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ABSTRACT

Convection of rocks in the Earth’s mantle gives rise to crystallographic texture
of the constituent mineral, olivine. In this paper, we present simulations of
texturing of olivine as it flows through a two-dimensional, buoyancy-driven
convection cell. The simulations utilize a finite-element formulation for coupled
heat transfer and viscoplastic flow, together with polycrystal plasticity, to
evaluate the deformation of rocks within the convection cell and the
consequent texture evolution in the upper mantle. From the computed texture
field, which varies considerably over the cell, the seismic velocity distribution is
evaluated. Seismic velocity variations are presented and discussed in the context
of earthquake travel time observations and tomographic maps.

§ 1. INTRODUCTION

Of particular importance for processes in the crust, such as volcanic activity,
earthquakes and mountain building, is the deformation of the mantle. Geophysicists
have firmly established that, within the mantle, large cells of convection are induced
by instabilities and driven by temperature and density gradients. This convective
flow has been modelled by geophysicists since the early 1960s beginning with single
two-dimensional cells and progressing to three-dimensional geometries involving
many interacting cells (for example Turcotte and Oxburgh (1967), McKenzie
(1979), Hager and O’Connell (1981), King et al. (1990), Glatzmaier and Schubert
(1993), Tackley et al. (1993), Bunge and Baumgardner (1995), and Bunge et al.
(1996)). In general, the models proposed in these investigations are based on the
assumption that the material is a viscous liquid in the sense that the shear stress is
proportional to the shear strain rate. Neither the internal structure nor the direction-
ality of the properties is considered in assessing the properties of the mantle rocks.
Yet a specific and unique property of the solid state is its regular internal structure
and anisotropy. The convective flow of the mantle substantially alters the internal
structure, and the mechanical properties derived from it.

The main constituent of the upper mantle is olivine, which exhibits about a 25%
difference in acoustic speed between the slowest and the fastest crystal directions.
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Because of this difference, a polycrystal with preferred orientations of component
crystals will display a directional dependence (anisotropy) of seismic wave propaga-
tion. Indeed, seismic waves do travel faster (about 5%) perpendicular to the oceanic
ridges than parallel to them (Morris et al. 1969). About 35 years ago, Hess (1964)
interpreted this as a result of a preferential alignment of crystals with directional
properties and proposed that this alignment was attained during mantle convection.
While the general concept of preferred orientation (referred to as crystallographic
texture, or simply texture hereafter) has been widely accepted, most simulations of
the mantle convection are still performed using isotropic continuum theories, mainly
because of the great complexities that crystallographic models entail.

In a prior publication, a model was presented for predicting the development of
anisotropy in a convection cell and discussed implications for convection in the
Earth’s mantle (Chastel er «/. 1993). The results indicate that during convection,
crystals reorient into characteristic textures that cause anisotropic physical proper-
ties. It was observed that these patterns are highly heterogeneous over the span of the
convection cell and depend on the specific straining history along individual stream-
lines of the cell. The rotations that reorient crystal lattices are due to the activation of
slip systems in deforming single crystals as well as the macroscopic rotation of
material progressing along a streamline. Both of these are most intense during
upwelling at ridges and during subduction. Thus, texture development is particularly
strong in these regions. Using the crystallographic texture throughout the convection
cell and the physical properties of single crystals, seismic velocity averages over
mantle sectors were computed and the directional dependence of wave propagation
determined. The predicted azimuthal variation in p-wave anisotropy of 5-10%
reported in that publication agrees well with actual observed values.

The evolution of crystallographic texture also has been studied for a more local
mantle deformation, along a spreading ridge. to distinguish between the anisotropies
produced by passive and buoyant flows (Blackman et «/. 1996). The passive velocity
field was computed by requiring that the surface velocity equalled the spreading rate;
the buoyant velocity field resulted from the variations in body forces that arise from
differing amounts of thermal expansion in the presence of temperature gradients.
Very different texture fields develop for the two cases, together with the associated
differences in computed seismic travel times across ridges. These results were used to
estimate whether the observed travel times could be used to distinguish between the
two cases.

The convection cell used in the earlier study was highly arbitrary and idealized.
In the investigation reported here we are using a more realistic mantle, one with
dimensions corresponding to those in the Earth and with material properties that are
closer to those which are believed to exist. We discretize the convective cell with a
greater number of finite elements to resolve the gradients of the flow better and use a
larger number of crystals to represent each polycrystal. Apart from that, the proce-
dure is similar. The ‘mantle” which we simulate is still idealized; the model is two
dimensional, there is no interaction with the crust (e.g. during subduction) and the
sole phase change (at 650 km) affects only the mechanical properties. The model is
intentionally kept simple to emphasize the effects of the convective flow on the
internal structure of the mantle material and on the resulting anisotropy in its
mechanical properties. We begin with a brief review of the significant elements of
the model and simulation procedures and refer the reader for details to the previous
study.
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§2. APPROACH

The Earth is a very heterogencous system at all scales. There are compositional
and structural variations both laterally and with depth. Deformation occurs at the
large macroscopic level down to the atomic structure within crystals. Because of this
complexity there is limited utility in modelling deformation using an approach that is
restricted to the macroscopic scale wherein the mantle is treated as a continuum.
Instead, we use an approach that combines models from two scales. At the macro-
scopic level the finite-element method is ideally suited to deal with the heterogeneous
deformation patterns present over the dimensions of a convective cell, and to resolve
gradients in the flow field associated with deformation and rotation of the mantle
minerals. At the microscopic level, polycrystal plasticity theory simulates deforma-
tion processes within crystals, deformations that drive the microstructural change of
the mantle minerals and that.are inherited from the macroscopic flow within the cell.

The finite-clement method provides a means to solve a system of model equa-
tions that incorporate the physical realities of a heterogeneous macroscopic system.
The methodology for obtaining a solution is an integral part of a complete simula-
tion model. Central to the model are the governing equations, which include the
balance laws for momentum, mass and energy, the boundary conditions and the
equations of polycrystal plasticity. The finite-element method is chosen for its ability
to deliver accurate numerical solutions for this system of nonlinear inhomogeneous
time-dependent partial differential equations. The finite-element method is widely
used in geodynamics. What is new is that we introduce anisotropy through a phy-
sically meaningful polycrystal plasticity model. This approach has first been devel-
oped for metal-forming applications (Mathur ez al. 1990, Beaudoin et al. 1993, 1994)
that share many of the same features, such as large strain deformations, coupled heat
transfer and plastic flow, and evolving material microstructure. Properties within a
finite element are defined from the average responses of a population of crystals that
serves as a sample of the material existing within the element. The crystals dimen-
sions are typically much smaller than that of the element, so that the crystal aggre-
gate (referring to the sample of crystals drawn from the population) numbers far
fewer than the number of crystals that would actually exist in a volume comparable
with that of the element.

Simulations that employ finite elements whose dimensions are far larger than
that of an aggregate of crystals within it entails some assumptions with respect to
linking the macroscopic element and microscopic crystal scales. In the case of metals
the results of simulations can be directly compared with experiments. In the case of
the Earth’s interior, deformation processes have been subject to a long history which
are only in a very limited way accessible to experimentation. Furthermore, many
properties of the material which composes the interior of the Earth are only inferred
from indirect observations. Nevertheless, many mechanisms are presumably similar
to those in metal forming and, with some modifications, a similar approach is
applicable.

§3 SINGLE-CRYSTAL CONSTITUTIVE BEHAVIOUR

3.1. Slip systems
The mechanisms that contribute to the plastic deformations of minerals are
dependent on the strain rate and the temperature (Nicolas et al. 1971, Kohlstedt
and Goetze 1974, Bai et al. 1991, Karato et al. 1995). Depending on the regime of
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strain rate and temperature, some mechanisms will dominate over others and be
principally responsible for shape changes occurring in the material. Here, we assume
that the crystals are deforming solely by slip, rather than by other mechanisms or by
combinations of mechanisms. Although slip occurs by the motion of dislocations
through the lattice, we do not resolve the behaviour of individual dislocations.
Rather, the net effect of dislocation motion is captured by the activity of slip systems,
each of which contributes to a single shear mode of deformation.

A slip system can be described mathematically by vectors that describe the
normal to the slip plane (m) and the slip direction (s) (Kocks et al. 1998).
Forming the tensor product of these gives the Schmid tensor

T=s®m, (1)
which has symmetric and skew parts denoted by
P =sym(T) (2)
and
Q = skew (T). (3)

Minerals often exhibit only a few potentially active slip systems. However, it takes
five independent slip systems to accommodate all five deviatoric components in D’.
For olivine the predominant slip systems are (Kohlstedt and Goetze 1974, Durham
and Goetze 1977)

which define only four slip systems which are all orthogonal.
With the slip systems defined, the plastic velocity gradient LP in a crystal is
written as a combination of the slip system responses:

LP = Z Tn,&,a’ (4)
where 4% is the rate of shear on the a slip system. (A superscript « is used to
designate one of the systems.) This relationship is a central part of the mathematical

structure of polycrystal plasticity as it relates the net result of dislocation movement
to crystal shape change and lattice rotation.

3.2. Crystal kinematics
A comprehensive treatment of the crystal kinematics begins with the mapping of
coordinates of points within the crystal over time (Dawson and Marin 1997). This
mapping is the motion of the crystal and is given by

x = x(X,1). (5)

in which x are the current coordinates and X are reference coordinates. From the
mapping the crystal deformation gradient F°, is determined as
ox

F'=2x (6)
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in the usual way. The full deformation gradient is decomposed into several parts
F¢ = V*R*FP, (7

where V* is the elastic stretch, R* is the lattice rotation and FP® is the plastic defor-
mation gradient. We restrict our attention now to the inelastic response, assuming
that the elastic strains are always small in relation to unity, such that V* ~ 1. The
crystal deformation gradient then becomes

F° — R*F?, 8)

which is differentiated with respect to time and divided into symmetric and skew
parts to give

D°=D" =) 4°P° (9)
and
W =RR*T + )" 4°Q* =R*R*" + W". (10)

where D¢ is the crystal deformation rate, DP is the plastic deformation rate, W¢ is the
crystal spin and WP is the plastic spin. Equation (9) relates the crystal shape change
to the net motion of dislocations, while equation (10) provides a relation between the
crystal spin and the lattice orientation. Together, D? and WP form the plastic velo-
city gradient given in equation 4.

3.3. Crystal compliance and stiffness

The above kinematic framework is not sufficient by itself to define the crystal
stiffness; a relationship between the crystal deviatoric stress 6° and slip system shear-
ing rates + is also required. (Primed quantities are deviatoric throughout the paper.)
This is obtained from the kinetic relation for slip on a slip system and the geometric
relation between the crystal stress and its component on the slip plane and in the slip
direction. The kinetics of slip is assumed to be well represented with a power-law
relation (Durham and Goetze 1977), as discussed in more detail for olivine later. For
the time being we assume that such a relation is valid, and proceed to establish the
stiffness using

" sgn (%) = (7). (1)

(83

i

=]
TC

where m is the strain rate sensitivity, 7, is a model parameter, 7, is the temperature-
dependent slip system strength and 7* is the resolved shear stress for the ath system.
The resolved shear stress is

7% = P*-g". (12)

Factoring a term that is linear in 7* from equation (11) and combining this with
equations (9) and (12) give (Dawson and Marin 1997)

D,C:MC‘GIC, (13)

where

M = Z f(Taav 7c) pepeT. (14)

T
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Inverting equation (13) gives
G’C:MC7I'DIC=SC‘D,C. (15)

The compliance M or the stiffness S¢ is used in constructing the macroscopic
stiffness S in accordance with the assumptions that link the crystal and macroscopic
scales, discussed in the following section.

3.4. Olivine parameters

As was mentioned above, we assume that the upper mantle is composed of the
mineral olivine and the lower mantle of a mineral phase that is ten times more
viscous than olivine, in accordance with implied mechanical properties for magne-
siowuestite and Mg—Si perovskite. Furthermore, since it was assumed that no aniso-
tropy exists in the lower mantle, it was unnecessary to know slip systems for the
lower mantle phase and an isotropic viscosity that only changes with temperature
was used. The mechanical properties of olivine, particularly slip systems, critical
shear stresses and their temperature dependence, and the strain-rate sensitivity
were derived from reported experiments (Kohlstedt and Goetze 1974, Durham
and Goetze 1977 and Bai et al. 1991) and are summarized in table 1. From experi-
mental data (Bai er al. 1991), critical shear stresses were assigned on the basis of a
strain rate of 107°s™', an orthopyroxene buffer and an oxygen fugacity
fo = 10**atm for high-temperature conditions. The experimental data are limited
and values for reference conditions had to be extrapolated. For the temperature
sensitivity of the critical stress we used an exponential law

1 1
T, = Tp€Xp [b (? - T,g)} (16)

where 7, is the slip system strength at temperature 7, and 7, the slip system strength
at a reference temperature T It was assumed that T, and b are the same for all
slip systems. As reference temperature we chose 1673 K. The 7y values are different
for the different slip systems and values were estimated from mechanical data for
compression experiments in different sample orientations. The factor b was evaluated
from data for 1533 and 1623 K for (010)[100] slip and a value of 15.5 x 10° K" was
obtained. For the description of the dependence of the stress on the strain rate, the
power-law relation in equation (11) was prescribed using a stress exponent 1/m of
3.7 all slip systems (Durham and Goetze 1977). With these values, stress—strain
curves for simple deformation histories were calculated directly with the polycrystal
plasticity model, as shown in figure | for axisymmetric compression at several
temperatures. The effective stress smoothly increases to an effective strain of 0.3

Table 1. Slip systems and derived slip system strengths for
olivine at 1673 K (Bai et al. 1991).

Slip Experimental crystal Reference strength
system orientation (MPa)
(010)[{100] {110], 18
(001)[100] [101], 18
(100)[001] [101], 18

(010)[001] [o11], 45
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Figure 1. Calculated olivine stress—strain curves for axisymmetric compression at several
temperatures.

for all temperatures. Above a strain of 0.3 the effective stress continues to rise but
exhibits oscillations of several per cent of the maximum value. These oscillations are
not uncommon in the stress computed using an equilibrium-based model, as is used
in this paper, owing to the sensitivity of the stress to evolving texture. Although a
small amount of slip system hardening often will eliminate the oscillations, this was
not critical to the simulations presented here, and a constant value of strength was
used for each slip system throughout.

§4. POLYCRYSTAL CONSTITUTIVE EQUATIONS

4.1. Orientational averages

In the class of applications that we consider here, every macroscopic point has
associated with it a representation of the crystallographic texture of a small volume
of material containing the point. We refer to the orientations that comprise the
volume as an aggregate, whether we represent the orientations with a discrete set
of orientations or by a probability density function 4 that prescribes an orientation
distribution (Kumar and Dawson 1996). Although these two approaches appear to
be quite different idealizations of the texture, they fall within the same general
framework, as presented in this section. The texture enters the simulations through
the determination of mechanical properties at the macroscopic level. The macro-
scopic stiffness is obtained by averaging the crystal stiffness (or by inverting the
average of the crystal compliance) for all crystals within the aggregate. This requires
that the crystallographic texture be available at each instant when the velocity field is
computed. For this purpose, we present methods for evolving the texture for
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imposed deformation histories, histories that will be evaluated as part of the full
simulation procedure.

The orientation distribution associated with an aggregate is given by the prob-
ability density 4(r) with the property that the volume fraction of crystals vf in a
subset of orientation space Q* is given by

vt = J A(r)de. (17)
o

where @ is the domain of orientation space and r is the vector describing the crystal
orientation using an angle-axis representation (Kumar and Dawson 1998). A(r) is
normalized such that

J A(r)dQ = 1. (18)
Q

The extent of the domain Q depends on the specific parametrization of orientation
space and the symmetries exhibited by the crystal (Kumar and Dawson 1998).

The macroscopic behaviour is the average of the behaviours of the individual
crystals of the aggregate. We obtain the average by an integration of the crystal
quantity, weighted by the probability density, over orientation space. For an arbi-
trary crystal quantity I'° the average value (I}, is given by (Kumar and Dawson
1996)

r=(re = L re(r)A(r) de. (19)

In particular, we require that the deviatoric stress and deformation rate at the
macroscopic level reflect the average of their counterparts at the crystal level so that

D'=(D") = JQ D'“(r)A(r)dQ (20)
and
¢ = () = jga'C(r)A(r) dQ. (21)

In instances in which the aggregate consists of a discrete sample of orientations taken
from the orientation distribution, the macroscopic values are simply the weighted
averages of the crystal quantities

D'=(D") = Z wD’c (22)

and
' = (") = Z we'S, (23)

where w* is a set of weights assigned with one-to-one correspondence to the orienta-
tions (Beaudoin et al. 1993). The values of elements of this set are chosen to empha-

size those crystals corresponding to regions in the orientation domain where 4 is
high.
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4.2. Linking crystal responses to continuum scale motion
Recall from equations (14) and (15) that the relationship between the deforma-
tion rate and deviatoric stress in a single crystal is an invertible relationship of the
form

DIC =MC.6/C (24)
or
¢¢=8°-D'° = (MC)—I 'D,c, (25)

where M and 8¢ are the single-crystal viscoplastic compliance and stiffness respec-
tively. If we proceed with averaging these relationships we obtain

(D) = (M°:6") (26)
and
(') = (8§°-D'°). (27)

On the macroscopic scale, we assume the deviatoric stress and deformation rate are
related in an analogous form

¢ =8-D (28)

To relate equations (26) and (27) with equation (28), we must specify the nature of
the link between the microscopic (single crystal) and macroscopic behaviour. This
link is often referred to as the mean-field assumption or partitioning rule. It defines
the manner in which some macroscopic quantity, such as the deformation rate, is
distributed over the crystals of an aggregate. Two extreme possibilities are that the
deformation rates are identical from crystal to crystal over an aggregate, as proposed
by Taylor and Elam (1923) and Taylor (1938), and that the stresses are identical in
each crystal (Prantil et al. 1995), which can be thought of as an extension to the
hypothesis of Sachs (1928). For the first case we note that in equation (27), the
crystal deformation rate can be removed from the orientation average if these
rates are identical for all orientations to give

' =(¢"°) = (8°D") = (8°)-D' =S-D’. (29)
Using this assumption renders equal straining in all crystals of an aggregate. For the

second case, the identical stress may be taken outside the orientational average to
give

D’ = (D) = (M®+6") = (M0 = (M)-a". (30)
To obtain the form of equation (28), (M°) is inverted:
o_IC: <MC>_1‘DIC. (31)

Estimating S by these two approaches gives upper and lower bounds respectively of
the stiffness for a specific texture. With the Taylor hypothesis, compatibility is
enforced, but equilibrium may be violated. With the equal-stress constraint, equili-
brium is satisfied identically, but the crystal deformations may not be compatible.
For olivine, the limited number of independent slip systems is inconsistent with use
of the Taylor hypothesis; so we have employed the lower bound approach in the
computations presented. It has been established previously (Wenk er al. 1991,
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Chastel et al. 1993) that results of polycrystal plasticity simulations for simple strain
histories agree closely with those observed in experiments (Nicolas ef al. 1973).

§5. FINITE-ELEMENT PROCEDURE
The balance laws are used to form the residuals for the finite-element approx-
imations constructed to evaluate the velocity and temperature fields. Here we discuss
only the solution for the workpiece motion, as the temperature distribution is
obtained with standard methodologies (Zienkiewicz and Taylor 1990). A weighted
residual for equilibrium (Johnson 1987) is written over the body volume B using
vector weights, as

R, = J ¥+ (Vo' +b)dB. (32)
B

This is modified to obtain the weak form through integration by parts and applica-
tion of the divergence theorem to give

R, = —J Tr (¢'T-grady) dB + J pdivyydB + J t-ydl + J b-ydB, (33)
B B ] B
where the Cauchy stress has been divided into its deviatoric and volumetric parts
according to

6 =0 +oyl (34)

with o, being the mean stress and t is the traction acting on the boundary 9B of B.
For an incompressible medium

TrD = divu =0, (35)

which can be enforced using a consistent penalty approach (Engleman et al. 1982).
First a residual is written using the incompressibility constraint (equation (35))

R, = J sdivudB, (36)
B

where ¢ are scalar weights. Slight compressibility is admitted, giving the possibility
to write a penalty constraint in a form consistent with the finite element discretiza-
tion

I
R, :J b0 dB+—J ¢ divudB, (37)
B ¢ Js

where ¢ is a penalty parameter. Finite-element interpolation is introduced as
u=[NV{U}, (38)
Om = [Np]{P}v (39)

for the tnal functions and

¥ = [N|{¥}, (40)
¢ = [N,{®}. (41)

for the weighting functions where N and N, are functions of the position x. The trial
functions for u are continuous over element boundaries but, for o, discontinuous
interpolation is specified to match the interpolation for the gradient of the velocity.
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With discontinuous pressure interpolation, the penalized incompressibility con-
straint can be written element by element as

(P} = — = M) G (O}, (42)
where
AR AR (@)
and
CRIICROIALS (44

[B] contains spatial derivatives of [N] such that
{D} = [B{U}. (45)

{D} is a vector containing the components of the deformation rate and {4} is the
trace operator. We introduce the mechanical behaviour from equation (28) in matrix
form as

{o'} = [SHD'}. (46)

Substitution of this relationship into equation (33) eliminates the deviatoric stress.
Taken with equation (42) for eliminating the pressure, the residual is written for
arbitrary variations in the weights as

(K] + [K){U} = {F}, (47)
where
k)= | 18808 (48)
K] =~ [G)M,) 6" (49)
and
(F} = J VT (s} dr +J (N"{b} dB. (50)
oB B

From equation (47), the velocity field is determined for a specific combination of
geometry, loading and state. The driving force for the flow arises from the density
gradients associated with the non-uniform temperature field. To accommodate this,
an iterative procedure is used to couple the heat transfer solution with the solution
for the velocity field.

The macroscopic material stiffness given by equation (28) is derived as the aver-
age of single-crystal responses using either an upper or a lower bound assumption.
The slip system response for the single crystals is determined by matching laboratory
data for the compression of an olivine sample, as discussed earlier. In the previous
study (Chastel et al. 1993) the lower bound stiffness was used in the finite-element
equations, and convective velocity fields were computed for two different sets bound-
ary conditions. Each set restricted the magnitude of the velocity to be consistent with
observed convection rates. Here, we replace the anisotropic stiffness derived in this
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way with an isotropic stiffness based on a single viscosity and do not have to place an
explicit constraint on the magnitude of the velocity field. The reason for making this
change is that the viscosity derived from laboratory experiments is orders of magni-
tude lower than that inferred from convective rates or glacial rebound. While aniso-
tropy is neglected for the purposes of computing the velocity field, the simulations
that follow still compute the texturing based on the polycrystal model, including the
single-crystal behaviour for olivine and the lower bound-linking hypothesis. In this
respect, coupling between the macroscopic velocity field and the evolving microstruc-
ture is only from the velocity field to the microstructure, and not from the micro-
structure to the velocity field. This is discussed in more detail in the following
sections.

§6. RESULTS

The convection cell is 2900 km deep and 3000 km wide. Within this region are
three zones: the lower mantle extends from 650 to 2900 km depth across the width of
the cell; the upper mantle extends from the bottom of the crust to the lower mantle,
and also across the full width of the cell; the crust extends from the surface to the top
of the upper mantle, varying in thickness from 50km (along the boundary with
upwelling) to 125km (along the boundary with subduction). The cell geometry is
shown schematically in figure 2. Along the bottom of cell (lower extent of the lower
mantle), no vertical velocity is allowed. Along both lateral surfaces, no horizontal
velocity is allowed. The crust is assumed rigid and, at the boundary between the
upper mantle and the crust, the velocity of the upper mantie is required to be
tangential to the crust-upper mantle boundary. It is not necessary to model the
crust explicitly with these boundary conditions, and so only the upper and lower

Crust

2900 km

- 3000 km |

Figure 2. Schematic diagram of the convection cell showing the upper and lower regions of
the mantle and the crust.
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Table 2. Parameters used in the simulations (Turcotte and Schubert 1989, Blankenbach
1989). If ranges are given, the first value is for the top of the mantle and the second
for the bottom of the mantle.

Quantity Symbol Units Value

Density P kgm™ 4(3.4-5.6) x 10°

Heat capacity C, Jkg'K™! 1.25 x 10°

Thermal conductivity k Wm K™ 5

Volumetric thermal expansion o K™! 25x%x107°

Gravity g ms 2 9.8(9.86-10.68) x 10**
Young’s modulus E Pa (1.6-7.6) x 10"
Compressibility i Pa’! 7.5(8.0-1.5) x 107"
Kinematic viscosity v m?s™! 2.5 % 10¥7Y
Dynamic viscosity g = vp I Pas : 1 x 1033

mantle zones have been discretized with finite elements. The top surface of the
mantle is required to be 1600 K; the bottom surface of the lower mantle is fixed at
2900 K. The lateral boundaries are adiabatic.

A total of 360 higher-order isoparametric elements are used to discretize the full
mantle: 120 in the upper mantle and 240 in the lower mantle. A Eulerian procedure is
employed, so the elements are spatially fixed and mantle material flows through
them. Within each element resides an aggregate of 1000 crystals that describes the
texture. Each aggregate is numerically interrogated to determine average properties
for its element. The crystal orientations for every aggregate must be updated to
account for the evolution of texture. This is accomplished by integrating the equa-
tions for the lattice reorientation rate along the streamline leading to the element
centroid. The connection between the macroscopic scale of the convective flow
and that of the individual crystals is made using the equilibrium-based linking
hypothesis.

Bulk properties of the mantle were chosen in accordance with the geodynamics
literature (Turcotte and Schubert 1989) and benchmark calculations (Blankenback
1989). Corresponding values are listed in table 2. Values used in the present simula-
tions correspond to the centre of this range. Figures 3 and 4 illustrate the tempera-
ture distribution and the velocity field when convection has reached a steady state.
Both conform closely with our previous calculations (Chastel ez al. 1993) and with
models of other investigators (for example Turcotte and Oxburgh (1967), Hager and
O’Connell (1981) and King et al. (1990)) and display patterns dominated by con-
vective heat exchange.

The texture patterns for the element centroids of the upper mantle are presented
in figure 5 as [100] pole figures. As in our previous model (Chastel ef al. 1993), great
heterogeneity is observed, vertically and laterally, with regions having strong texture
while others have almost random orientation distributions. The uppermost layer is
strongly textured, but immediately underneath there is a fairly isotropic layer. The
centre of the cell is again strongly textured. All pole figures display a statistical diadic
symmetry, consistent with two-dimensional (plane-strain) deformation. The pole
figures have no mirror planes because the deformation has a simple shear compo-
nent. Figure 6(a) and (b) show enlargements of pole figures 1 and 7 of the second row
(from the top), which will be referred to as points 1 and 7 in the following discussion.
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Figure 3. Temperature distribution during convection showing the effects of upwelling (on
the left) and subduction (on the right).

Figure 4. Convective velocity field shown using scaled vectors directed tangent to the flow.

In this case the discrete orientation distribution (OD) was entered into a continuous
three-dimensional orientation space and smoothed with 7.5° and 30° filters (texture
calculations and representations were done with BEARTEX (Wenk et al. 1998)).
This OD was then used to calculate continuous [100] pole figures. Both locations
display texture, point | is clearly textured more strongly than point 7. This can be
quantified (table 3):. the texture index F,, a quantitative measure of the overall
texture strength, is for the 7.5° smoothed orientation distributions five times higher
for the first than the second location. It is also expressed in maximum pole densities
in [100] pole figures. For figure 6(a), it 1s 26 MRD while, for figure 6(5), it is
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Figure 5. [100] pole figures displayed at the element centroids of the upper mantle (not to
scale). Bottom is upwelling, left is horizontal spreading, top is subduction and right

is lower mantle boundary.
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Table 3. Quantitative data on texture strength at points 1 and 7 of figure 6, and p-wave
velocities, including single-crystal (X) values: MRD, multiples of random distribution.

OD (MRD) [100] MRD) V,(ms') ¥,(ms™")
F, smoothed maximum maximum  minimum  maximum
Location F, 7.5° at [30°] 7.5°[30°] 7.5°[30°) 7.5°[30°) 7.5°[30°]

1 141 39 [6.9] 148 [20] 26[8.5] 6776 [6820] 8061 [7914]
7 63 8 [1.7] 40 [4.9) 1440] 7204 [7228] 7447 [7398]
X 6633 8485

14 MRD. These values both indicate a strongly textured condition. Part of this is due
to the limited number of single orientations, even though we expanded from 200
crystals in every aggregate in the previous study to 1000 in the present work. As
Matthies and Wagner (1996) have shown, the texture strength decreases with a 1/n
relationship, where n is the number of orientations in the sample. The second reason
is that most polycrystal plasticity models predict textures that are too strong. It can
be attributed to the simplified assumption of pure slip, while in reality the evolution
of the dislocation structure is much more heterogeneous within a crystal and, in the
case of olivine, deformation by slip is accompanied by recovery. We shall show later
that this overestimation of the texture strength has little effect on the elastic and
seismic properties.

The evolution of texture is best evaluated by tracing material flow along various
streamlines as shown in figure 7. In the lower mantle the material is assumed to be
isotropic. When it enters the upper mantle and transforms to olivine, the texture
evolution begins. Strong preferred orientation develops during upwelling with
high shear. The pattern changes as the flow lines change direction from vertical to
horizontal. During horizontal spreading, orientation changes are minimal. Finally,
during subduction, a new pattern develops which is generally weaker but does not
revert to randomness at the interface with the lower mantle. In our model the time
for the convection path of an outer streamline in the upper mantle is about 120 x 10°
years, corresponding to a spreading velocity of 2 cmyear™'.

If the orientation distribution and the tensor properties of the single crystal are
known, then the physical properties of the textured polycrystal can be calculated by
appropriate averaging. In the case of the mantle, elastic properties are of main
interest. The single-crystal elastic stiffness values are given in table 4 for olivine.
Using these values, averaging over all 1000 crystallites in each cell was performed
with the self-consistent method assuming a spherical grain shape (Tomé 1998). From
the averaged elastic constants and the density (4.5 gcm 2 for the central region of the

Figure 6. Preferred orientation patterns and seismic anisotropy for two selected points (point
1 during upwelling with strong texture (a, ¢, ¢) and point 7 during spreading with
weaker texture (b, d, f); compare figures 5 and 8. (a—d) [100] pole figures were obtained
by calculating a continuous OD and then smoothing the OD with (a), (b) 7.5° and (c¢),
(d) 30° filters and recalculating from this smoothed OD the pole figures. Logarithmic
contours are used (0.5, 0.7, 1.0, 1.4, 2.0 and 2.4. 4.0 MRD dot pattern below 1 MRD)
with equal area projection. Longitudinal p-wave velocity propagation for (e) and (f)
correspond to pole figures (¢) and (d); (g) gives velocities for an olivine single crystal.
Linear contours are shown with a contour interval of 100ms™"' and the dot pattern
below 7200ms™". Compare table 3 for numerical data.
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Figure 7. [100] pole figures along one streamline illustrating the evolution of texture for a
rock traveling near the cell perimeter. Pole figures A-E correspond to positions A-E
respectively.

Table 4. Single-crystal stiffness (Simmons and Wang 1971); Voigt notation.

Chy C» Cy3 Cx Coy Ca3 Cy Css Ces
(GPa)  (GPa) (GPa) (GPa) (GPa) (GPa) (GPa) (GPa)  (GPa)
324 59 79 249 78 249 66.7 81 79.3

mantle), propagation surfaces for longitudinal (p) and transverse (s) waves were
calculated, with those for p-waves shown for all element centroids in figure 8. The
velocity maps are shown in equal area projection. We are aware that both the elastic
constants and the density change with temperature and pressure, but in our repre-
sentation we used constant values to emphasize the effects of anisotropy. All devia-
tions from the value 7280ms~' for an isotropic polycrystal are due to texture.
Similar to the pole figures in figure 5, there are large deviations from isotropy and
also a heterogeneous distribution of anisotropy over the convection cell. Since the
flow pattern is two dimensional, the deformation corresponds to plane strain, and
textures and velocity surfaces have statistically a symmetry plane and a two fold
rotation axis perpendicular to it. Overall, there is a correspondence between fast
velocities and [100] concentrations, since [100] is the fast single-crystal direction. If
earthquake travel times were recorded from waves which pass through the upper
mantle at large angles, zones with high anisotropy would mainly appear as low
velocity zones, since fast [100] directions are dominantly horizontal.

For two locations, designated by points 1 and 7, enlarged p-wave velocity pat-
terns are shown in figure 6 (¢) and (/) and compared with the pattern for an olivine
single crystal (figure 6 (g)). The single-crystal pattern has two mirror planes, consis-
tent with the orthorhombic symmetry of olivine. The highest velocity, along [100], is
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Figure 8. Longitudinal p-wave propagation surfaces at the elements centroids of the upper
mantle corresponding to texture patterns shown in figure 5. Linear contours are shown
with a contour interval of 100ms~' and the dot pattern below 7200 m s’ . (Bottom is
upwelling, left is horizontal spreading, top is subduction and right is the lower mantle
boundary.)
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8485ms~' and the lowest is 6633 ms™~'. The polycrystalline patterns have a dyad,
consistent with the texture symmetry. One pattern (point 1) shows a very strong
anisotropy, close to that of a single crystal. In contrast, the second pattern (point 7)
is almost isotropic. It needs to be emphasized that the anisotropy of a polycrystalline
property depends not only on the texture strength but also on the particular texture
pattern. In the case of point 7, two [100] maxima compete. Fourth-rank tensor
properties, such as those of olivine, are very smooth surfaces, as is evident from
figure 6 (g). This means that an average over a strongly textured sample is also quite
smooth. Because of this, there is no need for an extremely strong texture to produce
strong anisotropy. In other words, one does not need the exaggerated texture
strength of the simulations to produce similar p-wave anisotropy patterns. Using a
Gaussian filter of 30° width at half-maximum, we have smoothed the OD from
which the [100] pole figures in figure 6 (a) and (b) were calculated, which greatly
reduces the texture strengths at the two locations (figure 6 (c) and (d) and table 3) and
brings both closer to observed fabric patterns (Nicolas et al. 1971). This much
smoother texture has the same type and produces almost identical results for seismic
velocities (table 3). In the model convection cell the highest velocity is 8100 ms ™",
while the lowest is 6800ms™'. The difference between the highest and lowest is about
60% of the single-crystal difference. Such seismic anisotropies are typical of rocks
that presumably were deformed in the upper mantle.

In addition to the local averages, averages have been computed over larger
scales (figure 9), particularly for regions of upwelling and spreading. The upwelling
result is computed over a slab located at the upper left corner of the convection cell;
the slab dimensions are 200 km depth and 300 km width. The spreading result is
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Figure 9. Seismic velocity variations in regions of upwelling and spreading.
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Figure 10. Seismic velocity distributions over the upper mantle corresponding to horizontal,
vertical and normal (transverse) propagation directions.

computed over a slab that is adjacent to the crust boundary and is halfway between
the upwelling and subducting boundaries; the slab dimensions are 100km depth and
500 km width. The figures show the azimuthal variation in p-wave velocity, as would
be observed with surface waves (horizontal). The velocity variation is 5-10%, in
good correspondence to observed data from Hawaii (Morris et al. 1969), the
Mendocino ridge (Raitt et al. 1969) and the southern Pacific (Nishimura and
Forsyth 1989).

Finally contour maps of vertical, horizontal and normal velocities (again, assum-
ing constant density and single-crystal properties) are presented for the full convec-
tive cell. This represents the local velocities if corresponding seismic waves were
propagating in the corresponding directions (figure 10). Owing to the two-dimen-
sional approach, deviations from average in the normal direction are minimal.
However, in the other two maps there are again variations of 5-10% with patterns
resembling seismic tomography maps (Anderson and Dziewonski 1984).

§7. DISCUSSION
In a few places, mantle rocks have been transported to the surface and juxta-
posed with the crust through irregularities of the convection process. These rocks
commonly exhibit a strong preferred alignment of olivine crystals (Nicolas et al.
1971) and seismic anisotropy (Christensen 1984). Specifically, preferred orientation
patterns of olivine in naturally deformed rocks are often slightly asymmetric to the
flow plane (Mercier 1985, p. 428). On a larger scale, seismic waves, generated by
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earthquakes, travel more rapidly perpendicular to ocean ridges than parallel to them
over distances comparable with dimensions of continents (for example Morris et al.
(1969), Raitt er al. (1969) and Nishimura and Forsyth (1989)). These observations
are reproduced with our model. Anisotropy on such a,farge scale originates in the
directional properties of the rock-forming minerals and the deformations that induce
texture (Silver 1996).

Behaviours observed on scales associated with seismic observations can be
derived consistently from properties observed in rocks. A test of such hypotheses
requires that the attributes of the individual minerals and their aggregate response be
incorporated in the mathematical model of the geophysical process in question.
Advances in computing power have made it possible to develop numerical models
of physical systems as large as the Earth’s mantle, while basing the mechanical
properties at every computational point on the averaged responses of thousands
of crystals. Further, the changes in the properties that accompany deformation
enter directly through the evolution of texture in the theory of plasticity for poly-
crystals.

Texture evolution during convection is a very dynamic process. This is illustrated
to some extent in figure 7 which follows the evolution of the anisotropic structure
along a streamline. It is more impressive if not only changes in the average pattern
but the rotations of individual crystallites are recorded. This is difficult to show on
paper. For this purpose we have prepared an educational video (Wenk et al. 1999)
that illustrates the rapid changes, particularly during upwelling.

It must be emphasized that the details of the anisotropy distribution in our model
mantle depend on many assumptions, such as material properties, dimensions of the
convection cell, and boundary conditions. The convection cell of our model may not
exist anywhere in the real Earth. However, the general anisotropy variations which
we predict are not highly sensitive to any of the assumptions, and it is likely that they
do occur. In particular, the heterogeneous distribution of regions with low and high
anisotropy, changes in anisotropy over 500-1000 km, and magnitudes of anisotropy
of 5-10% should be present in any convection cell composed of crystalline material
which deforms by dislocation movements. The model establishes that velocity differ-
ences of 5-10% must be present in the upper mantle due to anisotropy. This is
similar to differences inferred from phase transformations (Schubert et al
1975, Tackley 1996), temperature differences and presence of partial melt (Sato et
al. 1996).

Anisotropy in the upper layer of the upper mantle is well established and displays
regular patterns related to plate motions (Tanimoto and Anderson 1885). These
patterns have been interpreted by some as ancient rigid markers that can indicate
the flow behaviour (Silver 1996). Others interpret it as a dynamic pattern that is
recent and constantly created (Vinnik er al. 1989). The convection model is more
supportive of the latter view. However, the fact that texture patterns barely change
during spreading also fits the former interpretation that fast velocities in the upper
mantle can be used to infer the flow direction. Note, however, that the empirical
relationship connecting microscopic slip direction, fast wave propagation direction
and macroscopic flow direction is only approximate and specific for olivine. In detail
the fastest polycrystal direction is inclined to the flow direction, but to resolve such
deviations is beyond the present precision of seismic observations. The relationship
between slip direction and fast wave propagation is purely accidental and does not
apply to all slip systems.
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It has been quite surprising to see that the maps of velocity deviation from
average (figure 10) have a resemblance to tomography maps, suggesting that perhaps
part of the observed velocity deviations may be due to anisotropy, since the Earth is
not homogeneously covered by earthquake sources and receiver stations, and there-
fore locations on tomographic maps may be directionally biased. This ought to be
investigated by taking into account ray paths from earthquake source to station,
rather than averaging data. In particular, it ought to be determined if the anisotropy
is truly averaged out in tomographic solutions. The rapidly accumulating data from
seismic networks will help to answer some of these questions about local anisotropy
in the inner Earth. Of particular importance are observations with s waves (Silver
1996).

In the future there will be a need to quantify the methodology and to develop the
means to apply it to more realistic systems. To accomplish this, one has to advance
from two-dimensional to three-dimensional finite-element formulations. The com-
putational burden grows as the product of the number of elements in the mesh and
the number of crystals describing the properties within an element. For systems
needing both many finite elements to resolve the flow and many crystals at each
point to represent the properties, parallel computing capabilities are required
(Beaudoin et al. 1993, Dawson and Marin 1997).

In our model we have assumed that deformation occurs solely by dislocation
movements by slip. This is of course not the case. In addition, one has to expect
recovery (dislocation climb) and recrystallization. Recovery is not a great concern
since it does not produce texture and anisotropy. Recovery and diffusion in general
may reduce the texture strength relative to pure slip. Dynamic recrystallization is
pervasive and implications have been discussed by Karato et al. (1993). Experiments
(AveLallemant and Carter 1970, Zhang and Karato 1995) and recent modelling of
dynamic recrystallization (Wenk and Tomé 1999) suggested that recrystallization
textures of olivine are similar to deformation textures but this needs to be further
corroborated and included in the finite-element simulations. Based on analogy with
other materials, detailed orientation patterns during deformation and dynamic
recrystallization may be different, but overall strengths are similar and lead to similar
anisotropy variations.

An important issue is the effective viscosity of the mantle. This topic has occu-
pied geophysicists and materials scientists for many years and it is still not resolved
(Stocker and Ashby 1973, Weertman and Weertman 1975, Weertman 1978, Nataf
and Richter 1982, Sato 1991, Tackley 1996). The viscosity is largely inferred from
indirect observations of glacial rebound (Peltier 1986, Forte and Peltier 1991). If,
instead, one estimates the viscosity from experimentally determined data for slip of
single crystals (Bai et al. 1991) (the critical resolved shear stresses and strain rate
sensitivity), the effective viscosities for mantle convection are orders of magnitude
too low. It is for this reason that an isotropic viscosity was employed in the
finite-element simulations presented here, since a low viscosity implies a high
Rayleish number and very rapid convection. Introducing additional grain-
boundary diffusion and recrystallization mechanisms would make the computed
viscosities even lower. Obviously the relationships determined from single crystals
are not compatible with the macroscopic description which is at present used.
Possibly the temperature sensitivity of viscosity, extrapolated from the exponential
law, is too high because at greater depths much stiffer garnet phases may occur in
significant proportions in the upper mantle. There may be a (still undocumented)
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influence of pressure on rate sensitivity, which perhaps could be established through
molecular dynamic calculations. The simplified two-dimensional convective cell may
further compound the viscosity issue as plane-strain motions often are an extreme
case. Fully three-dimensional simulations would determine whether or not the sim-
plified geometry is unduly sensitive to the low viscosity derived from experimental
data.

The lower mantle is less problematic than the upper mantle since the assumption
of superplastic flow can be applied (Ito and Sato 1991, Karato er al. 1995). For
superplasticity no preferred orientation develops, if crystals are more or less
equiaxed. Also, the viscosity, which in our case translates into the average aniso-
tropic strain rate tensor of the polycrystal constitutive law, is for superplasticity
related linearly to the stress.

Apart from the viscosity problem, other features need to be introduced into the
anisotropic model. One is the issue of slab-mantle interactions (Ringwood 1990) and
particularly slab penetration into the lower mantle (Creager and Jordan 1984). This
requires a far more sophisticated treatment of phase changes than we are applying in
the present model (Schubert ez al. 1975, Bercovici et al. 1993, Nakakuki ef al. 1994),
not limited to the olivine-perovskite transformation but also considering garnet and
spinel transformations in the upper mantle. The influence of partial melt during
upwelling ought to be studied (Sato er al. 1996). All these will add to the velocity
variations that are due to anisotropy. The goal of this study was to explore the effects
of anisotropy alone.

§8. CONCLUSIONS

We have demonstrated that, for a compositionally and structurally homoge-
neous upper mantle, consisting of a single phase (olivine), preferred orientation of
crystals that develops during convective flow introduces considerable heterogeneity.
This heterogeneity is expressed as anisotropy of elastic constants and affects seismic
wave propagation. This anisotropy may introduce p-wave velocity differences of 5-
10%. It is important to recognize that the effect of intrinsic anisotropy due to crystal
alignment on the propagation of seismic waves is of a similar magnitude as other
features such as phase transformations, temperature gradients, existence of partial
melt and compositional heterogeneities. We are well aware of these complications
added by the real structure of the Earth, but the aim of this study was to isolate the
anisotropy effect. It is clear that anisotropy ought to be included in any realistic
geodynamic model and needs to be considered in seismic interpretations, as has
long been advocated (Anderson and Dziewonski 1982). This can only be done
with a model that takes into account the microscopic mechanisms that underlie
deformation processes.
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