (s*)1.5 for high shear stresses s*/s�r , with a prefactor (coefficient) in the range of about 4–14 [Wilcock
and Crowe, 2003; Wong and Parker, 2006; Wilson, 1987].

4.4. Bed Load Transport Prediction
Among the six versions of the Wilcock and Crowe [2003] transport model compared in this study, the
original approach (WC2003) that employs an unreduced boundary shear stress (Figure 8a) had the low-
est predictive accuracy. This is not surprising, because the equation was not developed for steep
streams; it does not take potential energy losses into account and thus tends to overestimate bed load
transport rates, especially in steep streams (Figure 9a). Using the WC2003 equation in combination with
an effective shear stress, as in Rickenmann and Recking [2011], significantly improves bed load transport
predictions and lessens overestimations on steep slopes (Figures 8b and 9b).
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The predictions of the modified WC2003 equations (equations 11–14; Figures 8c–8f) are still greatly scattered;
however, using a reduced effective shear stress and a constant reference shear stress (equations 12 and 14; Fig-
ures 8d and 8f) results in slightly better bed load transport predictions than using the total boundary shear
stress and the variable dimensionless reference shear stress from equations (11) and (13). Transport rates that
were predicted based on total or fractional bed load transport calculations did not substantially differ.

The predictive accuracy of the individual grain-size fractions according to equation (12) and the Wilcock and
Crowe [2003] hiding function (equation (A4)), is generally similar for all the considered grain-size classes
(Figure 9), even if the hiding equation is not calibrated to the field data. It appears that the general issue of
how to determine the governing shear stress and reference/critical shear stress, over wide ranges of bed
gradients, plays a more significant role for bed load transport than for potential grain-size interactions. This
also explains why the predictive accuracies of the fractional (Figures 8c and 8d) and the total (Figures 8e
and 8f) bed load transport equations are generally comparable to each other.

Well after being fitted to field data, fractional transport models have a significant advantage in practical
applications. Because the minimum grain sizes measured in the field can vary significantly depending on
the measurement technique (e.g., from 0.25 mm in the King data set to 10 mm at the Erlenbach), it can be
difficult to calibrate total bed load transport equations across data sets that combine different methods.
Fractional transport models have the advantage that they do not depend on the minimum measured grain
size, under assumption that the fractional rating curve exponents (mi) are roughly constant with grain size
(cf. Figure 5). Thus, fractional transport models can potentially be applied outside the range of grain sizes
that are available for calibration in a field data set.

Although correcting for macro-roughness improves bed load transport predictions (Figures 8c–8f), the
uncertainties in predicted transport rates remain huge (up to roughly 3 orders of magnitude), especially
considering that these equations have been fitted to the field data (and thus do not represent a priori pre-
dictions). The large uncertainties indicate either that the measured data are very noisy, or that important
processes or parameters are missing from all bed load transport equations. Variability in measured transport
rates is likely, given the difficulties of measuring transport rates and flow conditions that vary greatly in
both time and space. However, we assume that the bed load trap, moving basket, and vortex trap measure-
ments yield some of the most accurate field data currently available for steep streams. Furthermore, in the
simple transport calculations presented in this study, which focus on the estimation of the effective and ref-
erence shear stress over wide ranges of bed gradients, other important parameters driving bed load are
neglected. For example, the effects of catchment, streambed, flow, and bed load transport characteristics
on reference shear stress [e.g., Efthymiou, 2012; Gaeuman et al., 2009], hiding exponents [Green et al., 2014;
Mao et al., 2008], and bed load rating curves [e.g., Barry, 2004; Bunte et al., 2015; Diplas and Shaheen, 2007;
Recking, 2010] were not considered in this study. Furthermore, we have not considered sediment supply
issues [e.g., Bathurst, 2007; Recking, 2012; Yager et al., 2012b]. These factors might explain some of the
remaining deviations between predicted and observed transport rates.

5. Conclusions

Using a broad range of field data sets, we showed that transport equations such as the Wilcock and Crowe
[2003] equation, which were developed on flume data for lower stream gradients, can also be applied to
steep mountain streams if one accounts for flow resistance due to macro-roughness and/or the increased
(total) shear stress for initiation of motion.

From our field data, it remains unclear how much of the flow energy available for bed load transport is lost due
to flow resistance on macro-roughness elements in steep mountain streams, and how much more energy is
needed for entrainment of particles from structurally stable positions on the bed. Fortunately, for bed load predic-
tion itself, it matters little whether one reduces the flow energy available using a flow resistance equation, or
whether one increases the critical threshold for particle entrainment (see Figures 8c–8f). Both approaches correct
the available energy in the same direction (cf. Figure 1) and avoid the systematic overestimation of sediment
transport rates that otherwise occurs in steep mountain streams [e.g., Bathurst et al., 1987; Chiari and Rickenmann,
2011; Lenzi et al., 1999; Rickenmann, 2001, 2012; Yager et al., 2007, 2012a]. However, selecting one approach over
the other has implications for bed load transport predictions, because the stress-dependent increase in bed load
transport rates defined by the power law exponents mi strongly depends on which of the two approaches is
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used. It is interesting that the power law exponents of 6.8 obtained from using the effective shear stress accord-
ing to Rickenmann and Recking [2011] and Wilcock et al., [2009], are, on average for the Main Data set streams,
close to the exponent of 7.5 given in the Wilcock and Crowe [2003] equation designed for lower bed gradients.
This similarity in exponents allows the Wilcock and Crowe [2003] equation to be used, in combination with an
effective shear stress approach, in steep mountain streams without substantial changes to the bed load transport
relation, as would be necessary when using a reference shear stress that depends on channel slope.

Finally, bed load transport predictions do not significantly vary depending on whether they are derived from
calculating transport rates for individual grain fractions, or from calculating total transport. It appears that com-
pared to the variability of reference or critical shear stress and the effects of macro-roughness on transport effi-
ciency (and their associated uncertainties), hiding and exposure effects are relatively insignificant, and the use
of an average hiding exponent (equation (A4)) generally works well for fractional bed load transport prediction.

Appendix A: Wilcock and Crowe [2003] Equation

The Wilcock and Crowe [2003] equation is based on flume measurements that cover wide ranges of flows,
transport rates, and bed surface sediments. The model is based on previous surface-based transport models
[Parker, 1990; Proffitt and Sutherland, 1983]; however, its hiding function incorporates a nonlinear effect of
sand content on gravel transport rates [Wilcock et al., 2001]. The dimensionless fractional transport rate W�i
is defined as a function of hd 5 s/sri.

W�i 5
0:002hd

7:5 for hd < 1:35 A1að Þ

14 12
0:894
hd

0:5

� �4:5

for hd � 1:35 A1bð Þ

8><
>:

The reference shear stress sri of each grain size fraction is determined using a dimensional form of a hiding
function (equivalent to equation (1)), with its input parameters sr50 5 srDm and b0 (note, b0 in the dimen-
sional form of the hiding function corresponds to 1 2 b).

sri5srDm
Di

Dm

� �b’
(A2)

s�rD505ð0:02110:015exp ½220Fs�Þðqs2qÞgD50Surf (A3)

b’5
0:67

11exp 1:52 Di
D50Surf

� � (A4)

where Fs is the proportion of sand in surface size distribution, Di is the grain size of fraction i, and D50Surf is
the D50 of the streambed surface.
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